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wall-crossing of BPS states with 4 or less supersymmetries

marginal stability wall
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Kontsevich-Soibelman, 2008
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with the 2" helicity trace, for BPS states in D=4 N=2 SUSY
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or, more generally, the protected spin character
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prototype : D=4 N=2 SU(2) = U(I)
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true, in general !
how to see from physical BPS state building/counting !

& why rational invariants ?

Q) =) Ar/p)/p’
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input data !
QF(y) =~ ()



wall-crossing

BPS quivers

quiver invariants



wall-crossing examples

calibrated geometry : special Lagrange submanifolds in CY3

type Il string theories on CY3 : wrapped D-branes

D=4 N=2 supergravity : BPS black holes

D=4 N=2 Seiberg-Witten theory : BPS particles

D=4 N=4 ...... V4 BPS ......

D=2 N=2 Landau-Ginzburg : BPS kinks




1998 Lee + PY.
N=4 SU(n) '/4 BPS states via multi-center classical dyon solitons

1999 Bak + Lee + Lee + PY.
N=4 SU(n) '/4 BPS states via multi-center dynamics

1999-2000 Gauntlett + Kim + Park + PY./ Gauntlett + Kim + Lee + PY./ Stern + PY.
N=2 SU(n) BPS states via multi-center dynamics



generic BPS “particles” are loose bound states of charge centers
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in particular, for SU(2) Seiberg-Witten

D, = (n+1)M +nD



in particular, for SU(2) Seiberg-Witten

Wt =M+D

M = (1,0)

D= (-1,1)



wall-crossing € dissociation of supersymmetric bound states

Wt =M+D
W~ =M+D
D, = (n+1)M +nD
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wall-crossing = emergence of supersymmetric bound states

WT=M-+D

W~ =M+D
D, = (n+1)M +nD
D, =(n—1)M+nD



1998 Lee + PY.
N=4 SU(n) '/4 BPS states via multi-center classical dyon solitons

1999 Bak + Lee + Lee + PY.
N=4 SU(n) '/4 BPS states via multi-center dynamics

1999-2000 Gauntlett + Kim + Park + PY./ Gauntlett + Kim + Lee + PY./ Stern + PY.

N=2 SU(n) BPS states via multi-center dynamics
2001 Denef
N=2 supergravity via classical multi-center black holes attractor solutions
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generic BPS “particles” are loose bound states of charge centers
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wall-crossing problem
= how to count & classify such many-body bound states

index theorem & low energy dynamics of SW BPS particles

also, effectively, index theorem for the Coulomb phase of BPS quivers



BPS states as semiclassical & asymptotic solutions

with electric charges n’ and magnetic charges m’
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as a preliminary step, treat one dyon dynamical at a time
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a probe charge to a system of background “core” dyons
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a probe charge to a system of background “core” dyons
Sungjay Lee+PY. 201 |
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a probe charge to a system of background “core” dyons
Sungjay Lee+PY. 201 |
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a probe charge to a system of background “core” dyons
Sungjay Lee+PY.201 |
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wall-crossing is almost a classical phenomenon !
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N=4 susy with 3n bosons & 4n fermions ?

4n N=1I supermultiplets

PAe = gAa _ jhypAa A =idd 4+ iop? A=1,2,...
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position of A-th dyon

or n N=4 supermultiplet
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N=4 susy with 3n bosons & 4n fermions ?

Kim+Park+P.Y.+Wang 201 |
5 179 s 4 Smilga; lvanov;
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circal988-1991

is manifestly N=4 supersymmetric
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ab initio, real space N=4 susy dynamics for n dyons

Kim+Park+PY.+Wang 201 |

/dt £kinetic - /dt/dgzdng((i’Aa)

/dt Epotential — /dt/d9 (z]C(fI))AAA _iW((I))AaD(bAa,)

Denef 2002 :
the Coulomb phase
interaction of BPS quivers
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3n > 3+ 2(n-1) ?

BPS = susy = zero energy = wavefunction supported on K4 = 0 submanifold ?
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3n 2 3 + 2(n-1)

only after sacrificing all but one supersymmetries !!!
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counting problem reduces to a N=1| Dirac index
of a nonlinear sigma model on the manifold £, =0

3n bosons + 4n fermions = 2(n-1) bosons + 2(n-1) fermions
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basic state counting index
Kim+Park+PY.+Wang 201 |

Manschot, Pioline, Sen 2010
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the 2" helicity trace & the protected spin character

80(4) — SU(Q)rotation X SU(Q)R—symmetry

J I
1 1
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symmetry of R*" = {Z*} quantum mechanics

xa:l,Q,B < SU(2)J

Y=t SO(4) = SU(2) s % SU(2)r



symmetry of M ={#4|K4 =0}

xa:1,2,3 < SU(Q)J

Y=t SO(4) = SU(2) s % SU(2)r

M = {74 K4 =0} J=J+1

0,06 + SO3)s
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2"d helicity trace (protected spin character)

> (equivariant) index on M Kim+Park+PY +Wang 201 |
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Q =try
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equivariant index for distinct particles
Kim+Park+PY.+Wang 201 |
Manschot, Pioline, Sen 2010
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Bose/Fermi statistics,
rational invariants,
QL) =) Q/p)/p°

p|T’

and the wall-crossing formula



Bose/Fermi statistics from identical constituent particles
is essential, for example, to solve SU(2)-> U(l) problem

Dn = (n — 1)D0 + NDl



Incorporating statistics
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incorporating statistics

M = {74K4 =0}




incorporating statistics

fixed manifold A" C M under S(p) C I'

M = {74K4 =0}

R3n




incorporating statistics

R3n
fixed manifold A" C M under S(p) C I'

M = {74K4 =0}




Incorporating statistics

fixed manifold N' C M under S(p) C I'
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incorporating statistics for a pair
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incorporating statistics for p identical particles

fixed manifold N' C M under S(p) C I'

A_g\:/-t) = trae [(—1)FL€_3HL7D(:E)

PY. 1997 | Green+Gutperle 1997



incorporating statistics
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wall-crossing from real space (Coulomb phase) dynamics
Manschot, Pioline, Sen 2010/201 |
Kim+Park+PY.+Wang 201 |
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wall-crossing formula from low energy dynamics of BPS particles

(~ wall-crossing formula for the Coulomb phase of BPS quivers)

with partition sums and rational invariants incorporating Bose/ Fermi statistics

) =) Qr/p)/p?

p|T



with all charges Y4 on a single plane of charge lattice

this has been shown to be equivalent to the Kontsevich-Soibelman

(Ashoke Sen, December 201 1)



BPS quivers



wall-crossing examples

calibrated geometry : special Lagrange submanifolds in CY3

type Il string theories on CY3 : wrapped D-branes

D=4 N=2 supergravity : BPS black holes

D=4 N=2 Seiberg-Witten theory : BPS particles

D=4 N=4 ...... V4 BPS ......

D=2 N=2 Landau-Ginzburg : BPS kinks




calibrated 3-cycles in Calabi-Yau 3-fold

() JD =0

O

0(3:0) (10 B0) = volume density of Q




D3 wrapped on 3-cycles in CY3 = BPS quiver quantum mechanics
Denef 2002
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D3 wrapped on 3-cycles in CY3 = BPS quiver quantum mechanics

Denef 2002
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Coulomb phase
Denef 2002
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which was, in effect, addressed in the first half of this talk
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¢(34)

kava| y@
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Higgs phase

Denef 2002
L e — )
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Higgs phase : My = {¢"?,...[DY =01, 1/ T]Uks)

Denef 2002
X3
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Higgs phase : My = {¢"?,...[DY =01, 1/ T]Uks)

marginal stability wall

X (Mnu)=0

Denef 2002
5(1) > 5(2) > 6(3) > 5(4)

X (Mu) = a12 X ass X asy

Qif = (%', ’Yk)

My (Z%;f(i))
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equivariant index

X3
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QHiggs — QCoulomb

F Denef 2002 + A.Sen 201 |



which apparently fails for some quivers with loops
Denef + Moore 2007
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what physical & mathematical properties characterize
these extra BPS states in the Higgs phase !

20
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also, all known wall-crossing formulae need input data

QF () =Q (v)

how to count & figure out these wall-crossing safe states !



example | : elementary objects such as certain 2r+f hypermultiplet dyons

in Seiberg-Witten theory of rank r and f flavors



example | : elementary objects such as certain 2r+f hypermultiplet dyons

in Seiberg-Witten theory of rank r and f flavors

example 2 : single-center black holes

Q+ — QInva,ria,nt + Q+

Q™ = anvaria,nt + (2

Coulomb




quiver invariants



Higgs phase of BPS quiver quantum mechanics
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Higgs phase of BPS quiver quantum mechanics
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‘QHiggs| Z |QCoulomb
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QHiggs — QCoulomb
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‘QHiggs’ Z |QCoulomb
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two conjectures

{2,y H*(Mp)

D = [H*(XH)] D H*(MH)Intrinsic

Xn

S.L.Lee + Z.L.Wang + PY,, 2012

Bena + Berkooz + de Boer +
El-Showk + d. Bleeken, 2012



two conjectures
S.L.Lee + Z.L.Wang + PY, 2012

(012, }  H*(My) = ZH(p’Q)(MH)

D = [H*(XH)] D H*(MH)Intrinsic

XH tri*(H(X))(_1)p+q—dy2p—d trIntrinsiC(_1)p+q_dy2p_d

My QCoulomb QInvariant



complete proof / explicit counting formula exist

for all cyclic Abelian quivers
S.L.Lee + Z.L.Wang + PY,, 2012

Manschot + Pioline + Sen, 2012

H* (MH) — i [H* (XH)] S> H* (MH)Intrinsic
tr(_l)p+q—dy2p—d

QCoulomb QInvariant

— QHiggs - QCoulomb

Lefschetz hyperplane theorem !!!



physics of wall-crossing and wall-crossing-safe states

. *
H*(MH) — i [H*(XH)] ® H (MH)Intrinsic
dim H®9 (M 1
im (Mpg) 0 0
0 2
0 0 0
0 0 3
0 0 0 0
1 322 6803 414 18212 1
0 0 0 0
0 0 3
a1z = a3 = az; =8 0 0 ) ) 0
0 0
1




physics of wall-crossing and wall-crossing-safe states

H*(MH) — P [H*(XH)] D H*(MH)Intrinsic
: (P.q) 1
dim H (Mpg) 0 0
0 2
0 0 0
0 0 3
0 0 0 0
Js 1 322 6803 414+ 18212 1
0 0 0 0
0 0 3
0 0 0
0 2
0 0
1




physics of wall-crossing and wall-crossing-safe states

H*(Mpg) =

dim H ™) (MH)

" [H* (Xn))

!

%) H* (MH)Intrinsic

QCoulomb

QInvariant



physics of wall-crossing and wall-crossing-safe states
Seung-Joo Lee + Zhao-Long.Wang + PY,, 2012

H* (MH) — i [H* (XH)] S> H* (MH)Intrinsic
tr(_l)p+q—dy2p—d

QCoulomb QInvariant

— QHiggs - QCoulomb

many body bound states single-center black holes?
wall-crossing wall-crossing-safe
vertical in the Hodge diamond horizontal middle

in the Hodge diamond



physics of wall-crossing and wall-crossing-safe states
Seung-Joo Lee + Zhao-Long Wang + P.Y,, 2012

H* (MH) — i [H* (XH)] S> H* (MH)Intrinsic
tr(_l)p+q—dy2p—d

QCoulomb QInvariant

— QHiggs - QCoulomb

many body bound states single-center black holes?
wall-crossing wall-crossing-safe

angular momentum R-charge



physics of wall-crossing and wall-crossing-safe states
Seung-Joo Lee + Zhao-Long Wang + P.Y,, 2012

H* (MH) — i [H* (XH)] S> H* (MH)Intrinsic
tr(_l)p+q—dy2p—d

QCoulomb QInvariant

— QHiggs - QCoulomb

many body bound states single-center black holes?
wall-crossing wall-crossing-safe
angular momentum R-charge

( R-charge = 0 for SW?) angular momentum = 0



examples :

Mpu) =

wall-crossing-safe states of cyclic Abelian quivers

Seung-Joo Lee + Zhao-Long Wang + P.Y,, 2012

i [H* (XH)] D H* (MH)Intrinsic
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77668453887
50685934038y°
13886938949y
1523273844y°
606865631°
724674y
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examples : wall-crossing-safe states of cyclic Abelian quivers
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H* (MH) — i [H* (XH)] S> H* (MH)Intrinsic

{aii+1}=(8,9,10,11,12)
= tIntrinsic(—1) 22 y2 T2 = Z(_l)P-i-q—dyZp—d 7, (P:0)

Intrinsic

Q(y)

Intrinsic

= 32294250/y** + 58872952926 /%" + 23086762587054 /y*®
+3146301650299568 /1'¢ + 186529800766285403 /y**
+5480846262397291070 /"% + 86780383421802203555/¢*°
+783408269154731872224 /4% + 4192271239441338802849 /1/°
+13657486692285216220742 /3" + 27560691162972524163666 />
+34791235315880411958041 + 275606911629725241636661>
+13657486692285216220742y* + 4192271239441338802849y°
+7834082691547318722241° + 867803834218022035551'°
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+588729529261°° + 32294250y




summary

wall-crossing formulae from direct index computation
for SW BPS dyons with ab initio low energy dynamics
for the Coulomb phase of quiver descriptions

subtleties with index theorems in the Coulomb phase

equivalence to Kontsevich-Soibelman (when Q1 ariant = 0),

and rational invariants from statistics orbifolding
quiver invariants, or wall-crossing safe BPS states in the Higgs phase

non-Abelian quivers / stringy realizations ?



