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Remarks on Lattice Fermions



Problems In Lattice Fermion

» Nalve discretization of fermion action Is not good:
» Species doublers
» Chirality on a lattice
* Discretization error

e efC
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QCD phase diagram with two-flavor lattice fermion formulations
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We propose a new framework for investigating two-flavor lattice QCD with finite temperature and
density. We consider the Karsten-Wilczek fermion formulation, in which a species-dependent imaginary
chemical potential term can reduce the number of species to two without losing chiral symmetry. This
lattice discretization is useful for study on finite-(7, ) QCD since its discrete symmetries are appropriate
for the case. To show its applicability, we study strong-coupling lattice QCD with temperature and
chemical potential. We derive the effective potential of the scalar meson field and obtain a critical line of
the chiral phase transition, which is qualitatively consistent with the phenomenologically expected phase
diagram. We also discuss that O(1/a) renormalization of imaginary chemical potential can be controlled
by adjusting a parameter of a dimension-3 counterterm.
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S TAGGERED WILSON FERMION



Wilson Fermion

* Number of doublers: |6 = |  [Wilson 74]
s @ s=nsitive mass term’

- Momentum dependent mass term

4
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Staggered Wilson Fermion

i tiieeReidoudlers : 4 = 2 or | [Aoams IDEeaElig

Bl @ scenisitive mass term’’

- Momentum dependent mass term

MstW(p): ! > %EDfﬂb




Staggered Fermion

[ attice action
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Staggered Wilson term

|. Adams type flavored-mass term  [Adams’10] [Gotterman-Schmit '84]

Ma(p) = €xmimamsna Y  COSp1 COS P2 COS P3 COS Py
Sym
~ 1® : :
. 4-link hopping
AR RO
B 0 1 0 O 2-flavor staggered
B 0 0 -1 0 (w/o rooting)
00 01



Staggered Wilson term

2. Hoelbling type flavored-mass term  [Hoelbling '10]

MH(p) — ’iéwmﬁuZCOSpMCOSPV
Sym
~ 1384 2-link hopping
@2 00 0 0 ) w
L 8 8 8 8 -Tlavor staggered
oo (w/o rooting)
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HOW 1O USE ST.WILSON 7



How to Use Wilson

|. Chiral symmetry broken explicrtly by Wilson term
2. Mass renormalization

3. Fine tuning required for quark mass

Chiral limit

Existence of the parity-broken phase
(Aoki phase)  [Aoki'84]



How to Use St. Wilson!?

|. Chiral symmetry broken explicrtly by Wilson term
2. Mass renormalization

3. Fine tuning required for quark mass

Chiral limit

Existence of the parity-broken phase!
(Aoki phase)



Wilson Phase Structure

* Phase diagram

A : <?7E(Z’75 X Tg)¢> —(
B : (¢(ivs @ 3)¢) # 0
(Aoki phase)

g2=00




Wilson Phase Structure

* Phase diagram

A : <?7Z(Z’75 X Tg)¢> — (0
B : (¢(ivs @ 3)¢) # 0
(Aoki phase)

g2=00

__ Chiral limit

e




Plon Mass

B: (d(ivs@m)p) 70 A (P(irs @ T3)Y) =0

>

M

2nd order phase transition
cf. [Sharpe-Singleton '98]



St. Wilson Phase Structure

@@ l<c Tneory
 Gross-Neveu model| [CreutzTK-Misumi 'l 1]

2. Strong-coupling lattice QCD  Misumi-Nakano-TK-Ohnishi '1 2]
* Hopping parameter expansion

e Effective potential



S TRONG-COUPLING
LAT TICE QCD



Strong-coupling Analysis

|. Hopping parameter expansion
» Diagrammatic method
» Difficulty In treating vacua

2. Effective potential method

e Link variable integral



HoppIiNg Parameter Expansion

» Staggered Wilson with 2-link hopping
* Hoelbling type : My = diag(+2,0,0, —2)

DstW o Dst =i T(Q i MH) + My

* Hopping parameter

K= =2(mg + 2r)



HoppIiNg Parameter Expansion

- : K
e lhction: — L= b ;ﬁ

@i As mmetric: o =1, m=10

* Parrty broken :

1 S
s\ 6k 16K 2




HoppIiNg Parameter Expansion

- 2-pt. function : (XoXoXaXz)> (X0%€0X0Xzt€xXz)
1 —16K7?
6K 2

* Plon mass: coshm, =14
K|>1/4 — m2<0

Existence of Aoki phase

v

Analysis with effective potential



Summary

» Staggered Wilson fermion phase structure
» Gross-Neveu mode| [Creutz- TK-Misumi 'l 1]

» Strong-coupling lattice QCD  [Misumi-Nakano-TK-Ohnishi *12]

Existence of Aoki phase as well as Wilson

v

Chiral limit



MINIMALLY-DOUBLED FERMION



WHY 2-FLAVOR QCDY
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Fffectively two massless quarks



Nielsen-Ninomiya's heorem

» Chirality of the lattice fermion has to be canceled out

* T here should be doublers, but how many?

#doublers = 2



| attice Fermions
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Minimally-aoubled rFermion

Y e [Karsten '8 1] [Wilczek '87]
f#doublers = 2 "Creutz '08] [Borici '08]

[ Creutz-Misumi " O]
* Exact chiral symmetry

» Ultra-localrty

4 3
Dxw (p) = zz Yy Sinp,, + 14 Z(l — CcoSp;)
p=1 j=1

/

Wilson-like term Misumi 121

not mass, but (Imaginary) chemical potential



Minimally-doubled Fermion

* Weak point :

Symmetry Is not enough to restore Lorentz symmetry

N the continuum limit.

« KW fermion :

> e @l

» Cubic symmetry



Minimally-doubled Fermion

* Weak point :

Symmetry Is not enough to restore Lorentz symmetry

N the continuum limit.

« KW fermion :

] What's the meaning

of this symmetry?
» Cubic symmetry



Symmetry of KW Fermion

> Pl @l

» Cubic symmetry
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Symmetry of KW Fermion

e @

» Cubic symmetry

ZE ( x a:—l—,uwa:—l—,u Ux,x—ﬂ¢x—ﬂ)

Skw = Y %

ﬁﬁmp

77;5’3274(2?7033 e Uaz £U+]?7D$—|—] U:U T ]waz—i)

”M“

T
2

Specifying temporal direction




Symmetry of Finite Density

e @

» Cubic symmetry

=3
Snaive o Z Z&ang(Ux,Hjl%g 5] Ux,x_ﬂ%_j)




Symmetry of Finite Density

e @

» Cubic symmetry

=3
Snaive o Z Z&x%(Ux,HﬂDH; 5] Ux,g;_ng;—j‘)

g b=l

N 77;$’74(6MUaz,a:—|—21wx—|—21 i e_uUa:,:U—flwx—Zl)

Specifying temporal direction



KW fermion Finite density

e

Same symmetry



KW fermion Finite density

e

Same symmetry

|

Same universality class in continuum limit




Renormalization Effect

* KW term — flavored chemical potential

3
ey — 9 Z(l — COs ;)

j=1

» additive (iImaginary) chemical potential renormalization

T cf. Wilson fermion
- Counter term : U3 Ygiva¥y

Tuning this Ys



S TRONG-COUPLING ANALYSIS
N
FINITE DENSITY

[Misumi-TK-Ohnishi "1 2]



Strong-coupling Analysis

|. Link variable integral
2. Bosonization & fermion integral

3. Determine the vacuum from the effective potential

Applied to finite temperature & density



Meson Fields

» Chiral: () =0
- Vector (imaginary chemical potential) : (1iv49)) = m4
— (i ')
Effective potential for these mesons

feff(ff, 7T4;T7,u>,u3) — ...

Please see [Misumi-TK-Ohnishi '| 2]



Temperature

Chiral Phase Diagram
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Temperature

Chiral Phase Diagram
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Chiral Phase Diagram

» Critical density/temperature ratio

pe(T = 0)

« KW fermion : Rprw = T (s 0)
c\MB —

A

> Uliiaclice S o M|

* Phenomenology : RY, > 5.5



Chiral Phase Diagram

* Iricritical point ratio

tri

KW fermion : R, = ;ﬁi A2 5,4

@ igocicd: R~ 9 ()

i onic-Carlo simulation’: R%~ = 3



Chiral Phase Diagram

» 3-dimensional diagram : (4B, T, ¢3)

2nd order

4

Temperature
2

1.5
1

7 & 'St OICEE
( R g -3

0 1 2 3‘ 44 5 -1 3
Baryon Chemical Potential

0.5
0




Summary

* KW-type minimally-doubled fermion
* Finite density 2-flavor QCD with exact chiral symmetry

» QCD phase diagram

» close to phenomenological result



Summary

» Staggered Wilson fermion
» Chiral limit and Aoki phase
» Minimally-doubled fermion

» Applicabllity to finite density



