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0.     Introduction



-- What is special for gravity:
 is not simply an effective field at low energy. 

It has a thermodynamic character. 
( )xgµν

Examples: 
  -- Stationary BH has entropy prop to its horizon area.

  -- Einstein equation can be regarded as an EoS.
  -- Entropy density naturally depends on ( ).g xµν

[Jacobson]

[MF-Sakatani]

[Bekenstein, Hawking]

[Bekenstein, Hawking, Gibbons-Hawking, …]

Unification of gravity and the Standard Model
is one of the most important problems 
in contemporary physics.

: effective fields at low energy( ) , ( ) , ( )x x A xµφ ψ
-- Standard Model



definition of "vacuum" for QFT in curved spacetime
nonequilibrium-thermodynamics character of de Sitter space




Today, I will talk about

PART 1 : Defining a vacuum in a curved spacetime

PART 2 : Unruh-DeWitt detector in curved spacetime

[1] MF-Sakatani-Sugishita [PRD88 (2013) 024041, 1301.7352] 

1. Basics of QFT in curved spacetimes (esp. in de Sitter space)
2. Propagators for the instantaneous vacuum

in curved spacetime (general theory)
3. Propagators in de Sitter space

4. Motivation and the result

5. Master equation for Unruh-DeWitt detector (general theory)

6. Nonequilibrium-thermodynamics character of de Sitter space

[2] MF-Sakatani-Sugishita [PRD89 (2014) 064024, 1305.0256]



PART 1 : Defining a vacuum in a curved spacetime

[1] MF-Sakatani-Sugishita [PRD88 (2013) 024041, 1301.7352] 



0.     Basics of QFT in curved spacetimes

[cf. Birrel-Davies]

[also 福間-酒谷 『重力とエントロピー』 (サイエンス社2014)]



 Klein-Gordon inner product■

action: 
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( ) Quantization of xφ■

Step 1
{ }complete set of positive-energy solnChoose a s :( )n xϕ

, , , ,

, , ,
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= = −
maximal set   s.t.

Step 2
( )Expand  asxφ

† ( )( ) ( )n n n n
n

xx a x aφ ϕ ϕ∗ = + ∑

Step 3
Impose the commuation relations

† † †0, , , ,n nm n mm n ma aaaa aδ   = = =     

( )vacwit uumh (perturbative)    :  | 0 | 0 0na n〉 = ∀〉

  ( )− − − ∗

( )
( )

3

k x
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i t
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d

t
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 ⇔
 
 

=  


⇔


∑ ∫



“wave functions”

( )3(x, t) , (y, t) (x y)iφ φ δ ⇔ = − 




( ) Quantization of xφ■

Step 1
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Step 2
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EQUIVALENT

{ }complete set of positive-energy solnChoose a s :( )n xϕ


“wave functions”

Step 3
Impose the commuation relations

† † †0, , , ,n nm n mm n ma aaaa aδ   = = =     

( )vacwit uumh (perturbative)    :  | 0 | 0 0na n〉 = ∀〉

( )3(x, t) , (y, t) (x y)iφ φ δ ⇔ = − 




 Ambiguity in defining a vacuum■

Bogoliubov transformations

( ) ( ) ( )n m nm mnm
m

x x xϕ α ϕ β ϕ∗′  = + ∑

s.t.
†

† †

1, 0,
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⋅ − ⋅ = ⋅ − ⋅ =
{ }Relations ( ) hold also for .( )n xϕ′∗

{ }ambiguity of ( )n xϕ∃ | 0ambiguity of 〉

ambiguity of Feynman propagator:
T
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 What is a natural vacuum?■

case 1: global timelike Killing vector ( )xµ
µξ ξ∃ = ∂

{ }
 s.t. 

we choose  s.t. they take the for
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m
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case 2 : vector  that is asympt. timelike Killing( )xµ
µξ ξ ∂∃ =

in
(far past)tξ → ∂
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| 0; out〉 | 0; | 0;
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o〉 ∝ 〉
 
 
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de Sitter space does not belong to case 1 or 2.



1.     Basics of QFT in de Sitter space

[1] MF-Sakatani-Sugishita [PRD88 (2013) 024041, 1301.7352] 



 -dimensional de Sitter spaced■

0 2 1 2 1 2 2 2) ) (( ( () )d dXXX X −− + +++ = 

( )topology: 1dS −×

This is a solution to Einstein's equation
with positive cosmological constant

        2

( 2)( 1) 0
2

d d− −
Λ = >



dX

0X

iX
( 1, ..., 1)i d= −

1,d
hyperboloid in -dim Minkowski space( 1)d +

 QFT in de Sitter space■

• one of the simplest but nontrivial spacetimes
• application to 

• helpful in understanding the thermal character 
of curved spacetime

Motivation
inflation
cosmological const problem




( ): curvature radius



 various coordinate patches■

(1) global patch
0
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(2) Poincaré patch
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 de Sitter invariant■

dX
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iXx
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0 2 1 2 2 2( () () )M N d
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dS 1,) R( dx X x ∈⇔∈
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 Issue of defining a vacuum in de Sitter space■

no global timelike Killing vector

time-dependent Hamiltonian

no stationary states

If adiabaticity holds asymptotically
(i.e. no level crossing occurs at the far past/future),
one can define an asymptotic vacuum. 

This cannot be expected for de Sitter space
 in Poincare).(except for η = −∞

There exists an ambiguity in defining propagators. 



 Our strategy■

( )E t

t t dt+
t| 0 ,t t〉

| 1 ,t t〉

,| 0t dt t dt+ + 〉

Schrödinger states

[MF-Sakatani-Sugishita [1] 1301.7352] 

| 0 ,t t dt+ 〉

 Instead of defining a global vacuum, 
  we consider the ground state at each in

"th

st

e 

ant,

set 
  and de

of insta
fine the vacuum 

nteneous ground 
to be 

  stat .es"

•



 Our strategy■

( )E t

t t dt+
t| 0 ,t t〉

| 1 ,t t〉

,| 0t dt t dt+ + 〉

sT

| 0t 〉

Schrödinger states
Heisenberg states

[MF-Sakatani-Sugishita [1] 1301.7352] 

| 0t dt+ 〉

| 0 ,t t dt+ 〉

 Instead of defining a global vacuum, 
  we consider the ground state at each in
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set 
  and de
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•



 Introduce 2-pt functions:•

0 0

0 0
0 0

0

0 0
1 01 1
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00 1
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〈 〉

 Take the limit 0 1, :t t→ −∞ → +∞•

0 0
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0

1 0

1
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0 | 0
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 Result:• A careful calculation shows that 
the finite limit exists for all patches.
( )in/inexcept for  in the global patch for ( 1) / 2G m d< − 



2.     Propagators for the instantaneous vacuum 
in curved spacetime (general theory)

[1] MF-Sakatani-Sugishita [PRD88 (2013) 024041, 1301.7352] 



 Mode expansion■

2 2 2 2( ) ( ) (x) i j
ijN t dt t h dxds A dx+= −

Assume that the metric takes the form

{ }
( )

Inroduce a complete set 

for the spatial Laplacian  s.t.1
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“a system of decoupled harmonic oscillators”

( )( )n tφ ∈



SH cam hrilto ödinnian (in the  picger ture)
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instantaneous ground state at  :t
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time-dependent
even in the
Schr. picture



 QM with time-dependent Hamiltonian■
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To simplify expressions, we set (for a while)
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 Heisenberg picture•
[Schrödinger] [Heisenberg]

( )| , , | ,
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s s

s

t U t T T
O t
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| | ,

( ) , ( ) ,
s

s s s

T

O t U t T U tO t T

ψ ψ
−

〉 = 〉
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 2-pt function•
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 How can one find the wave functions ( ; )?It tϕ•

Start from Heisenberg's eqn :  2( )( ) ( ) ( ) ( ) 0
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   then can be expressed as( ), ( )q t p t
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(1) Everything is determined automatically. 
     In particular, we need not to specify 
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3.     Propagators in de Sitter space

[1] MF-Sakatani-Sugishita [PRD88 (2013) 024041, 1301.7352] 
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 Numerical results■



PART 2 : Unruh-DeWitt detector in curved spacetime

[2] MF-Sakatani-Sugishita [PRD89 (2014) 064024, 1305.0256]



4.     Motivation and the result

[2] MF-Sakatani-Sugishita [PRD89 (2014) 064024, 1305.0256]
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5. Master equation for Unruh-DeWitt detector
(general theory)

[2] MF-Sakatani-Sugishita [PRD89 (2014) 064024, 1305.0256]
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Suppose that the behavior of the detector is only concerned.
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6.     Unruh-DeWitt detector in de Sitter space

[2] MF-Sakatani-Sugishita [PRD89 (2014) 064024, 1305.0256]
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 Properties■

 Everything is in a universal form.•
i.e., the expression does not depend
       on details of the detector.

 
 
 

 The relaxation time is given by the universal quantity,•

relax 2
τ =



This gives an example of
the nonequilibrium-thermodynamic quantities
intrinsic to de Sitter space.



7.     Conclusion and outlook



 What we have done:■

[PART 1]

 Applied the framework to uncover
   a universal nonequilibrium property
   intrinsic to de Sitter space.

•

 Proposed to take the vacuum in curved spacetime
   to be the set of instantaneous ground states.
•

 Constructed and developed a framework
   to calculate various propagators for the vacuum.
•

 Wrote down the master equation 
   which completely determines
   a finite time evolution of the density matrix
   of an Unruh-DeWitt dete sctor in .pacetime

•

∀

[PART 2]



(2) ----- to apply the present framework
     to investigate the cosmological constant problem.

 Future direction■

(1) It should be important to establish the framework
     for interacting quantum fields, 
     espcially for those in de Sitter space.

(3) ----- to extend the framework 
     to cases where a horizon exists.

This may be helpful in understanding
the thermodynamic aspects of dynamical BH.

(4)   . . .



Thank you.
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