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My research interests
1. Particle physics : numerical 

simulation of Quantum 
Chromo-Dynamics          
[JLQCD collaboration 2006-]

2. Index theorems                 
[with Furuta, Matsuo, Onogi, 
Yamaguchi, Yamashita 2019-]

3. Topological insulator       
[with Aoki, Kan, Koshino, 
Matsuki, 2023-] 

A common tool =

Domain-wall fermion 
Dirac operator

This talk



What is domain-wall fermion?

Domain-wall fermion:
fermion field is defined everywhere in R2

having two domains (classified by the mass term)
domain r < 1 -> topological insulator 
domain r > 1 -> normal insulator with the 
gap too big to excite electrons

topological 
insulator

Standard approach = manifold w/ boundary:
fermion field is confined in 
a disk with a boundary S1. 



Outside is important.

When the outside is topological insulator 
(with the same Chern number) 
the edge modes are absent. 

topological 
insulator

When the outside is normal insulator, 
edge-localized gapless modes appear.

Existence of the edge-modes depends on
“outside” of the topological insulator. 



Outside is important.

Domain-wall fermion:
Boundary condition is automatically and 
uniquely  determined by the “outside”.

topological 
insulator

Standard approach:
If you ignore “outside”, we have to 
impose the boundary condi]on by hand.



Our previous work on the 
A1yah-Patodi-Singer(APS) index 
[F,Furuta,Matsuo, Onogi, Yamaguchi, Yamashita 2019]

= eta invariant of massive 
domain-wall Dirac operator on 
an extended closed manifold

APS index of massless
Dirac op. on a manifold  
w/ nonlocal boundary
(APS) condition by hand 



In this work
We start from an (imaginary) infinitely 
large 3-dimensional  topological insulator having a single 
domain (                    ) only.

But non-trivial domain(s) will appear later 
because of the monopole (and outside is important !)
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R3 or S3



What is a magnetic monopole.

In our world, every magne]c object is paired N and S 
poles. 

Figure from sozai-library.com

But magneHc monopoles naturally 
appear in grand-unified theory (or low 
energy limit of string theory ).

They are stable but extremely sparse 
because they are created only before 
the inflaHon of the universe.

N
S



What will happen to monopole in 
topological insulator?

Witten effect [1979]: A magnetic monopole inside 
topological insulators will become a dyon with 1 / 2 of 
unit electric charge.
[Cf. Recent works: Hidaka et al. 2020,2021, Fukuda-Yonekura 2021,,,]

N N 
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Effective theory description

θ term modifies 
Maxwell equa3on :

Divergences of E and B are related.

[Witten 1979]
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n : magnetic charge



Topological insulator is in the θ=π vacuum
θ term breaks Time(T) reversal symmetry (or CP)
except for
θ=0: normal insulator
θ=π: topological insulator
(T sym. is protected in nontrivial way.)

A monopole with n=1  will have -1/2 of unit electric 
charge in topological insulator.
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Previous studies
Effective theory is simple but tells nothing about the origin of the 
electric charge, although electrons are obviously the unique candidate.

Previous works [Yamagishi 1983, Zhao & Shen 2012, Khalilov 2012, Lee, 
Furusaki & Yang, 2019…] reported a bound state solution around the 
monopole of the Dirac equation but none (as far as we know) 
completely answered to the following questions:
1. What is the difference between normal/topological insulators?
2. How does monopole capture electron states?
3. Why is a chiral boundary condition by hand needed?
4. Why is the electric charge 1/2 ? 



Our study

We carefully study the short-distance behavior of the Dirac equation of 
the electron fields in the presence of a monopole,

1) smearing the point-like singularity of the magnetic fields
2) adding the Wilson term (LO correction from Pauli-Villars regulator) 

both in continuum and on a lattice.

-> We obtain a bound-state solution without any singularity where 
topological/normal insulators are manifestly distinguished. 
The system is described by domain-wall fermion Dirac operator.

S. Aoki, HF, N. Kan, M. Koshino and Y. Matsuki (Osaka U.) arXiv:2304.13954 



Take-home message :

Outside is important.

Topological insulator = manifold with boundary.
= a domain of electron system.    

N



Contents
1. Introduction

We try to microscopically understand  the Witten effect (with domain-wall fermions).

2. Bound state solution of naïve Dirac eq. (review of Yamagishi 1983)

3. Regularized Dirac eq. and  fundamental reason for electron bound state

4. Atiyah-Singer index  theorem responsible for 1/ 2 electric charge

5. Reinterpretation of Effective Maxwell theory and continuous magnetic 
charge 
 

6. Summary and discussion

✔



Dirac operator (mathematical set up)

We consider a principal U(1) bundle on 
with a connec3on 1-form                   

= electro-magne3c field,
and an associated complex vector bundle E:

= electron field.
Dirac operator (or Hamiltonian in physics)
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Dirac operator (examples)

Massless Dirac operator on a 3-dim. manifold X   

Massive Dirac operator: 

Domain-wall Dirac operator            
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U(1) gauge connec;on by a magne;c monopole

Dirac’s quantization condition:
-> the Dirac string has no physical effect.

Dirac string extending to <latexit sha1_base64="qVpP3XA/ZFQODBlKyqAI/rdUp+A="></latexit>
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Orbital angular momentum

Due to the presence of monopole, the orbital 
angular momentum is not the normal one:

which satisfies

<latexit sha1_base64="PeVUawmb955D/vbR08HjHBKVZq0="></latexit>

Li = �i✏ijkxj(@k � iAk)� n
xi

2r
,

<latexit sha1_base64="WiOw6fFsRexeSz4fRj24HPKqQqI="></latexit>

[Li, Lj ] = i✏ijkLk



Dirac Hamiltonian (in 3 spa;al dimensions)
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Note: electric field=0, magne3c field is sta3c.

“chirality” Z2 grading operator (not usual ):  
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Total angular momentum and sphere operator

“Sphere”  operator [physical meaning will be discussed later.]
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Useful formulas
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Radial direc;on
<latexit sha1_base64="90Z6dNliFP2ldjTsGK0KXIrnyDk="></latexit>

 E
j,j3,±(r, ✓,�) =

1p
r

✓
f(r)�j,j3,±(✓,�)
g(r)�r�j,j3,±(✓,�)

◆

<latexit sha1_base64="Cqg0Vs7xAiXz6mprHvZuUbunPh0="></latexit>

for j = |n2 |� 1/2

<latexit sha1_base64="553jn+vC7PVTtJu4YfNEsW5SKJ8="></latexit>

for j > |n2 |� 1/2
<latexit sha1_base64="Wmh38dh6bQTkbgYbnobF0j1+J9c="></latexit>

 E
j,j3,0(r, ✓,�) =

1

r

✓
f(r)�j,j3,0(✓,�)
g(r)�j,j3,0(✓,�)

◆

The Dirac equaYon 
is reduced to the one for  f(r) and g(r).

<latexit sha1_base64="GDFDCGcLhxq/WhPdplEiYGLdUeI="></latexit>

H = E .



Radial direction
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Zero mode solution localized at monopole

We can solve this equation to obtain E = 0 : 

This bound state may be the origin of electric charge that magnetic 
monopole acquires. But…
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Still insufficient…

1. The soluYon is a chiral eigenstate of 
But what is the origin?

2. Both sign of m allowed unYl we impose the chiral    
boundary condiYon by hand. But why ?

3. How 1/2 unit electric charge derived? Yamagishi 1983 summed 
up all the states in Dirac sea but with an awkward regularizaYon 
breaking the charge conservaYon.
4. Divergence at r=0 O.K.? 
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Goal of this work = microscopic understanding of the Witten effect. 
2. Bound state solution of naïve Dirac eq. (review of Yamagishi 1983)

A zero mode localized at the monopole was found but the relation to the Witten 
effect is not obvious.

3. Regularized Dirac eq. and  fundamental reason for electron bound state

4. Atiyah-Singer index  theorem responsible for 1/ 2 electric charge

5. Reinterpretation of Effective Maxwell theory and continuous magnetic 
charge 
 

6. Summary and discussion
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Adding the Wilson term

This second deriva<ve term may not be welcome in 
mathema<cs, loosing symmetry, making the problem 
more complicated…
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Higher deriva1ves naturally appear in physics
In the original lattice system electrons are hopping 
atoms in crystals
with finite spacing 

Differential operator = approximation of difference 
operator 
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Wilson Dirac operator on a lattice 

Wilson term is crutial in removing unphysically oscillating modes.

Here
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Wilson term makes sign of the mass well-defined

Against Wilson term( MPV>0 ) the sign of m is well-defined.

For negative               , the Chern number in momentum space 
is nontrivial (topological phase) [Hatugai et al.]
Moreover, in the path-integral of electron fields (w/ anomaly),
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The Wilson maLers in the con;nuum limit?

Cut-off of electron field: 
Size of (’tHooft-Polyakov) monopole:

It is nontrivial to study the 20-digit difference. 
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Addi1ve mass correc1on from Wilson term

The correc3on term is a posi3ve operator. 

When the magne3c field is dense in a region                
the correcc3on
can change the sign of the mass, 
crea3ng a domain-wall near the monopole.
[This never happens in normal insulator with m>0.]
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Additive mass correction from Wilson term

Numerical evaluation of

• Bra-ket taken for the nearest-zero mode state:

* Lacce setup details will be given later.

m= -0.43, n=0: When monopole is absent, the 
mass is negaeve everywhere.

Local effective mass /|m| at the z=0 slice
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Addi1ve mass correc1on from Wilson term

Numerical evaluation of

m= -0.43, n=1:

the monopole makes a posi]ve 
mass region around it.
= a small but finite-sized 
domain-wall is created!

Local effecDve mass /|m| at the z=0 slice
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Inside topological insulator
A magnetic monopole locally gives a positive mass shift to 
make its neighbor (atomic scale) a normal insulator. 

This system is essentially a domain-wall fermion.
The chiral edge-localized gapless modes appear on the 
domain-wall between the normal and topological 
insulators.

N



Edge modes on the domain-wall

sa3sfying

If s=-1 and 
this mode is normalizable.
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Cf) We refer to studies on the domain-wall fermion [Jackiw-Rebbi
1976,  Callan-Harvery 1985,  Kaplan 1992]
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Recall Yamagishi 1983

For m<0, it is an eigenstate of 
For m>0, the solu3on with 
is not normalizable. 

<latexit sha1_base64="VryIw47mt6J2D0/EwTBwtQNLjRs="></latexit>

 E=0
j,j3,0 =

Cj,j3,0

r
exp(�|m|r)

✓
1

sign(m)sign(n)

◆
�j,j3,0(✓,�),

<latexit sha1_base64="WuHte33x5aEKxLYh00BwJxFAg/8="></latexit>

�r�j,j3,0(✓,�) = sign(n)�j,j3,0(✓,�)

<latexit sha1_base64="NoUuJWKAMVkRmA8d6sgTdB7eHV8="></latexit>

�1 ⌦ �r = �1
<latexit sha1_base64="NoUuJWKAMVkRmA8d6sgTdB7eHV8="></latexit>

�1 ⌦ �r = �1



Exact solution with Wilson term

is  analytically solvable (with a hard work) [See our paper for details]
In particular,   the   limit gives a simple form with E=0.
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The edge mode on the domain-wall
Finite everywhere.

Converges to Yamagishi 1983
at long distance.

A peak located at 

≒ domain-wall radius
zero at r=0 

(Wilson term -> ∞)

|ψNaive | 2

|ψWilson | 2

0.5 1.0 1.5 2.0 r
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0.20

|ψ| 2

Yamagishi 1983

Our work
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Contents
1. Introduction

Goal of this work = microscopic understanding of the Witten effect. 
2. Bound state solution of naïve Dirac eq. (review of Yamagishi 1983)

A zero mode localized at the monopole was found but the relatin to the Witten 
effect is not obvious.

3. Regularized Dirac eq. and  fundamental reason for electron bound state
Dense magnetic field forms a finite-sized domain-wall whose chiral edge modes are 
identified as the origin of the electric charge. 

4. Atiyah-Singer index  theorem responsible for 1/2 electric charge

5. Reinterpretation of Effective Maxwell theory and continuous magnetic 
charge 
 

6. Summary and discussion
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What is the “sphere” operator
Our soluYon

is also a zero mode of

In fact, this operator is idenYfied as the effecYve Dirac operator on the 
two-dimensional spherical domain-wall.

<latexit sha1_base64="TKKQRRrJySQKYhcS7FiRT7Ji27A="></latexit>

DS2

=
h
�i

⇣
Li +

n

2

xi

r

⌘
+ 1

i

<latexit sha1_base64="liG/r68Pg0RucgQMin3ZxTJlA24="></latexit>

 mono
j,j3 =

Be�
MPVr

2

p
r

I⌫(r)

✓
1
�s

◆
⌦ �j,j3,0(✓,�)

<latexit sha1_base64="hzejKdFCTe92e6zyh7MywSAC+iE="></latexit>

DS2

�j,j3,0(✓,�) = 0 for j = |n2 |� 1/2



Two-dimensional Dirac operator
With a Local Lorentz transformaYon
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r2: domain-wall radius.
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Â� =
n

2

sin ✓

1 + cos ✓

U(1) gauge connecHon by
the monopole

<latexit sha1_base64="xyJIQK3D9/lWinDnHKxb7oINY5U="></latexit>

Âs
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Note : Einstein’s equivalence principle indicates constraint force to 
domain-wall= gravity. [Aoki-Fukaya 2022 Mar, 2022 Dec]



Gravity  vs. magnetic field

Aoki Fukaya 2022 Mar, 2022Dec : With pure gravity, 
the Dirac specturm is gapped: 
The Monopole magneYc field cancels the gravitaYonal effect to
have a zero mode:
Moreover,                  and                                  anYcommute:
This zero mode is a chiral zero mode on the two-dimensional sphere.

: domain-wall radius.
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Cf.) Localizaeon  of the zero modes [Furuta, “Index Theorem 1” ]



A1yah-Singer index on the S2 domain-wall

The degeneracy is  2j+1 = |n|.
The 2-dim chirality is

→

Geometrical index is

Namely, the zero modes on the domain-wall around the monopole
are topologically protected by the AYyah-Singer index theorem.
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Infra-red regularization for 
topological insulators
In parYcle physics, we olen employ
one-point compacYficaYon of the infinity.

This is not allowed : AYyah-Singer index is a cobordism invariant:
It must be zero when it is located at a boundary of some manifold.

Boundary = S 2

Infinity
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We need “outside”.
We need a “sink” of the magneYc flux or
another monopole with the opposite magneYc
charge, which creates another domain-wall.

= Another domain-wall must be located at r<∞
= We need outside (= lab) of topological insulators

Moreover, the two domain-walls share the same 
AYyah-Singer index.

Boundary = S 2

Infinity
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Outer domain-wall

is  analyYcally solvable (with a hard work) [See our paper for details]
In the large              limit, we obtain 
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Mixing of the zeromodes on two domain-walls

At finite r0, the two zero mode mix and are split.

→

For however small the  mixing is maximal: 50% vs. 50%
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Why -1/2 electric charge?

Zeromodes are 
degenerage
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A magneHc monopole locally gives a posiHve mass shiL to turn 
its neighbor into a normal insulator. 

The created domain-wall is cobordant to the surface so that 
every zero mode is paired.
The paired zero modes maximally mix via tunneling effect.
At the half-filling, 50% amplitude around the monopole is 
responsible for the half electric charge.

Why 1/ 2 electric charge?

N



Numerical analysis
L=24,32,48 lauces
Domain-wall radius r0=(3/8)L
Monopole put at (L/2,L/2,L/2)
AnY-monopole at (L/2,L/2,1/2)
m(r<r0) = -14/(L+1)
m(r>r0) = +14/(L+1)
Open boundary condiYon at 
xi = 0 or L (m=∞ outside)

Monopole charge n=0,1,-2
S

N
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Near-zero eigenvalues/funcMons
Circle: lauce results
Crosses: analyYc result 
on DW
GradaYon: chirality.

Monopole charge n=1.
We  have two near
Zero modes.
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Near-zero eigenvalues/functions
Circle: lauce results
Crosses: analyYc result 
on DW
GradaYon: chirality.

Monopole charge n=1.
We  have two near
Zero modes.
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Near-zero eigenvalues/funcMons
Circle: lauce results
Crosses: analyYc result 
on DW
GradaYon: chirality.

Monopole charge n=1.
We  have two near
Zero modes.
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Near-zero eigenvalues/funcMons
n=-2

We have 4 near-
zero modes.



EffecMve mass
at z=(L+1)/2 slice

n=1 n=-2
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Electric charge around the monopole

n=1

n=-2
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Re-interpretaMon of the Maxwell theory 
Original descrip]on by Wihen

Our reinterpreta]on = θ term has a defect.
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WiBen effect 
without true 
monopoles?

Can a thin magne,c flux 
generated by a solenoid 
capture electric charge?

S

N
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It is difficult to make a 
solenoid of atomic scale
But we can simulate it on a 
la@ce!

Let us see what happens
if we change n from 0 to 1 
con,nuously.

S

N
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Con;nuous magne;c charge

Wave func*on 
at the x =(L+1)/2 slice
(weighted by r2) 

At n=0, the amplitudes
are all located at 
the outer domain-wall.

N
S



Con;nuous magne;c charge

Wave func*on 
at the x =(L+1)/2 slice

n=0.3



Con;nuous magne;c charge

Wave func*on 
at the x =(L+1)/2 slice

n=0.5

Neiborhood of the Dirac string 
becomes normal insulator
to avract the electron fields.



Con;nuous magne;c charge

Wave func*on 
at the x =(L+1)/2 slice

n=0.7

Half of wavefunc*on
reaches to the monopole.



Con;nuous magne;c charge

Wave func*on 
at the x =(L+1)/2 slice

n=1.0

Neighborhood of the Dirac 
string is back to normal insulator.



Domain-wall topology change

Inside domain-wall = topological insulator, 
Outside = normal insulator.
Dirac sYng becomes normal insulator > separated into two spheres
This topology change “pumps” the electric charge to monopole.



Contents
1. Introduc@on

We try to microscopically understand  the Wi5en effect (with domain-wall fermions).
2. Bound state solu@on of naïve Dirac eq. (review of Yamagishi 1983)

A zero mode localized at the monopole was found but the rela@on to the Wi5en effect is 
not obvious.

3. Regularized Dirac eq. and  fundamental reason for electron bound state
Dense magne@c field forms a finite-sized domain-wall whose chiral edge modes are 
iden@fied as the origin of the electric charge. 

4. A@yah-Singer index  theorem responsible for 1/ 2 electric charge
Zero mode must be paired with another at the surface, and the 50% vs. 50%  tunneling 
mixing at half-filling is responsible for the half integral charge. 。

5. Reinterpreta@on of Effec@ve Maxwell theory and con@nuous magne@c charge 
Wi5en effect may be observed without true monopoles. A thin solenoid pumps 1/2 elec@c
charge from outer domain-wall to inner domain-wall. 

6. Summary and discussion

✔

✔

✔

✔

✔



Summary

We have revealed the microscopic mechanism of the Wiven effect: 
how a magneYc monopole acquires a half-integral electric charge.

In our analysis, the (second derivaYve ) Wilson term is added to 
disYnguish normal and topological insulators and to eliminate short-
distance singularity.



Summary
1. MagneYc field (via the Wilson term) gives a  posiYve shil to form 

a domain-wall around the monopole (only when m<0).
2. Origin of electric charge can be idenYfied as the edge localized 

modes on the S2 domain-wall and naturally explains the chirality. 
3. The edge-localized zero modes are protected by the AYyah-Singer 

index theorem on the small but finite-sized S2 and its cobordism 
nature explains why the charge is half-integer( while the total 
charge is sYll integer, having the other half at the surface.)
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Comparison with previous 
works 1

Changing topological phase by 
MagneYc field is observed
in quantum Hall systems.

Our analysis corresponds to here.

From webpage of Hatugai lab, U. Tsukuba

MagneDc flux
en

er
gy



Comparison with previous works 2

With the Wilson term,
Zhao and Shen 2012,  Tyner & Goswami 2022 
obtained essenYally the same soluYon with ours,

However, they did not noYce
1) The peak is located at finite radius
2) The soluYon saYsfies the Dirac equaYon on S2.
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Comparison with previous works 3

Numerical analysis by
Rosenberg and Franz 2010, 
Zhao and Shen 2012,  
Tyner & Goswami 2022
found zero-mode pairings
with the surface states .

But did not noYce the topological
origin (=AYyah-Singer index on S2).



Summary
1. MagneYc field (via the Wilson term) gives a  posiYve shil to form 

a domain-wall around the monopole (only when m<0).
2. Origin of electric charge can be idenYfied as the edge localized 

modes on the S2 domain-wall and naturally explains the chirality. 
3. The edge-localized zero modes are protected by the AYyah-Singer 

index theorem on the small but finite-sized S2 and its cobordism 
nature explains why the charge is half-integer( while the total 
charge is sYll integer, having the other half at the surface.)
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Take-home message :

Outside is important.

Topological insulator = manifold with boundary.
= a domain of electron system.    

N



Backup slides



Subtlety of the charge
The effec3ve throy indicates

At θ=π mod 2πZ
qm=1 monopole has -1/2  mod Z electric charge.
Breaking of par3cle-hole symmetry would prefer 
-1/2 (half of one electron).
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