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0. Introduction

Cosmic Microwave Background Radiationの観測データ

暗黒物質、暗黒エネルギー（～宇宙項）

重力理論、場の理論の欠陥：　発散の問題（紫外、赤外）

dS4　上　での場の量子論場の理論的定式化がまだまだ不完全
　　’03 J. Maldacena, Non-Gaussian ...

’06 S. Weinberg , in-in formalism
Schwinger-Keldysh formalism in ’07 A.M. Polyakov

A.M. Polyakov, ’09
Dark energy, like the black body radiation 150 years ago, hides secrets of
fundamental physics
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dS4 : ds2 = −dt2 + e2H0t(dx2 + dy2 + dz2)

AdS4 : ds2 = dz2 + e−2H0|z|(−dt2 + dx2 + dy2)

AdS5 : ds2 = dw2 + e−2ω|w|(−dt2 + dx2 + dy2 + dz2)

ω : warp factor w : extra coordinate (1)
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1. Background Field Formalism

S[Φ; gµν] =

∫
d4x

√
g

(
−1

16πGN
(R− 2λ)− 1

2
∇µΦ∇µΦ− m2

2
Φ2 − V (Φ)

)
,

V (Φ) =
σ

4!
Φ4 , σ > 0 . (2)

Background Expansion: Φ = Φcl + φ , NOT expand gµν (3)

eiΓ[Φcl;gµν] =

∫
Dφ exp i

{
S[Φcl + φ; gµν]−

δS[Φcl; gµν]

δΦcl
φ

}
. (4)
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Φcl is perturbatively solved, at the tree level, as

Φcl(x) = Φ0(x) +

∫
D(x− x′)

√
g
δV (Φcl)

δΦcl

∣∣∣∣
x′
d4x′ ,

√
g(∇2 −m2)Φ0 = 0 ,

√
g(∇2 −m2)D(x− x′) = δ4(x− x′) . (5)
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2. dS4 Geometry, Conformal Time and Z2

Symmetry

background field gµν: dS4

time variable: t → η (conformal time)

dη = e−H0tdt , η = − 1

H0
e−H0t , −∞ < t < ∞ , −∞ < η < 0 , (6)

See Fig.1
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Figure 1: Conformal time (η) versus ordinary time (t). Eq.(6): η = −e−H0t/H0.

The metric transforms to the conformally-flat type.

ds2 = −dt2 + e2H0t(dx2 + dy2 + dz2)
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=
1

(H0η)2
(−dη2 + dx2 + dy2 + dz2) = g̃µν(χ)dχ

µdχν ,

(χµ) = (χ0, χ1, χ2, χ3) = (η, x, y, z) , (7)

The perturbative solution Φcl, (5), is given by

Φcl(χ) = Φ0(χ) +

∫
D̃(χ, χ′)

1

(H0η′)4
δV (Φcl)

δΦcl

∣∣∣∣
χ′
d4χ′ ,

√
−g̃(∇̃2 −m2)Φ0 = −

{
∂η

1

(H0η)2
∂η +

m2

(H0η)4
− 1

(H0η)2
∇⃗2

}
Φ0 = 0. (8)

D̃(χ, χ′) is the propagator on the dS4 geometry g̃µν(χ).√
−g̃(∇̃2 −m2)D̃(χ, χ′) =
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−
{
∂η

1

(H0η)2
∂η +

m2

(H0η)4
− 1

(H0η)2
∇⃗2

}
D̃(χ, χ′) = δ4(χ− χ′) , (9)

To regularize IR behavior, we introduce

Z2 Symmetry : t ↔ −t , Periodicity : t → t+ 2l , (10)

l : the period parameter (IR parameter).

η =

{
− 1

H0
e−H0t , dη = −H0ηdt , 0 < t < l , −1

H0
< η < −1

ω

+ 1
H0

eH0t , dη = H0ηdt , −l < t < 0 , 1
ω < η < 1

H0

ω ≡ elH0H0 ≫ H0 , (11)

η ↔ −η ⇐⇒ the Z2 symmetry in (10). See Fig.2.
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Figure 2: Conformal time (η) versus ordinary time (t). Time-reversal correspon-
dence is valid. Eq.(11)

See Fig.3
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Figure 3: Scale factor in dS4 geometry.

Let us switch to the spacially-Fourier-transformed expression:

Φ0(η, x⃗) =

∫
d3p⃗

(2π)3
eip⃗·x⃗ϕp⃗(η) , D̃(χ, χ′) =

∫
d3p⃗

(2π)3
eip⃗·(x⃗−x⃗′)D̃p⃗(η, η

′) , (12)
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D̃p⃗(η, η
′): ’Momentum/Position propagator’

ϕp⃗(η) satisfies the following Bessel eigenvalue equation.

{
∂η

2 − 2

η
∂η +

m2

(H0η)2
+M2

}
ϕM(η) = {s(η)−1L̂η +M2}ϕM(η) = 0 ,

M2 ≡ p⃗2 , s(η) ≡ 1

(H0η)2
, L̂η ≡ ∂ηs(η)∂η +

m2

(H0η)4
. (13)

D̃p⃗(η, η
′) satisfies

{L̂η + p⃗2s(η)}D̃∓
p⃗ (η, η

′) =

{
ϵ(η)ϵ(η′)δ̂(|η| − |η′|) for P=−

δ̂(|η| − |η′|) for P=+
(14)
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The Bessel equation (13) gives us the free field wave function as

ϕM(η) = η3/2Zν(Mη) , ν =

√(
3

2

)2

− m2

H2
0

, (15)

ν = 0, 1/2,
√
5/2, 3/2 ⇐⇒ m = (3/2)H0,

√
2H0,H0, 0
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3. Boundary Condition, Bunch-Davies Vacuum,
Casimir Energy

Boundary Condition for P = − Free Wave Function

Φ0(η → ±1/ω , x⃗) = 0 Dirichlet
Φ0(η → ±1/H0 , x⃗) = 0 Dirichlet

(16)

Boundary Condition for P = + Free Wave Function

∂ηΦ0|η→±1/ω = 0 Neumann

∂ηΦ0|η→±1/H0
= 0 Neumann

(17)
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Casimir energy: σ-independent part of the 1-loop effective action in (4)

exp{−H−3
0 EdS4

Cas} =

∫
Dφ exp i

∫
d4x

√
g

(
−1

2
∇µφ∇µφ− m2

2
φ2

)
= det−1/2{

√
−g(∇2 −m2)} = exp

[∫
d3p⃗

(2π)3
2

∫ −1/ω

−1/H0

dη{−1

2
ln(−s(η)−1L̂η − p⃗2)}

]
(18)

From the formula:
∫∞
0

(e−t − e−tM)/t dt = lnM, det M > 0,

−H−3
0 EdS4

Cas =

∫
d3p⃗

(2π)3
2

∫ −1/ω

−1/H0

dη{1
2

∫ ∞

0

1

τ
eτ(s(η)

−1L̂η+p⃗2)}

=

∫ ∞

0

dτ

τ

1

2
TrHp⃗(η, η

′; τ) , (19)
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where Hp⃗(η, η
′; τ) is the Heat-Kernel:

{
∂

∂τ
− (s−1L̂η + p⃗2)

}
Hp⃗(η, η

′; τ) = 0 ,

Hp⃗(η, η
′; τ) = (η|e(s

−1L̂η+p⃗2)τ |η′) . (20)

Bunch-Davies Vacuum: the complete and orthonormal eigen functions ϕn(η) of
the operator s−1L̂η.

ϕn(η) ≡ (n|η) = (η|n) , {s(η)−1L̂η +Mn
2}ϕn(η) = 0 ,(∫ −1/ω

−1/H0

+

∫ 1/H0

1/ω

)
dη

(H0η)2
(n|η)(η|k) = 2

∫ −1/ω

−1/H0

dη

(H0η)2
(n|η)(η|k) = (n|k) = δn,k ,
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(η|η′) =
{

(H0η)
2ϵ(η)ϵ(η′)δ̂(|η| − |η′|) for P = −

(H0η)
2δ(|η| − |η′|) for P = +(∫ −1/ω

−1/H0

+

∫ 1/H0

1/ω

)
dη

(H0η)2
|η)(η| = 2

∫ −1/ω

−1/H0

dη

(H0η)2
|η)(η| = 1 ,

∑
|n)(n| = 1 , (21)
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4. Wick Rotation

−H−3
0 EdS4

Cas =

∫
d3p⃗

(2π)3
2

∫ −1/ω

−1/H0

dη{1
2

∫ ∞

0

1

τ
eτ(s(η)

−1L̂η+p⃗2)}

=

∫ ∞

0

dτ

τ

1

2
TrHp⃗(η, η

′; τ) , (22)

Diverges very badly ! To regularize it, we do

Wick rotation for space-components of momentum

px , py , pz −→ ipx , ipy , ipz (23)
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The regularized expression is Casimir energy for AdS4.
For example, ds2 = dz2 + e−2H0|w|(−dt2 + dx2 + dy2)
From the isotropy requirement for the space world, we do further regularization
by replacing the 1+3 dim dS model by the 1+4 AdS model:

ds2 = dw2 + e−2H0|w|(−dt2 + dx2 + dy2 + dz2) , w : Extra Coordinate (24)

AdS5 Casimir energy is already obtained (S.I.2008). Continue to Conclusion
Section.
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5. Metric Fluctuation and Averaging Over the 4D
space-time using the Generalized Path-Integral

Metric field gµν(x): the background one (dS4). It is defined by the variational
equation of the effective action Γ[Φcl; gµν] (4).

S = Γ[Φcl(x); gµν(x)] ≡
∫

d4xL[xµ] . (25)

The action for a quantum mechanical system: dynamical variables (xi: i = 1, 2, 3)
and time (x0 = t). the small fluctuation of xi, keeping x0 = t fixed, in the dS4
geometry ginfµν (x).

xi → xi +
√
ϵf i(x⃗, t) = xi′ , t = t′ (x0 = x0′) , (26)
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where x⃗ = (xi). ϵ: a small parameter. This fluctuation can be absorbed into
the metric fluctuation as the requirement of the invariance of the line element
(general coordinate invariance).

ginfµν (x)dxµ′dxν ′ = gµν
′(x)dxµdxν , gµν

′(x) = ginfµν (x) + ϵhµν(x) , (27)

h00 = e2H0t∂0f
i · ∂0f i , h0i = hi0 = e2H0t∂if

j · ∂0f j ,

hij = e2H0t∂if
k · ∂jfk ,

constraint : {1
2
(∂if

j + ∂jf
i)dxj + 2∂0f

idt}dxi = 0 , (28)

We see the coordinates-fluctuation produces the metric- fluctuation ( around
the homogeneous and isotropic (dS4) metric) , as far as the above constraint is
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preserved. The constraint comes from the difference in the perturbation order
between the metric fluctuation and the coordinate fluctuation.

Cause of the fluctuation: the underlying unknown micro dynamics (just like
Brownian motion of nano-particles in liquid and solid). We treat it as the
statistical phenomena. The coordinates are fluctuating in a statistical ensemble.
By specifying the statistical distribution, we compute the statistical average.
(NOTE: not the quantum effect but the statistical one.) In order to specify
the statistical ensemble in the geometrically-meaningful way, we introduce 3
dimensional hypersurface in dS4 space-time based on the isotropy requirement.

x2 + y2 + z2 = r(t)2 , (29)

r(t): the radius of S2 in the 3D plane at t. See Fig.4.
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Figure 4: Hyper-surface in dS4 space-time. Eq.(29).

Take the hyper-surface {r(t) : 0 ≤ t ≤ l} as a path. On the path (29), the

22



induced metric gij is given by

ds2 = ginflµν dxµdxν = −dt2 + e2H0tdxidxi

= (− 1

r2ṙ2
xixj + δije2H0t)dxidxj ≡ gijdx

idxj , (30)

The constraint in (28) reduces to

{1
2
(∂if

j + ∂jf
i)vi + 2∂0f

i}vi = 0 , vi ≡ dxi

dt
,

即ち v⃗ ·Dtf⃗ = 0 , Dt = v⃗ · ∇⃗ + ∂0 . (31)

cf. fluid dynamics eq.
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As the geometrical quantity, we can take the area A of the hypersurface.

A[xi, ẋi] =

∫ √
det gij d3x⃗ =

2
√
2

3

∫ l

0

e−3H0t
√
ṙ2 − e−2H0t dt . (32)

More generally,

H[xi, ẋi] =

∫ √
det gij(λ+

1

κ
R(gij) +O(∂i

4))d3x⃗ . (33)

For the general operator O[Φcl(x); g
inf
µν (x)], the statistically averaged quantity

is defined by the generalized path integral:

< O >=

∫ 1/µ

1/Λ

dρ

∫
r(0)=ρ,r(l)=ρ

Dxi(t)×
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O[Φcl(x); g
inf
µν (x)] exp(− 1

2α′A[xi, ẋi]) . (34)

µ, Λ : IR and UV cutoffs. α′: the surface tension parameter.

’CMB spectrum’:

< Φcl(x⃗(t))Φcl(x⃗(t
′)) > (35)

This unacceptable situation demands AdS5 extra-dimension model again.

< Φcl(x
µ(w))Φcl(x

µ(w′)) >=< Φcl(t(w), x⃗(w))Φcl(t(w
′), x⃗(w′)) > ,

µ = 0 , 1 , 2 , 3 t(w) = t(w′) (36)
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6. Casimir Energy, RG-flow of the Cosmological
Constant and Conclusion

EW
Cas/ΛT

−1 = −αω4 (1− 4c ln(Λ/ω)− 4c′ ln(Λ/T )) = −αω′4 ,

ω′ = ω 4
√
1− 4c ln(Λ/ω)− 4c′ ln(Λ/T ) . (37)

we find the renormalization group function for the warp factor ω as

|c| ≪ 1 , |c′| ≪ 1 , ω′ = ω(1− c ln(Λ/ω)− c′ ln(Λ/T )) ,

β(β-function) ≡ ∂

∂(lnΛ)
ln

ω′

ω
= −c− c′ . (38)
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We should notice that, in the flat geometry case, the IR parameter (extra-space
size) l is renormalized . In the present warped case, however, the corresponding
parameter T is not renormalized, but the warp parameter ω is renormalized.
Depending on the sign of c+ c′, the 5D bulk curvature ω flows as follows. When
c + c′ > 0, the bulk curvature ω decreases (increases) as the the measurement
energy scale Λ increases (decreases). When c + c′ < 0, the flow goes in the
opposite way.

1

GN
λobs ∼

1

GNRcos
2 ∼ m4

ν ∼ (10−3eV )4 , (39)

where Rcos is the cosmological size (Hubble length), mν is the neutrino mass.

1

GN
λth ∼ 1

GN
2 = Mpl

4 ∼ (1028eV )4 . (40)
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The famous huge discrepancy factor: λth/λobs ∼ 10124. If we apply the present
approach, we have the warp factor ω, and the result (37) strongly suggests the
following choice:

INPUT 1 Λ = Mpl

INPUT 2(Newton’s law exp.) ω ∼ 1
4
√

GNRcos
2
=

√
Mpl

Rcos
∼ mν ∼ 10−3eV

FACT S ∼
∫

d4x
√
−g

1

GN
λobs ∼ R4

COSω
4

Result(37)requires e−S ↔ e−ECas/T
4
= exp{−T−4ΛT−1ω4}

=⇒ T 5 =
Mpl

R4
cos

OUTPUT (41)

We do not yet succeed in obtaining the right sign, but succeed in obtaining
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the finiteness and its gross absolute value of the cosmological constant. Now
we understand that the smallness of the cosmological constant comes from the
renormalization flow for the non asymptotic-free case (c+ c′ < 0 in (38)).
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