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Nielsen-Ninomiya®DE¥ [1981]
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Wilson fermion [1974]
&7 5—z2BLTEBmMOHR (R TEaW=F7ELML)
1 b a b
Dw = 9 Z’W(V[L +Vyu) - 5 Zvivu
p p

FourierZ Dirr — pSin(pya) 1 1 —
w = SR L LS cos(pua))

p p

=w (Wilson term)
Forpu”\’O , W ~0 | for Dy N7T/CL, W ~2n/a— oo

n : an integer
*"Y5 Hermiticity : Vs Dw s = D%L/V >
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Ginsparg-Wilson relation [1982]
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Ginsparg-Wilson relation [1982]
41184 citationDE5

Date of paper
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Figure from Inspire
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4. Chiral symmetry on lattice
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HECODOTIIVIAVOER g — /d4£€ WD@D]

(X Dirac ;EE&EFH V5 = —71727374 LR AT#a75R0D T,
TAZNVER of(z) — Pp(z)e'*  (z) = Y ()

@D b —C‘/I\go jJ’fi)l/i%/_,l_T—C‘i * 0s : off-shell mode (classically zero)

loxo 0 z; ﬁo; v5 = 1 — right-handed
7 0 -1 Ll I el I
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HAZ IR EES
B (1TIIE V5 LA[HEAED T, A4SV HREZR S,
VMip(z) — Ye” T My (z) (= e’ Mygr(z) + Yre” "M (z))

left-rightV ;B 5,
Wilson I86 £ <[F#k,
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YWy =-3 D RAVAUATE —5 ) _ Ve VIV
I v
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Nielsen-Ninomiya® & I H £

JIWVEFA T TV T HERITBITIIHAT IV R EEHS

= left, right DEZX25NRNHLE (Cf. Wilson fermion),
SYBISGRS T 6E507?

SIRITAMITGERE T THLD

=Left-handed, right-handed fermion NIy E—KRELTIHND
S5k RAC gk EEZZz LD

= domain-wall fermion [Kaplan, 1992]

» L5
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Domain-wall fermion (EE#GERER) s endreen 1976
Dpw = D°P — M€($5) — 75(85 — ’)/5M€(335)) -+ D*P

[% edge-localized fi#%&4%D : €(x5) = signs
Y(x) = cexp(—Mlzs|)o™” w
normal insulator topological insulator
D4D¢4D — 0.
4D _ 4D .
Vs = =@ . s
ZDIREE(Zleft-handed TE EO!

BEDfFF5zRicSEnldright-handed,




Domain-wall fermion GE#IEEH

LS WHPRZE L/R mixing TEE (residual mass)BEL S0,
FNIILS EEBHITIREBEZRIITRE.

normal insulator A normal insulator

topological insulator
VL VR

>

L5 L5
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Lattice Domain-wall fermion [Kaplan 1992]

5D Wilson Dirac ;@& F+Cdomain-wall fermion Z#&k.
HATIVAERED Ls — oo TRRYILDZEZHERE,

= fermion mass

~
Dlat D%E) — Ae(xg) — a/Q)e(L5 — Is — a/2) m-/\ ; | +A
BFYARIE L' x 2L TTRTORFI aéI e
FIEAR FF o 25R T % '-y\'

SRFLARMICT —IHIrANGD. Us(x) = 1. é
4RTTARMDT =Gk FEERF a0

(S-BAIIREERLERGTES). figure by Kaplan - —____yr
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Shamir domain-wall fermion [Shamir 1993}

BE=ZIERRICLY,

=

D3y = Dy — Ae+ Ay

= fermion mass

~

A+ Ay — +oo, A— Ay =M fixed. -A #A
DHRfRZE&ES, normal insulator region M é I ;aRH
Z71)VIF > %decouple. 5
S LHA Y
r5 <0, 75> Ly OBFRIZCHOHPSBATES,: | =
) Dirichlet $IR5R SR &ITEDS (R,

/

edge modedDFEDHIER

BH.,

figure by Kaplan -
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Shamir domain-wall fermion £

1 a
Dspw = D% — M = Dy — M + 575@; +82) — 585{6?

shift BEF SEp(z) = d(x + ajis) THEETE,

St —1+1—-S- ST —8- ST—1)(1—-85-) ST+5—2
a5f_|_a§: 5 - 5 _ 5a 5 &6g8g:(5 LJ( 5): 5 a5
1 — 75 1+~
a’DSDW — 1—|—DWa,—Ma 27/ Sg_ 2/)/ 5
=D, ; “
p— _ :P_|_

72720, wlas <0) =v(as > L) =0 DIRFRSEAF (x5=0TlP+Ic/=(3Dirichlet.P-lEfree) 38



Shamir domain-wall fermion %[
SDAFEFTEIERRICT L.

D” —P_ 0 0 e 0 \—P L5
-P, Dy -P. 0 - 0
CZDSDW — 0 —P_|_ D” —P_ 0
0 e
Dirac AIZTXDfEE #= * hirality :“c‘:(:ﬁ?&béo
aDspwy =0 D) — s Jv- =0

—S55 +DW+:O-
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Shamir domain-wall Medge ##%

Dy — SHw_ = 0. Dusive = 5 37 (Vh +V2)
Doaive + Wa+1— Ma— SH)p=0."
iz 25 =0 |cBET @HEE ¢ = (1 - Ma+Wa)"osp
s.t. Dhnaive®sp =0 if |1 — Ma+ Wal < 1.
Ma < 0 588750 (normal insulator)

0 < Ma < 273561277138 &HY[doublerZHERR]
Ma > 2 izdoublermz 5%edge model2(Chern#>1),

f:fil/\ ¢($5 — L5) — O’é':/ﬁf:'é’f:&bllli L5 = X0 73§5|Z‘go




Shamir domain-wall Medge ##%
Rt =S5 + Dylyy = 0.

0 < Ma < 2DL=

A

VR

rs = Ly ICRTET 5821 DD,

topological insulator
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Shamir domain-wall fermion 75z

detlaDspw| = det

D, —-P.
- D)

E

0
—P_

0
0

0 -P, D -P_

)

0
0
0

~P, Dy )

#HULDIE edge mode 7=1F, bulk massive modeZ$THEL /=0

dTPauli-Villars 5% (on anti-periodic lattice) %

det [CLDP\/] = det

[ D -P-
b D

wa

0
—P_

0
0

0 -P, D -P_

P
O+\
0

~P, Dy

—

2L CEIVE,

det [aDSDw]
det [&Dpv]
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5/R7t SDW([IRI(I4RTDIEemEF

det[aDSDW] B 1
detlaDpy] det|(Dpv) ™ Dspw!
WANWBIRF A 0% BRE (UDL 2 fEetc. )L TERL T &+
ey
= det 8 0 1 T O = detlaDeg] up to an numerical const.
\ 0 0 1 )
ap _ 1 (1+ Hr)bs/® — (1 — Hy)ls/*] Hr = ys[a(Dw — M)][2 + a(Dw — M)~
Deff — 5 L+ 5 (1 _|_HT)L5/a, 14 (1 _ HT)L5/a]

T=(1+Hp)(1—Hr)™

I EAXRERMEF LEDOBZOMERIFFERI BXD
FDFEZD./—b http://www-het.phys.sci.osaka-u.ac.jp/~hfukaya/slides/Fukaya-Latindex-note.pdf
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5/RITT7 [l DEEPR K &E #e 4 R

1 1+ Hp)ls/e — (1 — Hp)ls/a
Deg = =~ [1 +%El n Hz;L5/a n El - H;;L5/a] Hr = ys5(a(Dw — M)][2 + a(Dw — M)] ™
Ls— R AH#ERT
(1+ Hp)ls/e — (1 — Hp)ls/a o Hr
» senHp =
(1 + Hy)Es/a 1 (1 — Hp)bs/a 00T iz

5 RTTARDIEFEREZ a5 — 0 ET5E.
Hy = ysla(Dw — M)][2 + a5(Dw — M)]™" — ys[a(Dw — M)]/2

ﬁﬁM@ — ]. ‘:téo
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Overlap Dirac operator [Neuberger 1998]

D
Ls-> 00 (& ag — 0 [eomccatn]) BRT lim  det PV — det Dy

Ls—o00 DPV

1 Hyy

Dov = — (l + s \/@) Hy =~v5(Dw — 1/a)

%Z1§%. ChEoverlap Dirac operatorék 3, Hyy IFEDEEZHFD

£\ Wilson Dirac JEB ¥, —RELHADirac EEFITI R ZR0N. |
Hyw =~ (1 —aDw) \/Hg = -(1+0(a)

ERALTHBE .. [ Dt O(a)
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LN D Ginsparg-Wilson relationZ& =9 [HIOEE THO.K. ]

1 H
DOV(1+’V5 D )

a

aDqyyys D :1 1+ Hw Y5 + Hyw _% Hw +75HW75
T WHE )\ VE ) e aJHE o /H,
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12T _EDHAZIVTERTE [Luscher 1998]

A—N—FyFITTNIAVER o Z Doy th(x)
X

[FELTF D “h45)V"EBROT TRE. |
(@) = P(x)e' ™ ah(x) — e'*1smaPov)y ()

V5 LREETIEAENDT

75Dofu _|_ Dofuf}% — CI/DOU"}%DOU. Nielsen-Ninoomiyald:[E]38,

=5[ZGinsparg-Wilson B OER NS DO_V1 ZIMTTEERR
2T 3L, A4S ILFREDHENIZREI UsitelCEFRL O(a) THBHZEN LM B,

Dc?vl (.CIZ', y)75 T /Y5DO_V1 (33, y) — a/Y55w,y




FA—/\—
(Dov — 1/a)" (Doy — 1/a)

EEEBBEILPO 1/a 125D E

15 @D T S5—I3F RT2/alTF1E,

Cf. Wilson Dirac operator
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Figure by M. Creutz
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5. Atiyah-Singer index on the lattice
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E(IWENTIZUW AL Z IV 33 FRTE

= NMZIVEFEE,

DOV/Y5 + /Y5DOV — CLDOV/V5DOV

G330 “C— 0 THEEBIZHNTIZLL(CE. pion D23 Fdecay),

O3
{imi

SRR TI3E ST TNS 2[R D]

e

(I A2

7 = / (DA / [Dip Diple™ °F 56

T, TH ERE M Jacobian 219
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FAS VL GEAE) W — P = exp(—iays)y,
Y — )" =Y exp(—iays)
DT TIERIIAZE, TH F\EaHlIENMJacobian 2119,
[DQEDQM N [DQ;/Dw/] det (622'0&’)/5 ) reg. WIRFE/ADTIERNED

VB,
RJ &L, In det (eQiO"V5) = 25 Try; =

Heat-kernel TIEBI{L T %L, ; ,
= 2t lim ng)e_D D/M™ _ Qia/ FF = 2ialndD
T4

M — o0

EJ BIC, Atiyah-Singer 15#{ 15 L/RDOGIFREDHEN=28FEE
DIFFEELTIRN =,



Overlap 7T IALDEFRE

V(x) = P(x)e' s h(z) — e EmaDov)y) ()
t&FHEswmDJacobian B |
DDy — [Dyp D] det e?i1s(1=aDov/2)

= exp(2taTry5(1 — aDyy /2))

IR DRSS TR

IndD,, = Trl's ['s = 95(1 — aDoy /2)
DI F,

{imi
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Overlap DIFHC}E%?@*E”;& [Hasenfratz et al. 1998]
IndD,, = Trl's I's = v5(1 — aDoy/2)

Tracex H = v5D,y OBREBEHDZLZTIHET 3.
Ginsparg-Wilson B{% &V

{H7 F5} — 75(D0V75 75D0V — a’DOV/y5DOV) =0

MERYIID, &oT EBEDEHIREE Hoy = Aoy,
[ZXTL .

HF5¢>\ _ —)\F5gb>\ EIRBRTBEEL., (¢>\7F5¢>\) — (.

L BNE Ko Do, Kerl's. Doy =0, or Do, = 2 /a.




Overlap Dirac;EEFD15

IndD,. =

Trace# H = v5Dgy D[E

4

TTF5

N_/

2/a

F5 — ’75(1 — CLDOV/2)

BREHDOTERTHMEIT 5.

Trl's ="Trp,, =075 + Z (@2, T50x) + Trp, =a/2l's

|A|#0,2/a
Doubler&F 55

DESHENTIVS,

— IndD,,

:TL_|_—TL_
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Geometric index &DZE{f 14

(nm

F—=IN—SvTEEFDindex  EHEIEERDIndex

aD,., .
IndD,, = Trs (1 - > IndD = J\}lgloo Trvys exp(D?/M?)

\ 4
heat kernel DR E|ZEH-TIVED,

i, UL oEsE  Unlo) ~ o (iad,(2)
EEWTIRFREMBICDOWTER. density 251 &L TH 3L,
D, 1
tr cw52 (2, ) ~ 353 eMPotrF,, Foo(z) + O(a)
[Kikukawa-Yamada 1998, Fujikawa 1998, Adams 1998 Suzuki 1998]

55



Topological FZE£7

U OZHUIBEETTRITHILICENSD T, 2DindexIIP v TUO5=FDEETIL
MROZ HIARZEE TN,

TH plaquettell/EBhcZ=E k=admissibility condition:
tr(1 — Uy, (2)U(z + p)U (x4 D)Ul (2)) < €

TB3E FNENERD € XL, indexlZP v T TELHLED=_DFIRDDH
EThARAZ HVICER S,

[Hernandez et al. 1998]



Topological (geometric) index
plaquettell/EbhEZEk=admissibility condition:

tr(1 — U, (2)U(z + p)UT(z +D)Ul(2)) < €

9 5&. Atiyah-Singer 188 0AAHMNRAOC HIVAEELL TEETE
A[Luescher 19821,

n+—n_:

2 2/ d*ze . potre FHY FP7 (1)
T JX

Overlap HEF O EOBEABOH ToIBOBENER
5 ZAIIICBEARFDIER hypercube L
(LB E—BMICATETES,

* THE A EIEER P NICKRTH.




_CEKTDEED

. IR TFE

> link Z&&

. Nielsen-Ninomiya®7E 1
ARICIENIZNZ & %S
/R A TCHEEE

_nm(iﬁﬁﬂ1‘§?5id)77ff/\ —ROFIFHZEELTERILEINS, T =15 (3ER)-
8. T IVZA A5 (VIR -> siteZ L,

HEE

S1F0N,

(IR FEERDDirac;ER FMchirality JEE F(Z2 grading)&x

BRI B, =left-right WRE >THASILHIREII LT IEND, ) 15

[1BE]

. Domain-wall fermion[Kaplan, 1992 ]I25:&k TTDRRA LG ED A =X ATleft,
rightZ5XTARICEIZEEL . hAM S IV IR EERVER T,

. SIRITARZERKICESTZHDDITHIIR L 4RTTDoverlapDirac; EREFDITI X EHF
{fli, Overlap ;JE&E F(IGinsparg-Wilson BB{E&ERXE&7=7

. Overlap BEFE (I HRES LV EDEFREECEHRE MEBELRVEZTREIHA,

o et

L/vboverlap Dirac;EE

A74

NURL:

F (with ZrsdS v irplaquettes)(F 5 % F AL AT BE,

http://www-het.phys.sci.osaka-u.ac.jp/~hfukaya/slides/Fukaya-LatIndex.pdf
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g RALFamDNRAY — I ERRICKZER Tinam

R FEmDIETREE T IV IA QR DEERTHILEINS,
ELONEITZRTHERELHEEFEZERIXTEZARFIEE,

1)

BENE p DEFELESE q DEEFDXHBL THEFNRIREAE,

12 (Y"(Op +1gAu(x))) P

BT —HERIIRVOICIEESIESD
EBHIE D DN O>TNDELDIEDHD,

mﬁl

domain-wall fermion
= bulk-edge 353 “EEH=E"

NE

= CEHWRTHESN,
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6. Atiyah-Patodi-Singer(APS) index
[IRERFFEZHME _EDIEEEE] on the lattice
i F R TN TILEA > R Dbulk-edge Xt i

[F, Kawai,Matsuki,Mori,Nayakama,Onogi,Yamaguchi, 2019]

59



Atiyah-Patodi-Singerig#%[1975]&(%

boundary “ curvature
1 / (iD3P)

d*ze  potr[FHY FP7]— L

I’nd(DAps) =

3212 o 40 2 nFzg

* Here we consider 4-d flat Euclidean space ;D) = Z sen\;
with 3-d boundary at x4=0. i

A; : eigenvalue of 1D
=720, FEEFTRIZAPSIE REMEER T, eigenvalue o

i=1,2.3
APS 15884 xtbulkE3 Xk tedgeDxtfinZEELik 5[ Witten 2015], e




Path integral of massless edge fermion

_ I — | D = 0'2(5’1 + Az)
Zedge — / dwdw eXp / q ?ﬁD?ﬁ 732273 S KT —D15
| J edge i

we consider Euclidean space.
— lim det( D ) Pauli-Villars regulator
=

11— 00 D+ p (oreaking T symmetry)
. —I\; : —1A s
N uh—{%o 1:[ —id uh—>HOl<> 1:[ 2 S [—2577(21))}

n(iD) = Z sgnA; \; : eigenvalue of iD Tn(iD)) = —n(iD)
i Edge mode has T anomaly.



Path integral of massive bulk fermion

Zbulk = /dwdlz exp {/blﬂk%; (D** — M) 14 D™ = N 449, + A

D4D Y n=1,2,3,4
= det <D4D + M>

» Pauli-Villars regulator

We can flip the sign of the mass by chiral rotation:

—Minp — —Mipe e T = My Lpuik = 17



Path integral of massive bulk fermion

No, since the chiral U(1) symmetry has anomaly.
T = [ dwddess | [ 5 (D™ - ) v)
bulk

_ b exp | i 1 4 < 7 (4D
_/dwdwe p(m327r2 /bun{d xFF)e p[/blﬂkw(D +M)¢

1
— exp (m 5 / d4$FF>
32m% Jpulk

FF =€,,,0tr[F*FP?]  =d(CS) near boundary
=Lk B This is also T-odd.




APS index protects T symmetry.

. 1 4 I . ap
ZbulkZedge X exp _27'(' (327‘(‘2 /blﬂkd cFF — in(@DS |edge)>_

__ (_1)1Aps
Under T transtormation, each phase is odd:
FF — —FF, n(iD*"|cdge) = —1(iD*" |eage)

but (_1)1APS _ (_1)—IAPS T anomaly is canceled

between bulk and edge.

EFE NEETELE<THedge E—FDEFEEN LN S,
[See Dai-Freed 1994, and related works: Metlitski 15, Seiberg-Witten 16,
Tachikawa-Yonekura 16&18, Freed-Hopkins 16, Witten 16, Yonekura 16&19, Witten-Yonekura 19...]




APSIEE T DEXBFIEFHR CIRODITELL ),

JERFRHIZRAPSIRR RGN RMIL RV D,
D=740s+B), B=v4 » D' (B+|B|)¢=0.
EFERTI =12

1 H
DOV: (1+V5 2 )

Vv Hiy

1. Overlap Dirac;EBF TBZEMAT=AICTEETE/RN,
2. RIZAI D TEZELTHEDIEFRFZHILGinsparg-WilsonBi R =055,
[BH. RBEILIANHEWDIERFHFNCWZERES, Luescher 2006]
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HO—ERFDAtiyah-Singer 1§ L<BTH53

1 D, 1 H
Ind(Dy,) = §Trfy5 <1 _ 5 ) D, = — (1 + 75 W )

a \ /H‘%V
1  Hy 1 B
:_iTr\/}p = —5n(Hw) Hw =7(Dw = M)
w n(H) = ngn)\
*ﬁ%J:O)indexE'Ei(i\ Cf. Itoh-lwasaki-Yoshie 1982, Adams 2001

1. $5# D massiveZiDiraCCEEFDNAEETEIFTAHZ L
2. TDEEICHAZIVEFIREIZVLELOZE(Wilson Dirac Tt 497)
M H>TLVET

67



JEEFEIAES D) massive Dirac SBEE FHEh

H(m) = v5(D +m) oEaEzzx3.

For D=0, Hm)o=ymo= -+ mo.

—~—
chirality

For D¢ 7& 0, any H(m)¢>\m — )\m(bAm make a pair
with  H(m)D¢y,, = — A\ Doy, — since {H(m),D} = 0.
H(m)2 — D%+ m?2

Moreover, from

Ay = ::\/)\(2) + m?

we obtain



AS 3#5#t= massive Dirac®spectral flow

A

Am = £4/ A3+ m?2

Am = +m
\ - ny modes

M m
- HHEIAICHED-KER T

E— K" (point) = K*(line, % i)

\ Y5 &Y Y5 %L

69



nNAZE=index (EfEIEH

"+ = number of crossing from negative to positive
TL_ = number of crossing from positive to negative

N4 — n_ =spectral flow of H(m) m € [—M, M|

On the other hand, n(H (m)) increases/decreases

by 2 when one eigenvalue cross zero from negative/
positive to positive/negative.

ndD = —n(3s(D — M)) + 5n(3(D + M)

Topological insulator Normal insulator (trivially
Zero)

—>



Massive (bulk) evaluation is stable against

chiral symmetry breaking (on a lattice).
. ;

B HASAICHDO/ZKEER T
K" (point) = K*(line, %)

Y5 &Y Y5 L

i / n_l__n_ : > I

M m '

R CEABITION
ZE

1
IndD,, = —577(75(Dw — M))




AZE==index (E#HIEZH)

? NG
B E L RY—711APSIEZ OB ERXML

[F-Onogi-Yamaguchi 2017, F-Furuta-Matsuo-Onogi-Yamaguchi-Yamashita 2019]

1
IndapsD = —577(75(19 + Me))"<9-

\ 4% tMDdomain-wall fermion
APSfg#ilImassive DiraC;EEFDetafEETEEERS.

fe7l. #FERIEsetupldHEHEDAPSEREZSEILS,
1. How = 75(D + Me) [IBROLTVSHETEER(APSEREZHAE),
2. BiIBIIFEHEBNE: ¢ = —1 DEBODADAPSIERZES Z 5,
3. BN EDLBERICedge-localized modeSEL S,
4. R Te = —1 #5IE AS indexIZIFE, &




Unification of index theorems

Index with massless Dirac

continuum lattice
2 2
AS TryseP /M7 | Trys(1 - aDoy /2)
APS Tr%eDi,\/,]/”;\pS hc| Not known

Index with massive Dirac on a closed manifold

continuum lattice
AS — 505D = M) |~ Ln(as(Dw — M)
APS 5D =eM)) | = Julys(Dw — M))?

YES! -«

[F, Kawali, Matsuki, Mori, Nakayama, Onogi, Yamaguchi, 2019]



B ERICEITDAPSIER

F, Kawai, Matsuki, Mori, Nakayama, Onogi, Yamaguchi, arXiv:1910.09675

On 4-dimensional Euclidean lattice with periodic
boundaries (T4), we have shown with 0 < M < 2/a

1
S05(Diy — M) = =sgntes /el 2o/
= | et P (@) 4 50D s = 50D ior + Ofa)

* Bulk part is similar to that of AS index [H.Suzuki 1998].

Note that LHS is always an integer.

See our paper for the details. »



HF(F: Curved space DI EEBICMIFT

[S. Aoki & HF, arXiv:220X.XXXXX]

(nm

ASTEELE::

2. APSIEHIEHE, 181

(nm

PR COELTE=D
= H#&F. domain-wall 5F-9<

CCETIIIANTL

DF, flat ZRBFZE(ICPRSEN TU V=,

/5



Fe1THRZE: curved Lattices
[Brower et al. 2016, 2017,Ambjorn et al. 2016, Caterall et al. 2018---]

Curved space (I=ZBBRFTRHONTE

[ZERED=ATFEIDA A—],
* systematiclZ®5DIZE L [= B Om/INEAL(ETE. )

PRI EIREBHRENILSA)]

*

* 2D sphere i o7=t 3

figures from Brower et al. 2016

=

Xt

. =

Jﬂ\ v:.l

EGERGHIEEBA(IEAEFTIIIEFRIR A 7=l Tcontrol TE/-)

al{EL 750N,

/6



Curved domain-wall fermion

Nash Membedding theorem [1956]: & DRiemannZ k&3 18
IERZECERICEDIADS,

IE A& FIZHAS>/=domain-wallZ1E A ATESEDTLE?

edge-mode vdomain-wall_EIZREN, EOZENINEEEN L3S,
EinsteinDEFMEREBIUZOMESIEHEL TELKIZT

= spin connectionNFFEEZNBIT T,

* Y[ 7o /C L ERREE FR ] CTldtopological
A DcurvedRE BN PHEZESN TS,
[Lee 20009, Parente et al. 2011,

Imura et al. 2012, Takae et al. 2013---]

BAEIEFTIEeen TV, 77

(nm




2IRITTIE AR FPRDHEA domain-wall fermion

domain-wall DEZ7 @D ambiguityldF
L& Our choice=

Y
[ R S e S N e o
O~ NWRAEWUL O OW

O =N WE O 0w

R T T s o B S S e e
R e e s o B s o S
R R T R o S o o S
R R R B e e o+
+++++ s S T -
e T T i T R e
e T e R R + 4+ + A+ F
R T e e
R T T et N R + 4+ 4+ F
R e T + 4+ + + +
e T T e + 4+ + + +
R T T e R R + + + + +
e T T T e + 4+t
B T T s T s
R T T T o S e s e o
R R T e S e . o S
R e T i T e S R e
R T i S S
R e e e S o S S e e e &
LLLLLLLLLLLLLLLLLLL

01234567 8910111213141516171819
X

gl —1

ifd:DTCB'FODEE o

]Esite

S L o=EEDALS

lvav:::Og(l)%9-—mA4€)
DERIKE B EDEEN LD XHE D

0.020
0.015
= 0010

0.005

edgellBTE.
THHEYHILTIVS,

/8



3RITIE A& F P D2 & tEkEmdomain-wall

_ 3D * 3D massive DiraclZ—f&ICcomplexZ DT
HDW — 93 ® 1 (0-1 @ DW ME) 2-flavor(Z#:3RL T HermitianlCL TLV5,

DEREBEDKRENRZID 5731

mIVICL=bD

0.0040

0.0035

A

0.0030

- 0.0025

- 0.0020

o N &

- 0.0015

- 0.0010

- 0.0005

/9



ST EDEHIGZFdetectTBHAE

1.RITD
Deff —

T0 : domain-wa

qIcisREN/=hiFDDirac ;GEHF [EHIE

alji
Iib

1 a 1 ElFE
—f— N oIn+1
Z ( i ) E =+ nt (71:0,1,2,---)

I 219
[[PE ¢S v

FHICKBEXNINVART 2 +)L[Spin-c connection]

ENOMRIIEGEDF vy 7 ELTHENS,
Cf. EmE:

(nm

FIEADMEEIFDOZHFMA L TDirac HF IR B EF/=710V]
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S EDENIZZEdetectT D&

2 RTTDERITHREN /=K FDDirac ;EEF [EHGIER
> 1| O 1 O 1 cos 0
eff Zfro _010«9_'_02 (sin98¢ "9sind Z28111903>_

0 : domain-walldD #1%

FEHICKBERXINVKRT 2+ )L[Spin(-c) connection]

EHfE
1
E:::n+ (RZO,l,Q,-”)

o
BHOMRIFEFEOF vy T ELTEH NS,
Cl. /HBRTEE[IFEDHMZIBEZFT DOZHKMA L TDiracAEER (IBEEF//ZV] -

(nm




& Fdomain-wall Dirac

S1EDOEFES
6.0 _ :
x :::Zem:zo) bulk modes
40 - o®® “
e S —
201 .
edge modes ’
5 00 .
3 * v gapHHEE
2.0 - o .
e SRR R /AR
bulk modes
00 5 M ; : ; 2
: EBEDSANIL
B HESMILERERELLS—H(E

N Re 7

RS

S2 LD

FOERIED

BIED

20

N=16 bulk modes
| % conti ol
15 . oo o0
KAXXXX
10 n ......
XXXX
0000
5 -
edge modes ¥
0 1 .
gapM7FETE
o e
0000
XXXX
—10 - ..“..
HKXXXXX
_15 Lyee" 0e®®®®
0 Eulk'modes | ' | |
=20 -10 0 10 20
BEBEDSN)L

8 H (kB

v 7 HEIVTIVS),
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)20

015

010

.005

Eli5 s # oD E1E

mesh Z#mNH<LTLI<E

200 200

HEHEBIEDHEMI,

("ExfE

R 2N
BIAE
24

[3EnE

. 0.003

0.005

0.004

0.002

0.001

0.0012
0.0010
~ 0.0008
¢ 0.0006
0.0004

0.0002

0.0

0.20
5]
5 015
0.10 ... .
E [a)
CX )
T > 0.05 ....
! —
H1EE =T H !
-
0.00

T
0.00 0.01

T
0.03

T
0.04

0.05

0.0 800

HEHED
8 [El PRk 77 14



fTEROELD

QNL.

o

2. FENEENNR=BFEDFvvT &M,

3. H

=R UYAGE

4. &

= & FICH A o/=domain-wallZiB AL ET v E—RIZE

B imR &L S 7=1F Tdomain-wallD[a

T I

ZZABDVEDDHD,

Ui
i

—I[C!

3 E A RROBNZE R TSN EVDF AR

L XTERTE DS B

{TE]y
&
iy
l:'“'

C

EBLTED,

BAOB (235 — 1B EANSGEL T EORBENTERET I RE

FP<A (BRKR) 237
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xEH

1. BRFEREIERERFRLEO 7 7AN—RE LTERLE NG, T—IH#ER)-> VI EH,
2. I8 F_ L DDiraciEE FIEH 1 ZILXIFRIE(Z2 grading operator)Z kS & & &2 E3K = 15 (Nielsen-
Ninomiya). [1HH]
3. RXAYIA—=)LT7 2 ILIAVIFS5RTD MRAIAILIEEAED Ty REE LTHA ZILA
ik 7z [al18,
4. ZNEFEMBA—N—=Z v T T LI A > DDiracEREFIE

Ginsparg-WilsonBER I K D 4 ZILXIFRMEE ASIEZEIEZEIR, [2HE]
5. CHEFetarfrZEEZEZF 1 ZILXIFRMEZ I D Wilson Dirac’EE F T2
6. Wilson Dirac;E& F & domain-wall BE%Z £ X (FAPSIEL = E =L Al e

7. domain-wall Z |+ 2 D (& E /5D T curved space bz 5,
86



SHOEL

Index with massive Dirac on a closed manifold

continuum lattice
AS — 505D = M) |~ Ln(as(Dw — M)
|
APS ~510s(D = M) |=Sn(ys(Dw — eM)

BFERANDIAIFEFRTF(THD Ao BMERRRIED AT

§&?E@7£Eﬂ'ﬂﬁ F-Furuta-Matuo-Onogi-Yamaguchi-Yamashita, in progress.

Cf. Yamashita 2020, Kubota 2020

Curved domain-wall Dirac JEE = : Aoki-F, in progress



AEED

1. MFDHESAIC BB LS F L DGO (BRXTNIMNVZE

[d) THhindex E

T CEBLITENTIVEEL,

2. MM DHEZAIC IBFIT—BCEEEOD 7 TILIAEIROICIZS
N /73)b’fﬁ%%%c‘:%i)(‘)&*ﬁLéﬁjliﬁ\fat\g_c‘:éi“ﬁ’ﬂf:t\ﬁfﬁ< =

3. EmHF. R

=7

A/l o

P HIEFIEDARITTT Y AREDPHLNRN ]

SOOI ITElZdomain-wall fermion 920\ | O



But the index itself is physicist-unfriendly.

N . number of solutions w/ £ chirality
of massless Dirac equation DEL(D — 0
with a non-local boundary condition on the
edge.

But topological insulator is massive(gapped) and
described by a local field theory:--



Difficulty with boundary

If we impose local and Lorentz (rotation) invariant boundary
condition, + and — chirality sectors do not decouple any more.

For reflecting particle,
i momentum flips, but
| " angular momentum does not

— chirality flips.

n., n_ and the index do not make sense.



Atiyah-Patodi-Singer boundary condition
[Atiyah, Patodi, Singer 75]
gives up the locality and rotational symmetry to keep the chirality.
Eg. 4dim x* >0 As=0 gauge
D =y*0s+y'D;i = y* (04 + y*y'Dy)

They impose a non-local b.c. A x4 : ) x
boundary
(A+|ADYlga—p =0
. Mathematically beautifull
— = index =ny, —n_

But physicist-unfriendly.



More physical set-up?

Lab

Topological insulator i1s nontrivial because Its outside
(our lab) 1s made of normal insulator.



