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0. Introduction



Unification of gravity and the Standard Model
IS one of the most important problems
In contemporary physics.

-- Standard Model
=) #(x),w(x), A, (x): effective fields at low energy

-- What is special for gravity:
g, (x) is not simply an effective field at low energy.

It has a thermodynamic character.

[Bekenstein, Hawking, Gibbons-Hawking, ...]

Examples:

-- Stationary BH has entropy prop to its horizon area.
[Bekenstein, Hawking]

-- Einstein equation can be regarded as an E0S. [Jacobson]
-- Entropy density naturally depends on g, (x). [MF-Sakatani]



Today, | will talk about
definition of "vacuum" for QFT in curved spacetime
nonequilibrium-thermodynamics character of de Sitter space
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PART 1: Defining a vacuum in a curved spacetime

[1] MF-Sakatani-Sugishita [PRD88 (2013) 024041, 1301.7352]



0. Basics of QFT in curved spacetimes

[cf. Birrel-Davies]

[also fBRE-EA [EhExTobAE—] (4T X$12014)]



B Klein-Gordon inner product

metric: ds* = g, (x)dx“dx”

action: S[g(x)]= | ddx[—%gﬂ”(x)am(x) av¢<x>—m7¢2<x)}

Sol E{c-# solns of KG egn (n—mz) f(x)=0}

¢

For f(x), g(x) € Sol,

[(f,g)z iLdV”[f*(x)aﬂg(x)—aﬂf*(x)g(x)]]
“Klein-Gordon inner product” g

Properties:

rindep of the choice of X o0

(9, f)=(f.q)
(f'9)=—(0 f)=—(f.q)

A




B Quantization of ¢(x)

Step 1

“wave functions”

Choose a complete set of positive-energy solns {g, (x)}:
0

maximal set s.t. «
Step 2
Expand ¢(x) as

p(x)="[a,0,()+a} @1 (x) ]

Step 3

g
<¢n’¢m>=5nm’ <¢”’¢m> ——— (*)
(@0.00)=0.  (2}.0,)==0,,
(3 e fax \
e'(kx o, t)
\“’”(X)@(”k(x Y= Jery 2o,

Impose the commuation relations

[a,.a) |=6,,. [a,a,]=0=

with (perturbative) vacuum

a),a |(e[sxD.40.0]=i8(x-y))

0): a,|0y=0(Vn)



B Quantization of ¢(x)

Step 1

“wave functions”

g

Choose a complete set of positive-energy solns {g, (x)}:

maximal set
Step 2
Expand ¢(x) as

p(x)=>la, 0,

Step 3
Impose the commyu

T —
I:an’am _5nm’ [an

with (perturbative) vacuum

( > @_[d‘“’k
raloi(x)] |

ei(kx—wkt)

@, (X) = @, (X’t)= \/

EQUIVALENT

relations
an,a ]

0): a,|0y=0(Vn)

(27)* 2w, |

[#061), 6y, 0)] =1 8°(x-y))



B Ambiguity in defining a vacuum

Bogoliubov transformations

0, ()= D[ @y 2 () + B 2 (X) ]
a-a'-B-B =1, a-B -B-a" =0,
a a-B"-p=1, a'-p-B"-a =0
EEE) Relations () hold also for {g’(x)}.

[Elambiguity of {@,(x)} “ ambiguity of |0) ]

-ambiguity of Feynman propagator:
G(x,y)=(0]|Ta(x)¢(y)|0)
=0(x° - y")D . (X)or (V) +6(Y° = x°)D @, () @ (X)

s.t. |




B \What is a natural vacuum?

case 1: 3global timelike Killing vector & =¢£*(x)0,

¢

Usingts.t. £=0,,
we choose {g,(x)=p,(x t)} s.t. they take the form

?,(X) =@, (x,1)=p,(x) ™" (@, >0)

case 2: Jvector £ =§*(x)0, that is asympt. timelike Killing

¢

&—0, (far past) ) |0;in) Generally,
&—0, (far future) mmmm) |0;0ut) \|0;in) x [0;out)

de Sitter space does not belong to case 1 or 2.




1. Basics of QFT in de Sitter space

[1] MF-Sakatani-Sugishita [PRD88 (2013) 024041, 1301.7352]



B d-dimensional de Sitter space

0 1,d

hyperboloid in (d +1)-dim Minkowski space | R

—(X0)2+(X1)2+---+(Xd_l)2+(Xd)2 =£2
(topology: R x S‘H)

This Is a solution to Einstein's equation
with positive cosmological constant
(d 2)(d 1)

0 (£: curvature radiu

B OFT in de Sitter space

Motivation * one of the simplest but nontrivial spacetimes
* application to {inflation

cosmological const problem

 helpful in understanding the thermal character
of curved spacetime



B various coordinate patches
(1) global patch

X0 = ¢sinh
I

X' =£cosh%Q' (1=1,..d)
d
(Q es™; Y@') =1]
i=1

ds? = —dz + £2 cosh® = d Q2
J

\

Penrose (4 )
sinT=tanh%, X =£S'nh2
(—7r/2<z',¢9<7z'/2) X' =£c0sg Q)
\(1=1,...,d-1) )

£2
cos’T

m) ds® =

-7/

(—dT2 +d@° +cos’ 4 dQﬁ_Z)




patch

incaré

(2) Po

+ dx®

2

RS RAAAA SARRIAY R

T




B de Sitter invariant X 0

nMNxMxN =_(x0)2+(xl)2+.”+(xd)2 =£2

correspondence Xq

XxedS e X(x)e R

4

Invariant under O(1,d):

4 1 4 1 ’
Z(%,X')= XV (0 X" (X) =75 X - X

[global] (ds2 =—dz® +£° cosh’ % dQﬁ_l)

! !

Z(X,X")=-sinh T sinh &+ coshXcosh= Q. Q'
£ / £ £

. , —dn® +dx?
[Poincaré] (d52=fz i J
2 1277 r |2

+n = |x=X|

2nn'’

Z(x,x')=77




B Issue of defining a vacuum in de Sitter space

no global timelike Killing vector

¥

time-dependent Hamiltonian

\ 4

no stationary states

If adiabaticity holds asymptotically
(i.e. no level crossing occurs at the far past/future),
one can define an asymptotic vacuum.

This cannot be expected for de Sitter space
(except for n =—oo in Poincare).

There exists an ambiguity in defining propagators.



B Our strategy [MF-Sakatani-Sugishita [1] 1301.7352]
e Instead of defining a global vacuum,
we consider the ground state at each instant,
and define the vacuum to be
"the set of instanteneous ground states”._

E (t) Prag I,
A :

Beiso A 10, t+dt)

- N g T =,

’ - —>
|0, t): 10,4 t+dty 3 Tt
\ J

|
Schrodinger states




B Our strategy [MF-Sakatani-Sugishita [1] 1301.7352]
e Instead of defining a global vacuum,
we consider the ground state at each instant,
and define the vacuum to be
"the set of instanteneous ground states”._

422 |0, t+dt)

N ’——-—~~

s>
(0L t+dty ) t

Heisenberg states \ Y ’

Schrodinger states



e Introduce 2-pt functions:

G, (X, X';t,,t,) = (0, [ Ta(x) #(x)[0, )

0, 10, >
0. | Td(x)d(x)|0
NI CA LU GO GOl
(0, 10,)
| } } ! >
—0 « 1 t t’ t,—> 400

e Take the limit t, &> —oo, t, — +o0:

G (x, ) = lim Goo(x, X3t 1,) = lim e 20D 0)
t, ly—>—00 <Oto |Oto>

| 0, | Tgp(x)@(x)]|0
GOUt/m(X,X’)E ||m Glo(X,X’;tl,to)E ||m ( ty | ¢( )¢( )| t0>
t, ty—>—© <Otl |Ot0>

ty —>+o0 t, =400

e Result: A careful calculation shows that

the finite limit exists for all patches.
(except for G™ in the global patch for m < (d —1)/26)



2. Propagators for the instantaneous vacuum
In curved spacetime (general theory)

[1] MF-Sakatani-Sugishita [PRD88 (2013) 024041, 1301.7352]



B Mode expansion

Assume that the metric takes the form
ds® = —N*(t) dt* + A*(t) h, (x)dx'dx’

Inroduce a complete set {Yn(x) € R}

1 j
Eﬁal(\/ﬁh 61) S.t
Ay Yo () ==24,Y,(x), [d7xhY, (Y, (x)=8,,

Expand |g(x)=g(t,x)=D4,()Y,(X)| (4.(t)eR)

I}

S[¢]=Zfdt[ P 4oy P (t)a) (V) (t)}

with p(t)= N7 (t)A"(t) and @] (t)= N*(t)[ 4, A7 (t)+ m* |
“a system of decoupled harmonic oscillators”

for the spatial Laplacian A, _,




Hamiltonian (in the Schrodinger picture)

o s p(t)w (1)
= an () an,ST(t) anis(t) (+const)

B n p()w, (1) i time-dependent
[an’s(t) B \/ 2 fost \/Zp(t)a)n (1) ””’SJ« even in the

Instantaneous ground state att :
10,,t) s.t. a,,(t)]0,,t)=0(Vn)

Schr. picture




B OM with time-dependent Hamiltonian

pendulum

To simplify expressions, we set (for a while)
=04, 7, >p, o (t)—m(t)

(O H (= (t) (t)g) (t)

=w(t)a,'(t)a(t) (+const)

Time evolution operator

U(t',t)=Texp[—i‘[:’dt" Hs(t")} A

p) > =0y r 100 = 10,0
Instantaneous ground state at time't Ut 1)

[lot,t) S.t. as(t)|0t,t)=oJ t

0,t
@: |Ot’t'> Bg\ |Ot'1t'> as(t)=oa| : >



e Heisenberg picture
[Schridinger]

OS (t)

ly, ty=U(t,T,) |y, T,)

p()a(t) |

(e.g.as(t)= > e ™

)

<

[Heisenberq]

) =ly,T,)
O(t)=U~(t,T,) O, () U(t,T,)

(€Oy, =(w . t| O,(t) |w,t) =(w | O(t) | w))

1 2 P(t)wz(t) 2 t
= H)=5 5P+ U TSR
=w(t)a'(t) a(t) U(t' 1)
Heisenberg eqgn 0 t)’
G0 =i[H(), qt)] = 2 T i
9 | p(t) U(t,TS)
PO =I[H®), pt)]= p(t) @* (D) a(t) T, :
o 0+ 24w+ 0?(t) )= 0 " e
p(t) ) 1)

(= W,If,gl=p(fg-fg): tindep) a(t)=0  a(t)=0




10, 1))
o

1

e 2-pt function 0 [Ta() a0, ) t
t) q(t’
Glo(t,t':tl,to)s< . [ Tact)act)|o, { q.

<Otl | Ot0> t’ qs

’ ’ \
OB CC RGO LA G LR ey TRy
<Ot1 1t1 |U(t1’t0) | 0t0 ’t0>

This can be easily calculated _ _
| o (t;t): “wave function”
if one expresses q(t) as /

[q(t)=qo(t;t.)a(t.)w*(t;t.)a*(t.)] (t, =t 1)

L

4 0, |a(t)a’(t,)]0 )
Glo(t,t':tl,to)5< 3 Eol)lo(;)l t°>¢(t;t1)¢*(t’;to)

i
W [p(sit), @ (st))]

@ (tt) @ (t';t))
J

\_




e How can one find the wave functions ¢(t;t,)?

Start from Heisenberg's egn:

U

Find a pair of independent c-# solns: { f(t), g(t)}

G(t)+

p(t)

q(t), p(t) then can be expressed as

q(t) = (f (1), g(t))[?],

(f(t) g(t)
f(t) g(t)

o)

=

C,, C, : const operators

(q(t)
p(t)

Lo(1)

1

/

, C,
p(t) = p(1)d(t) = p(t)( f (1), Q(t))(c j

1
J2p(Wa(t)

o(t)
2p(t)

(a(t)+a'(1))

(a(t) a (t))
J

ot )q(t)+a> (t)a(t)=0

\

: ( 0 o)la
L2pMa®) \—ie(t) ie(t) \a'(t)



o)

with

1 [f(w g(t))1[
J2pe(t) T (1) a(t)

—u(t) —u(t)

| (v(t) v(t)
W [T,d]

J

= C(1)

[

i

u(t)
u(t)

}E f(t)xim(t) f ()],

~

J

1

a(t)
a'(t)

1 ] a(t)
—-iw(t) ie(t) )\ a’(t)

[

|

-

v(t)

v(t)

}E g(t) £ 1e(t) g(t)

~

J




c,, C, are t-independent

g

) o (a®)) . (a)
[cj ~cO [a*(t)j -el )(a*mj

¢

Fundamental formula [MF-Sakatani-Sugishita]

/[aft) j= B(t;t')(a(t’) ] \

aT (tr)

with

B(t,tr)EC—l(t)C(t,)E(a*(t,t') —ﬂ*(t,t,)

-B(t;t) a(t;t)
) _ (V(t)u(t')—U(t)v(t’) V(t)U(t')—U(t)V(t')}
211 aNp0@0p6) [uOv(E)~VOur) woMe)-v(oae)

J “Bogoliubov coefficients”




In partlcular

t) =
= oem

i \/Z,O(i)w(t) (o ()= Bt act ) +(att) - 7 (6t))a' (1) ]

=p(t;t,)a(t,)+e"(t;t,)a’(t,)

La(t)+a’(t) ]

wave functions

1
. — f _
o(t;t,) Wit W[V' (t)—u, g(t)]
ey 1 =

o= e Vi f(©)-T, g(t) |
\_ Y,
(p,=p(1,), @ =0(t,), )
V

{;'}E f(t,)tim(t,) f(t,), {—'}E g(t)) () 9(t,)
\ I

V|

J



e Comments

(1) Everything is determined automatically.
In particular, we need not to specify
the asymptotic forms of wave functions.

(2) Bogoliubov coefficients are independent of
the choice of indep solns { f(t), g(t)} (as they should).

t, > —o0,

(3) In order to ensure the convergence in the limit {to
. . . 9+w1

we need to introduce a small imaginary part: .

fp(t) = eiglooriginal (t)’

Ht)=e™"H_.. (1) < - |
e \a)(t) = e_Iga)original (t)




B Summary

algorithm to obtain propagators|[MF-Sakatani-Sugishita [1] 1301.7352]

ﬁecompose #(x) = (%) = 34, (DY, (X \

e Solve EOM to obtain c-# soln:

40+ 2 40+ 0l04,0=0 B (1,0, 5,0)
e Calculate wave functions (t, =t, t,)
’ 1
t;tl= ntl fnt_ntl nt
J ¢n( ) Wp[fn’gn]\/zp(tl)wn(tl)[v ( ) () - ( )g ():|
. 1 _ -
o) = e L) O T 8,0

Un(tl) . . Vn(tl) . 5
{_ }E f(t)tiew (t,)f (), {_ }E g.(t,)tiew, (t,)g,(t)
un(tl) ' V”(tl)




e 2-pt functions for each mode \
0, |Te (t t") 0 - : Sy
Gnilo(t,t’;tl,to)=< AT 6.()10) g, (1)@l (t:t,)

(0, 10,) W[, (S:t,), @5 (S t)]
6.ttt )=l TAOAMIO) g, (tit) pi(t'it)
| (0, 10> W, o, (s: 1), @,(s; t)]

e SumM up over n:
Gy (X, X5 t,,t)) = D G, 1o (L, 5 1, 1)) Y, (X) Y, (X')

Goo (X, X5t t0) = D G, oo (L, 5 1, 1) Y, (X) Y, (X')

e Take the limit t; > —oo, t, > +oo,
to obtain the in-out and in-in propagators:

Gou”i”(x,x’)stlim G, (X, X5 t,,t,)
t(l)—)+oo
\G‘”””(x,x')stlim Gy, (X, X'; t,,1,) /




3. Propagators in de Sitter space

[1] MF-Sakatani-Sugishita [PRD88 (2013) 024041, 1301.7352]



B Global patch

ds* =—dz? +cosh’z dQ; , (£=1)

dt? 1 t =tanhz;
- VI dQg ’
(1-t°) 1-t -l<t<+1

e mode expansion

p(x)=D, Z A (1) Yy (Q)

L>0M=1
d 1 LM(Q)—_I—(I—+d Z)YLM(Q)
@ _ (L+d-=2)! _
Y, (Q)eR, NW= @21 (2L+d-2)

\J‘dd_lg Yim(€)Yin (Q)=6, Sy )

e EOM
(d 3t L(L+d-2) m’
¢LM (t)+ tz LM (t)+|: 1—t2 + (1—t2)

]

2i|¢|_|v| (t) =0



o independent c-# solns (

\
d-1) ., ( d—=1)
— | —Mm m<——
< LM(t) (1- t)(d 1)/4P L+(d— 3)/2(t) VE<\/( 2 ) \ 2 )
- 2
\gLM (1)=(1-t )(d 1)/4QL+(d—3)/2(t) i\/mz‘(ﬂ) (m>ﬂ\
L \ ))

e wave functions

e 2-pt functions P/ (1), Q; (t):associated Legendre functions
outlin /¢ 41 defined on the interval —1<t<+1
C;LM (t’t )

ZSln I:(l t )(1_ ):I L+(d 3)/2(t )PL+(d 3)/2(t ) (d 30dd)

 COS TV

I: 1-t )(1_ ):I L+(d 3)/2(t )QL+(d 3)/2(t ) (d even)
#




e mode sum

Gout/in (X, X’)

= ZL:%:GEW” (t,t) Yim(Q)Y, Q") = ;Gfumn (t, t,)‘%:YLM ()Y (Q')’

1

2L+d -2 CI(_d—z)/z(Q.Qr)
(d - 2) | Qd—l | Gegenbauer
r _ - i _ - polynomial
_e—lﬁ(d—Z)/Z (ui _1) (d 2)/4Q‘EC11/22)/2(U+) (d | Odd)
d/2 .= —(d- — :
. 2(27)" " sinzv | —(u? = 1) QM 3 (u.)
ie—iﬁ(d—Z)/Z (ui _ 1)_(d‘2)’4Q§‘]'_1,22)’2(u+) (d | even)
2(2”)d/2 COS TV +(u2 _ l)—(d—2)/4Q(d—2)/2(u ) '
L | - v=1/2 -7 ]
P (z), Q,(z) :associated Legendre functions
defined except for the cut —wo<z<+1

Here u,(x,x")=-Z(x,x")xi0.

‘ G°'""(x,x")is de Sitter invariant!



Similarly,
G(i)r;/ijn (X, X') — G(())(;J;/in (X, X’)

_e—iﬂ(d—Z)IZ

" 2(27) % sin v

—

Gin/in (X, X')

even
—iz(d=2)/2

e
= 4
2(27)""*sinzwv

+

\

—(d=2)/ d—2)/ ]
(Ul =1)72"Q,5 5 (u,)

~(d-2)/4 ~(d-2)/
(U2 =)L ().

\7T

COSmv

2 —(d=2)/ d—2)/2 ]
(u =) QL R (u,)

—(d-2)/4 ~(d=2)/
—(uZ =1)7HQIL ()

[ i —(d-2)/ d—2)/ i
e (uy =) YR (u,)

v-1/2

_I_eim/(uZ _ 1)—(d—2)/4 p(d-2)/2

Again, u,(x,x")=-Z(x,x")xi0

‘ G""(x,x")is also de Sitter invariant!

(u).




B Poincare patch
ds* =—dz” +e* dx* (£=1)
—dn® +dx°

2

n

e mode expansion

P(X) = Zz¢k,a(t) Yk,a(X)

k>0 a

p
Ay Y (X)= —kZYk,a(x) (k =|k |)
’ 1 k=(K,,....ky_) >0

Y=
k=0,a=1
? W < 1st nonzero element >0

Y

~

JV d9-1x Y a(X) Yy o (X) =6y (O, ..

4

k>0,a=1 =

2 2 .
—COSK - X, Y, gacp =4[—SINK-X
\Y% | \%




CEOM g, "
é (1) — T¢k,a(77) + (kz + ?jﬂ(’a(ﬂ) =0

e independent c-# solns /

{ fon ()= ()73, (-km) | _
W=D |22 i (%5

\

e 2-pt functions

G (n.1) =7 [(-m)(=")]

(d—1)/2

J,(—kn, )H? (—kn.)

(d-1)/2

G 1.1 =, [mem)] T HEP (kn ) H P (kn,)

'



e mode sum

| _iz(d—2)
Goutlln (X, XI) _ ﬂ:)dlz (u2 _ 1)—(d—2)/4Q£d_I/22)/2(u)
Gin/in(x’ XI)
r(d ;1 + v)l"(d ;1 = v)
- e

d-1 d-1
F( 2 +V)F( 2 _V) (d—l d-1 d 1—u]
— F _V,_,—
2" 2

—+ :
(47)"2T(d 1 2) 2 VT

Here, u=-Z(x,x")+10.

- G (x,x"), G™"(x,x") are de Sitter invariant!



B Properties
e in-in propagators in the Poincare patch

— no massless limit (as is already known)

— agrees with the propagators for the BD vacuum:
G™"(x,x")=Ggp(x,x) i.e. |0, )—2==—|BD)
» G""(x,x’) : analytic continuation of
Euclidean propagator on S°

(ds2 =—dz’ +cosh®7dQ’_, <« ds? =dz. +cos’ 7. dQﬁ_l)

e in-out propagators in the Poincare patch

— can take the massless limit
— G°""(x, x") : analytic continuation of
propagator on Euclidean AdS

A2 2 2 2
(d52=£2 dy”+dx <:ds§=£2EdnE+dX (fE=if,7IE=i77))

2

1 /5



B in-in and in-out

Which propagator should be used
depends on the problem under consideration.

#In o - GNITHO0$(X) in)
{(in|in)

In particular,
Gin/in (t, X: t, XI)
= (¢,(x)U(t,~0) | 0_,,~o0))" 4, (X")U (t,—e0) | 0__, , ~0)

suitable when discussing

expectation values and quantum fluctuations
cf. qguantum fluct. in inflation

e in-out | NT
GOUt/m(X, X') — <OUt |T¢(X)¢(X ) | |n>
(out |In)
» suitable when discussing the S-matrix




B More on the in-out propagators

e relation to the functional integral with ie

(proved and

[1dg001e* 6()(X) e confirmec
I[d¢(x)] g'oels] \numerically

Gout/in (X, X’) —

2
e relation to the random walks in de Sitter space

da heat kernel representation:
t/i 1= i(T/2 2_j means i length(path
GO |n(X’ X’) _ EJ‘O dT (X | e—l( )(~o+m?—ig) | X’) _ Z gileng (path)

path

—| from x’ to X
=(X X")
( |—|:|+m2 |

a out/in ’ - out/in out/in ’
) G (x,x) =i [d*y{-g(y) G (x,y)G*"" (v, X')

om

“composition law” [Polyakov]



B Numerical results

G'""(n,0) in Poincare G""(t,0) in global
(d=4, m¢=05, k=1) (d=4, m¢=9, L=1)



PART 2 : Unruh-DeWitt detector in curved spacetime
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4. Motivation and the result

[2] MF-Sakatani-Sugishita [PRD89 (2014) 064024, 1305.0256]



B Unruh- DeW|tt detector
LA detector

interacting with @(Xx)
moving along a classical path:

\ X(7) =(t(z'),x(z'))=(t,x(t))

-~ detector Hamiltonian H®

A

S IHHH Xl const fOr proper time T
Hd|n>=En|n> (n=0,1,2,...)
For some spacetime,

the detector behaves as if it is in a heat bath with temp 1/8.

< The density dlistribu lon of the detector behaves as
t—)OO —ﬂE BE
P (1) Z=) e’
T
This transition is instantaneous
for an "ideal" detector.




B de Sitter case (dsz — 02 —dﬂ2 + dxzj
n 772
o3 > X nEn o1, (Gibbs ]
e n

P, (1) distribution

relax. Z

7,0 &= START  Detector feels as if
itis in athermal bath with T =1/2z¢

_______________ il Relaxation is instantaneous
"o IBDY=[0) | e
. if the detector is "ideal".

What if taking the instantaneous vacuum at a finite past?

i ‘ Detector will feel as if
N

> .. ) ) )
o X itis in a medium which

IS not in thermal equilibrium
7, © <& START relaxes to the equilibrium corr. to |BD)

7, FO (The difference between |0, ) and IBD>)

becomes irrelevant as time goes on.



For |0__ ) =|BD):

@ detector

thermal bath with

temperature T = i
27l

For |0, ):

@ detector .:>

relaxation of medium
nonequilibrium medium  with universal

relaxation time ¢/2

@ detector

thermal bath with

temperature T = i
27l



B Result

We find that

even for an ideal detector,
the density distribution {p,(n)} has

a finite relaxation time 7z, =4/ 2.
d . . A
universal quantity
14 N .
T ol =§: srelated to nonequilibrium dynamics
Intrinsic to de Sitter space
. )

To show this, we first develop a framework...



5. Master equation for Unruh-DeWitt detector
(general theory)
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e total Hilbert space: #"' = #°® #*

e Hamiltonian (Schrodinger picture)

H“ (1) = Hd?j—7®1+1® H?(t)+V (1)

V(D)= ud—’®¢(x<t)) (t-1,)

H Setup detecior ¢(‘X) t

e total density matrix >
0 0 0 0 -1
PO (1) =U"(t,1,) p° () [U(LL,)]

& polt)=—1i I:H (t), p™ (t):l “von Neumann eqn”
° BC tot d ¢
p (1)=p(1)® p"(,)

(e.0. P*(t)=10,.,)0, .1, 1=10, X0, | ) 4@ T. =1,



Suppose that the behavior of the detector is only concerned.

e reduced density matrix( ot
p(t)=Tr, p (1) NE: Pl =T, Pl ]

_ d é __
e interaction picture \ —Tr¢(P (t)®p (tt))—P (t,)
tot (t) I:Utot (t i ) tot (t)UéOt (t,tl)
Lt HE (1) . Sif dtrHe (1)
[Umt (t i ) Te il v g e—lH (7-71) ®Te jtl t t ]

e VON Neumann equation
) =—i[V, (1), p* (1) | =-iad, ;0" (1)
0 -1 0 A

V) =[UR )] VUL (L)

dr
= (0 @ (LX(1)-6(t-1)

\

P () =p ()= p°(t)® p°(t,)

e BC



B Method of orthogonal projection [cf. Kubo-Toda-Hashitsume]

e For O eEnd#™', we introduce (X*:arbitrary as long as )
r 2
P : End#"* - End#™ ~ (time indep
itis L
O - #0=(Tr,0)®X* | \satisfying Tr, X* =1

7 =) 92=9
» [fl’p,mt(t) = (Tr¢ pf‘“(t))@ X?=p (1)® X¢]

(X? = p?(L,)=]0, }O
e Choose X¢ S.t. 4 X P\ (tl) | to>< t |
‘ (B (XD x =Tr¢(¢,(X)X¢)=(Oto #,(x)]0,)=0

/
\

/master equation [MF-Sakatani-Sugishita [2]] ((2 =1— 37) A
d t t ’ _i t'dt”& ad t" /

/;l( ) ®p|¢(t1) =-7 adVI (t)_[t dt'Te L b )adv, )P (t )®pf}(t1)
\_ t 1 y




proof UsingP+@=1,

r

d 0] (0] 0]

d_JP: () =i v (t)JP: (t)—i v (t)&Pt "ty @)
_p:Ot(t)__ v (T)Plt0t (t) =5 q

Seprv=-iead, o (- Cad, (€0 — (@)

This is a coupled diff egn for £p,°' (t) and &p," (t).
First solve (2) w.r.t. €o,” (t):

(:Zad\,I R )

o aly, (¢~
o (1) =Te 1" i (t)—if, dv'Te forestiogag, 9o (1)

Substitute this to (1) using 2p,° (t) = p, (1) ® X* =,oI (t)®p, (t,):

dp () o
dt

¢(t )=- v (t)JpItOt (t)- V (t)Te

-9 ad, (t)_[ dt'Te_iLt'dt"&adV' “@ad, ., Pp" (t') - (*)
We have chosen X* = p?(t,) and p{* (t,)=,p(t,)® p’(t,)
= Pp° (L) =p, (1)@ X? =p/ (1)@ p! (1) =" (1) & Ep(t)=0
We have set Tr (¢, (x)X¢)= r (¢, (x)p?(t, ))=

= 2 ad, 7o\ (t)="Tr,(¢ (x)pf(t,))® pf (t,) =0
Only the third term in (*) survives. B



B Approximation of master equation

-

master equation [MF-Sakatani-Sugishita [2]] (€=1-9) A
dp, (t t o, i t'dt"& ady (4 ,
—‘;' e ptit,)=-2 ad,, ., | dt'Te J et 'ad, 0, (1) ® pf(t,)
\ at 1 p

e perturbation to O(u?)

dp, (1
=

t
=-Tr, [ ad, (t)jtl dt'ad, ,,p, (t')® pf (tl)] +0(u’)

with V0= 1 (DT @4 (x(x))-00-1)
G (x,X')=Tr, (¢,(x) 4, (x)X?)

we have

pe)=| dr(

= p!(t,)=]0, X0, |

\_

=(0, |4 (x) 4, (x)10, )
J

~

4 (4 + ‘ (4
[ 11, (2), p, ("), (') ]G (X(2"), X(2)) }+ o)
|:,u| (), 4, (") p, (7' )]G+ (X(T) X(z' ))



e Return to the Schrodinger picture:

Pan(T)+1(E, — E,) P (7)
(e E0 BNyt P (7)) G (X(2), X(2))
+e BTyt Py (21 Gy (X(2), X(2))
—e" =y, o (71) Gy (X(2'), X(2)
\_e—(Ek—En)(r—r')ﬂmk L, P (’L")G; (X(T), X(T')))

+0(u’)

= kz; lez"

The Wightman function G}, (x(z), x(z')) has
a correlation in the time direction
and almost vanishes if 7—7';>"correlation time"'.

p,,(t) in the integrand %———A——_——Aﬂ

< > T—7T
can be replaced by p,,(t) ¢orrelation time




Further assuming that off-diagonal elements ’

can be neglected, we have a closed equation [ to bethecase i”)
. . | |

for the density distribution p__(t): \examples below

/pmm (z)= Z[ka (7:71) P () = W (7371) Pi (T): \

k#m

with ka(7;71)=| Mk |2 |:(Em — Ek’ 7, Tl)
. ]  _—iAE(7'-7) G+ ’ ’ N
F(AE;r;rl)Ej dz’ ° _iAE(_,)XfX(T) X(T),)
L w467 G (X(2), X (7 ))J
@:Suppose F*(AE)= lim F(AE;r;r,) satisfies the relation

Ifeq(AE)=e‘ﬂAE_lfleq(—AE) o VnBiT,) =e‘f"Em‘Ek)]

ka(T;Tl)
. . . . eq _ 1: . eq
— Detailed balance: Ilim w_ (7;7)p. = lim w_(z;7,)p0, "
eq T_Tl—)w 1 T_Tl_)w
Prom _ \-B(Eqn-Ey) eq -BE,
= T eq —© = Pm=7F€

eq
Pk



6. Unruh-DeWitt detector in de Sitter space
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e classical path 7’
x“(z)=(n(z).x(r)) =(—Le™",0)

e Wightman function
G* (X, x"1,) =40, [4,(x) 4, (x)[0,)

d* 'k

= 27) G, (n,n";n,) cosk - (x—Xx")

e \What we need to do:

(1) Calculate G, (n,7";n,)

B Setu —dn? 2
P (d52=£2 dn +dx) :T

(2) Expand it around 7, =—« (< BD)

(3) Integrate over k to obtain

F (AE T T, = —e"O)
_e_iAE(z"—z') G; (X(T’), X(‘[);no) -

=["dz| _ N () ()
"‘71 T +e—|AE(r—r’) G;(X(T), X(T');ﬂo)_ ée (TO




B Result
If(AE;r; 7,3 1, =—e"0)
=FO(AE; ;7)) +e RO (AE; 7y 7)) + -
with

. F_ﬁ&j;l.(¥_|;+i&j:j I.(——u-H.j._j } (—-I—I-'—Llf ) r (dﬂl .—i.'i'n..h')
‘Fiur:ll _ 5 -

41 (4=
«d—1 . cd—1 . e . . | .——l-'—l.':'l.jil -
elm g iV g~ (T Hr-1AE)(T-T) dzl. — N .
iR F = - g Hr—m1)
B a2 CES NETRT.Y B
gm = (%) sin(Tv) 1 + v, 22—
d—1 = A& B
Fiﬂi'l'_l t”_i“” E-_.—[E:i—”—j-ﬁj':][r—n] -:I’.—l ———r—1AE g1 —
L =1, '-}F’:-‘:- ° RPIT : g AT}
875 I'(45L) sin(—v) I 7 i
d—1 P AL
F—jr%F—jrllr—r—+|J+L.ﬂ fr—71) d—1 —g HVHIAE 4y NET
N j-: 2 3 2 » 2 v T —Ty)
d—1 _ d—' 342 A48 4L AR . e
BrT I'(5) sin(mv) l+vy, 2——
d - &
F_jri'i'i;:‘i“” E._.—r_izl—u—j,-j,_j-:][r_n] N -:I':l_ _'.'.'__';—J.:'..L .u!El —
1 : " = ' - p—3T—T1)
a_1 3}'-; 33 o e ot !
q‘.__ i d_l _r - ! = T—I.‘—I-l.‘:'._j'.
8r 7 I'(%5) sin(—mv) l—pv, T——

F@(AE;7;7,) =



We are interested in time scales larger than 1/ AE.

o

Taking an average over 7,
with the duration Az =1/ AE

1 7, +A7/2

F (AE Ty, =—€ " ) =) e dr] F (AE LT T 1y = —e"O)
= F*9(AE )+ e F @ (AE) + O (e
with
F*(AE)
g AR (d ~1+2(v+ iﬁAE)) (d ~1+2(-v+ iKAE)]
= I I
87z_(d+1)/2 F(d_lj 4
2

xr(d _1+ 2(: _ iEAE))r(d _1- 2(: + iKAE))



. d— 242 1
(2 A 7y —
J ‘inj_( 1 ) 23+1'-!-P£1'L1' d_[-J
T (7
d—E : ]
d-3-n g oV-n-iAE 4 3 5
{".EE 2 ? 2 ? 2 TV
1Lrg 3 r 0 'I—l,l—JJ—n—l.i'LH
h] I"II'I _ E
d—3—mn i:.—s'—u—ﬂ—j.iﬂ-
.23 _ix| 2 7 2
— 1633 ("? 0 E!i—u—n.—].iu‘- )
U, — 5
3 o 45 p—n—iAE
aaf in _dg_n'_&zn'k”'_! 3 , — v
_ g - .
44 0.y, —d=d=n | _ Zly-n-iAE
1 ¥ 9 - 3
o _ddm _ddom _Ezé-”—ﬂ-—i&h" d— 1 =
23 —iw 2 2 2
T4\ € 0. p, _d=don &l y-n-iAE
b | a ok b | E
+(AE -+ —AFE).
- al,...,ap _ L .
G .|z ' . Meijer's G-function
ALY




B Properties

(1) F*9(AE) =e™**F*I(-AE)

(2) A(AE)=F*(AE)+ F*(-AE)
~ |AE |~
2727 ((d -1) 1 2)

(|AE|€—)+00)

(3) F®(AE)=F®(-AE)



B Example: two-level detector

Let us consider a two-level system with
(1) AE=E,-E, >0

(2) AE>1//

0 u,
(3) =t =( . )
( ) M, O
‘ master equation is decomposed
to the diagonal and off-diagonal parts

(4) detector is "ideal" : A% |, [ (AE)" " £ 1

\

(,bll(’r)j ( w,(z;7,) W_(7;7,) j(pll(r)j
P, (7) w,(z;7,) —W_(7; 7)) )\ P, (7)

W|th W (T TO) 12 |ﬂ12| I: eq (+AE)+e ~2(e= TO)MF(Z)( AE):I



Expand p__(7) around the equilibrium distribution:

e—eﬂéEmm
’Omm (T) = Pr?]?n + AIomm (T) (pr?wcr]n = —enlE,, , M = 1’ 2)

e—eﬂfEll + e
Ap,, (t)+Ap,(r)=0

Ap,,(7)
e WAL @) (Ri=1)
_ A lm, I FY(AE)
A% p, P A(AE) -2
(NB: A(AE)=F*(AE)+ F*(-AE)~|AE ')

tanh (7 AE)(e—Z(r—ﬂw _ o A lml A(AE) (r=7,)-2(7 —5o) /¢ )

~
For an ideal detector,
|ﬁ(2) AE s
Ap,,(7)=— A((AE))tanh(nmE)e A=)t

- Y,




B Properties

i )
= (2)
Apy(7)=— i A ((AAEE)) tanh (z£AE ) e~ )"

- J

e Everything is in a universal form.

l.e., the expression does not depend
on details of the detector.

e The relaxation time is given by the universal quantity,

14
Tielax = E

This gives an example of
the nonequilibrium-thermodynamic quantities
Intrinsic to de Sitter space.




7. Conclusion and outlook



B What we have done:

[PART 1]
e Proposed to take the vacuum in curved spacetime

to be the set of instantaneous ground states.
e Constructed and developed a framework
to calculate various propagators for the vacuum.

[PART 2]
e \Wrote down the master equation
which completely determines
a finite time evolution of the density matrix
of an Unruh-DeWitt detector in Yspacetime.

e Applied the framework to uncover
a universal nonequilibrium property
Intrinsic to de Sitter space.



B Future direction

(1) It should be important to establish the framework
for interacting quantum fields,
espcially for those in de Sitter space.

(2) ----- to apply the present framework
to investigate the cosmological constant problem.

(3) ----- to extend the framework
to cases where a horizon exists.

This may be helpful in understanding
the thermodynamic aspects of dynamical BH.

(4)



Thank you.
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