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Perturbative expansion

 ubiquitous

does not often give satisfactory understanding of physics...
(unless it has nice properties)

even if it has nice property,
higher order computationis usually hard task
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Approximation at finite values of parameters

How do we interpolate these two expansions?



Tool : Interpolating function

Single function consistent with the 2 pertubative expansions



Tool : Interpolating function
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Tool : Interpolating function
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Tool : Interpolating function

Ex.) g !
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Outline

*introduce a class of interpolating functions (Sen’13, MH 14

generalization of Pade and Sen’s interpolating function

" problem of this approach MH 14

3 many interpolating functions. Which is best?

“ Criterion to choose the best interpolating function w1
(for a class of problems)

Implications of analytic property of interpolating function

[MH-Jatkar '15]



Introduction to
Interpolating function



Setup

Suppose that we know small-g and large-g expansions of a function F(g):

o

9%(so + 519 + s09% + - -1,

F(g) = -
PUog+ g P19 240,

S—

Then we would like to find approximation of F(g) at finite g.

When we have expansions around g=g, and g=g,,
changing the variable as x=(g-g,)/(g-g,) gives small-x and large-x expansions



(Two-point) Pade approximant
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The coefficients are determined to reproduce the small-g exp. up to ©(g*+t™m+1)
and large-g exp. up to O(g"" 1)



(Two-point) Pade approximant

L3P gt
= 509"
1—|—Z dk_g

[ p=m+n+12+(b_a)ezﬁ q=m+n+;_(b_a)ez ]

Pm M ( Q’)

The coefficients are determined to reproduce the small-g exp. up to ©(g*+t™m+1)
and large-g exp. up to O(g"" 1)

Some properties:

o

can constructonly for (b-a)€Z (although avoidable by a change of variable)

[ (b-a) :even - (m+n): odd, (b-a):odd - (m+n):even ]

has poles. No branch cut



Fractional Power of Polynomial (FPP)

M b
Fm.,n(g) — Sﬂga 1+ Z Ckgk + Z dkgm_‘_”—‘_l_k
k=1 k=0

b—a

m—+1+4+1

The coefficients are determined to reproduce the small-g exp. up to O(g

and large-gexp. up to O(g*~ " 1)

[Sen '13]
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Fractional Power of Polynomial (FPP)

[Sen '13]

b—a
e T m—+n+1

1 4+ Z C_kgk 4+ Z dkgm—l—n—l—l—k

Fm,n(g) — 'Sﬂga

The coefficients are determined to reproduce the small-g exp. up to O(ga_l_m_l_l)
and large-g exp. up to O(gb‘”‘l)

Some properties:

p—

*can construct for arbitrary (a,b,m,n)

*Type of branch cut is uniquely determined by (a,b,m,n)

—



Fractional Power of Rational function (FPR)
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[MH’14]
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Fractional Power of Rational function (FPR)

v

1+ ZEZI crg®
L+370 ) dpg”

chf’gl(g) — Sﬁga

2

a—b for - R
= IOor M + n :even . .
o = {2“1 with ¢ € Z.

“‘2—_;’ for m+n:odd’

[p=%(m+n+l+b;a)ez, q=1(m+n+1—

Some properties:

—

o

*includes the Pade and FPP as the special cases

*can construct for arbitrary (a,b,m,n)

“can control type of branch cut

S—

[MH’14]
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Fractional Power of Rational function (FPR)

e MH’14
L+ 3 ki cxg” | |

F) (g) = s0g° ,
nl9) = %o L4 3 k=t drg®

[P=%(m+n+l+b_a)62, q=%(m+ﬂ+l—b;a)(§z ]

26+1 with ¢ € Z.

a=b {5 1m 4+ n:even
o = _ :
“‘2—_;’ for m +n :odd

Some properties:

o

*includes the Pade and FPP as the special cases

1 =can constructfor arbitrary (a,b,m,n)

“can control type of branch cut

S—

There are many cases where FPR gives very precise approximation.

(although there are also many unsuccessful cases)



Ex.) Grand state Energy in anharmonic oscillator

[MH, work in progress]
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Ex.) Free energy of c=1 non-critical string

[MH’14]

l: cosmological constant
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Ex.)Dimension of Konishi op. in planarN = 4 SYM

[Chowdhury-MH-Thakur, to appear]

7.0
Okonishi = Tro ¢

Preliminary
Ag |
5 Thermodynamic Bethe Ansatz
[ [Gromov-Kazakov-Vieira’09]
ar -
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i ° o
! o il FPR using 7-loop and
2? el subsub-leadingbulkresult w/ a=1/24
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Problem of this approach
(via 0d ¢* theory)

[MH’14]



Partition function of 0d ¢* theory

1

30q2
/ dp e~ Ft _ T P Dy
\[ 4q —3 \ 32¢2 7 \32¢2

Small-g expansion:

F(g) = V21 — 3v21g? + 105\/;4 +0(¢°) (a=0)

Large-g expansion:

Fla) =g % (GT0/4) + 1M1/ + G140+ 06 ))  (b=-1/2)

)

We can construct FPR-type interpolating functions F,,.,(,f%



F(g)
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Some explicit forms of FPRs... wwe

F(g) = F{(g) + 0(getmt1 gb—n—1)

_ 1/2
(1/2) _,—( 8mg ) 1/2 (1/2), 8mgl(1/4)+T(1/4)% 42T (~1/4)
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[Sen’13, MH '14]

>mall-g () a+m+1 b-n-1
(anﬂ?}t —F)/F J Large-g F(g) = Fmn(g) + O(g g )
0 04:— £ i/ \ri‘;"‘i’
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*Roughly, larger (m,n) seems better

*The same (m,n) but different a sometimes give different precisions



Predictability of interpolating function?

We can construct many interpolating functions.

It is very unclear which interpolating function gives the best approximation
when we don’t know exact or numerical results.

(“Landscape problem” of interpolatingfunctions)
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Predictability of interpolating function?

We can construct many interpolating functions.

It is very unclear which interpolating function gives the best approximation
when we don’t know exact or numerical results.

(“Landscape problem” of interpolatingfunctions)

Possible solutions(?):

1. Constrain by consistency from other information

(e.g. such as reality, positivity, absence of phase transition, etc...)

— Useful but usually we still have multiple consistent interpolating functions

2.Sometimes many interpolating functions give almost the same results

— Natural to think this as the prediction.

3. Choose the best interpolating function in some ways (ambitious)

— Criterion for the best interpolating function [MH"14]



Criterion for the best interpolating function

[MH’14]



Restriction of problems

We assume that physical quantity F(g) satisfies

p—

1. We know asymptotic large order behaviors of
2 perturbative exapansions

2. We know rough weights of non-perturbative correction

(e.g. we can often compute instanton actionsin QFT and string theory)

3. Non-perturbative corrections in both sense are not large

(e.g. exp(-g-1/g) does not contributeto the 2 expansions )
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Conjecture:

Given set of possible interpolating functions {G(g)},

the best interpolating function minimizes the quantity
I, [Gbes.t] + I [Ghest] — min {Is[G] + I [G]}

[I\/IH’14]\
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where cutoff, A>>1

g: ) A e
T ) [+ ¥ - JI"'\‘
Lic) = [ da|Gla) ~ F ). 1i6)= [ da|cio) - F(a)].
g1

N N
N N, _
FN) = g0 3" sigh, M = g8 S 17"



Conjecture:
[I\/IH’14]\

Given set of possible interpolating functions {G(g)},

the best interpolating function minimizes the quantity
I, [Gheat] + I [Cb@&.t] — min ‘[I [ ] + I [G]}

N /

where cutoff, A>>1

gs
Lic)= [

P.I'ri,* Jf\.rt,

N : N _

FEN) = g0 5™ sgf, D =g S hg*,
k=0 =

(g) —Ff”r:](g}‘a [|G] = ]ﬂ dQ‘G(Q) R (g)‘

(g%, NZ, g/, NJ) are determined such that

(FND MDY are almost F(g) for (0 < g < g%, 9 > gf)

| have tested the conjecture for partition function of 0d ¢* theory, average plaguette
in SU(3) YM on lattice, specific heatin 2d Ising, free energy of c=1 non-critical string, etc...



Determination of (g5, Ng. 97, N;)
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“These depend on large order behaviors of the 2 expansions
and weights of non-perturbative effects.
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Determination of (g5, Ng, 97, NJ°)

gz A .
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1[G :/ dg‘G(g)—FsL'm{g)‘ﬁ II[G]:/ dg‘G{g)—Ff ‘ (9)‘,
0 gr
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“These depend on large order behaviors of the 2 expansions
and weights of non-perturbative effects.

Casel: Two expansions are convergent and there are no non-perturbative effects

NI, Nf>1, gs,g9; ~ (radiusof convergence)

Case2: Two expansions are convergent for (9 < 95,9 > 97)
but non-perturbative effects become important for (g > g, g < gf)

Ni N> 1, g¥ gf ~min(¢S g2), min(gf, i)



Determination of (g5, Ng, 97, NJ°)

gz A -
1 # (N Z f S(NT)
1[G :/ dg‘G(gJ—FS”"”{Q]‘E II[G]:/ dg‘G{gl—Ff ‘ (9)‘,
0 gr

- (g%, NX, g/, N/") are determined such that
(FVD MDY are almost F(g) for (0 < g < g%, 9 > g])

“These depend on large order behaviors of the 2 expansions
and weights of non-perturbative effects.

Casel: Two expansions are convergent and there are no non-perturbative effects

NI, Nf>1, gs,g9; ~ (radiusof convergence)

Case2: Two expansions are convergent for (9 < 95,9 > 97)
but non-perturbative effects become important for (g > g, g < gf)

Ni N> 1, g¥ gf ~min(¢S g2), min(gf, i)

Case3: Some of expansions are asymptotic

——> useoptimization of asymptotic series (details are skipped)



Test of the conjecture in 0d ¢* theory

-1 [d |'iF mon LIF) LIFS I.+1,
F&l@f} 0.000659728 0.00446072 0.381344 0.385805
FI/? | 927801 x 1075 0.000297906 0.0142222 0.0145201
F{/® | 0.0000760393 0.000432581 0.106287 0.106720
Fyd? | 461177 x 107 | 0.0000230059 0.000849124 0.000872130
Fi4” | 524010 x 10-6 | 0.0000450000 0.00905419 0.00909919
Fyd™ 1 0.0000235129 0.0000430012 0.0373156 0.03735%6
Fy? | 296944 x 1078 | 1.94617 x 10-5 | 0.0000576043 | 0.0000595505
Fyd% | 3.84001 x 107 | 5.09656 x 10-6 |  0.000738006 0.000743103
Fy/™ | 884054 x 106 | 2.59016 x 106 0.0148826 0.0148852
FU'4% | 217241 x 1077 | 1.78480 x 107 | 4.25411 x 10~% | 4.43259 x 10°©
Fi/® | 285852 x107% | 550786 x 107 | 0.0000577750 | 0.0000583258
F" | 577057 x 1077 | 1.52640 x 10°° 0.00111431 0.00111584
Fi{™ 1 317581 x 1076 | 8.72352 x 1077 0.00549043 0.00549131




Average plaquette in SU(3) YM on lattice



Average plaguette in SU(3) YM on lattice

Wilson action:

-. 1 7T T ri 71
S=p Z Z {1 — ER-ETTE-’X,H "'X—Irﬂii’;—i—iinut':jc,V} ,

Py X

Average plaguette:

X+, X,V

P(f) - <1 o %TI{”"TX,;LLL"Tx—l—,fl,yixﬁ SAl >

Wea k cCoup I | Ng expan SIO N: [O(B35) computation: Bali-Bauer-Pineda ’14]

P(B) =571 (24 1.22084871 +2.96043872 + O(5~3))

StrO Ne CoOU Dllng eXDanSIOn [O(B15) computation: Wilson, unpublished]

1t 1 g 3
P(B) =1- 28— -7=8"+ 0(8%)
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(data points:

6 3 10 P

reference values from Monte Carlo on 10% lattice)



Some explicit forms...

f,{ 13'{;53 160000072 (45+9)+43377282 _,j{_lfz}{ﬁ]:(ﬁil 722954;,32+ +1j_133
80000072 (432 +08+18)+2400849( 3+18) ’ 1.1 320000072 ' © )
2
1E 1}{;5}— 282 4+6.234583+-20.8014 p(=D gy 2(.-3+:1.3955)(,-3 _0.195393,-3+12.n174)
A3 42 5068752 +7.3902154+20.8014 " 3.3 ~ (B¥—2.096825+0.61310) (82 +4.6835+8.48036) ’

2(§2—2.5m73§+13.4054} {:_ﬂz+5.?‘244,5+1.‘2.5824}

1}'
I‘[ - )
(B)= (B+3.00342)( 523 545583+ 11.2267) ( A2+3.050355 +0.70082)

2{ﬁ+3_58557}(ﬁ2_4_usurﬂ_ﬂ+ 14_5347) (_HE+3.51475,5+13_'?1{FE)

1}
i'}l: —_— "
(B)= (ﬁ9—4.53?48ﬁ+12.5353} (§9+1.38581§+1n.5814j [,-39+5.36|:rss_a+ 10.6298)

2 (,-32 —5.1864834+15. 593?) {§9+1.551ﬁ+14_5512) (,39 +E.532?5ﬂ+14.4495)

1)
I'.I‘I: —_—
(8)= (8+3.39479)( 32 5.472625413.8545) ( 52 —0.09162535 + 12.0825 ) ( A2+ 4.786293+11.6262) ’

2{_H+3.85835}(_52—5.9913_H+16.4715) (,-32—0.140455,-3+15.5324) (,-32 +5.47891,-3+15.258}
(52—6.121855+14.911) (52— 1.343645+13.1167) ( 32+ 3.492015+ 12.5578 ) (32 +6.608563 + 12.3918)

riTY(e)=

2 (,-32 —6.508465+1 7.2502} {,52_1_55339,5+ 15_3433} (_52+3.53|:rz3_ﬂ+ 15_0052) (_52+?.43558,5+ 15_9053)

(—1)
j".r — "
88 (F) (ﬁ+3.52553}{§9—5.53549§+15.8359j{39—2.39994ﬁ+14.n93?} (_52+2.20409_ﬂ+13.4255}{ﬁ9+5.36018_ﬂ+13.2055} ’

2(_ﬂ+4.0654]{:,-32—?.1]?255,-3+1'r.9526) (,-32 —2.71 136ﬁ+1'r.nﬁuz) {ﬁ2+2.43467ﬁ+16_ﬁﬁﬂl) (,52 +E.55819ﬁ+15.5511)

1
FE \(6)= 7 5 T2 3 7 :
(AZ_7.053735+16.6601) (32— 3.207634+ 15.0007) 52+ 1.00068 5+ 14.2272) A2+ 4 86104+ 13.0680) ( 52+ 7. 143685+ 13.8747)

*1(0 i%(,3}:2(_82—?_45432_ﬂ+18_593) (ﬁ2—3.66556ﬁ+1?.7643) {,52+1.I}8035ﬁ+17.3105) (,52+5.38063,-3+17.1591)
(8247.93085417.1034) x | (5+3.50054) (52 2 2 7
: 03088417, A43. )( 82 —7.200678+17.4015) ( 32 —4.065868+15.8524 ) | 82 —0.06310745+14.9646
—1
(8%+3.787485+14.6692) (,-32+E.5931,-3+14.5475)]

PI:I H (B)= 2{§+4.15731;.(,32—?.75923§+19.1795) {§2—4.45532_ﬂ+18.3521) (_82—0.111215_6+1'?.8'F86) (,-32+4.14311.,-3+1'F.'r09)
(.'32+7.25733_H+17.637Ei) * [(,52—7.65195_8+18.074?) (ﬁ9—4.72437ﬁ+1ﬁ.5111) (ﬁ9—1_01157ﬁ+15_ﬁ487}

(.-32+2.?2805_H+15.318?) (ﬁ2+5.30925_3+15_1?4?) (ﬁ2+'r.54715_ﬂ+15_1151)] !



Test of the conjecture in SU(3) YM on lattice

?TJZ P P| IS[P?{HC?;J!] II[Pmn Is+1;

PV 0.228616 0.634296 0.222215 0.856510
PSP 0.115055 0.206451 0.070088 0.276539
P, 0.158456 0.380170 0.0924484 0.472619
PG 0.119927 0.247194 0.0472852 0.294479
P, 0.0956988 0.168693 0.0272632 0.195956

D 0.0790835 0.118552 0.0169992 0.135551
Pl 0.0670207 0.0848353 | 0.0112119 0.0960472

D 0.0579211 0.0614099 | 0.00772215 | 0.0691320
A 0.0508609 0.0447886 | 0.00550651 | 0.0502934
PV 0.0452512 0.0328091 | 0.00403859 | 0.0368477
P10 | 0.0406960 0.0240752 | 0.00303056 | 0.0271057
Pyl | 00369267 0.0176544 | 0.00231792 | 0.0199723
Py | 00337611 0.0129187 | 0.00180261 | 0.0147214
Py | 00310727 | 0.00942050 | 0.00142323 | 0.0108527
Pi{1, | 00287673 | 0.00686572 | 0.00113935 | 0.00800507
P | 00267697 | 0.00498586 | 0.000923484 | 0.00590935




Result of the best interpolating function
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Result of the best interpolating function (Cont’d)
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Specific heat in 2d Ising model

"Interpolating functions fail to approximate behavior
around phase transition point

“Nevertheless, interpolating functions seem to give
non-trivial information on the phase transition



Specific heat in 2d Ising model

Standard 2d Ising on (L x L) square lattice:

Z(K)= Y fZepor (k=)
{oz}==1

— % (Sll(K) —+ 2810(K) — SDO(K))

b=

L-1
[Sﬂgg(x)zzﬂz 11 lcoshz(QK)—5inh(2K)(cos(2p+Jl)w+c05(2q+ﬂr2)ﬁ) J
p.q=0 i
Specific heat:
K2C1 (K CL(K) = L log Z1.(K)
COLE) - Cull) = g s Z (k)

We can also compute low temperature (large K) & high temperature (small K) expansions
(even if we didn’t know the exact result)



Specific Heat
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Construction of interpolating function

(Small-K expansion) = (power series of K)

(Large-K expansion) = (power series of e ™)

“ e =14y

(High temperature expansion) = (power series of g)

g

(Low temperature expansion) = (power series of g*)

We construct interpolating functions in terms of g
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Critical point from interpolating function?

1.44004 K, = /2~ 1.4142

peak locatior

1.4_ ----------------------------------------------------------
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Large volume Smallvolume



Implications of analytic structures
of interpolating function

[MH-Jatkar '15]



Partition function of 0d ¢* theory
Fo=L [arton

re B o
i Ly (37) — 13 (537) | for Re(g) > 0
= ¢
T—E-—].-gﬂ_
2 [ (8) + 14 ()] for Re(o) <0

Small-g expansion:

V7 (105g1 — 6g% + 2+ O(g%)) — /mie™? (105g* + 69> + 2+ O(¢°))  for arg(g) € (5. 7)

V21 — 3v/2mg* +105,/Zg* + O(¢°) for arg(g) € (-3, 5)
F(g) = :
V5 (105g* — 6¢° + 2+ O(9%)) + /mie® (105g* + 6g° + 24+ O(g°)) for arg(g) € (—m,—3)

Stokes Phenomena
Large-g expansion:

Plo) = g7 (GE0/4) + (gD (-1/4)07 + 5T (1/4)07 + 0 ™))



V2m —3v2mg* 4 105,/3¢" + O(
F(g) = { /3 (1059" — 6g* + 2+ O(g°))

VE (105" —

9°) for arg(g) € (—
— /mie? (105¢* + 69> + 2+ O(g°))  for arg(g) € (3,
69° + 2 + O(¢%)) + V/miew® (1059 + 6g* + 2 + O(g°)) for arg(g) € (-

:i bl

Expansion itself changes

. (Stokes line)
Dominance

changes ™
(anti-Stokes line
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the best interpolating function along positive real axis ]
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Anti-Stokesline of Im(g)

. (relative error) > 10%
small-g exp.

*: poles of (FPR)Va

0.5} +: zeros of (FPR)Y/

— Re(g)

—0.5 ?\;E;,g’ | 0.5

—0.3F

Similarresults hold also on 0d Sine-Gordon mode, anharmonic oscillator,
circular Wilson loop in N=4 SYM, dimensions of operatorsin ABJM



Summary



Summary

*We have introduced a class of interpolating functions (FPR)

F{*) (g) = sog®

1+ 3751 dig®

) e
L+> 0 'fkgk]

which includes Pade and FPP as the special cases

”Landscape problem” of interpolating function

“ Criterion to choose the best interpolating function
(for a class of problems)

Implications of analytic property of interpolating function



Results on which | didn’t talk (due to time)

"Interpolating function in Borel plane?  mrstar s
— Naive idea is failed.

*Comparison with resurgence approach vatar s

- Analytic property of FPR gives physical information
on dimensions of twist operators in the planar ABJM  (chowdhury-mH, to appear]

S-duality invariant interpolating function for twist op. in N=4 SYM

[Chowdhury-MH-Thakur, to appear] [Generalization of Beem- Rastelli-Sen-van Rees, Alday-Bissi]

1 1 E 5,0 b 8,0
E (1) = 5 Z (ImT)®. Fygl’ ) (i) — Firgz,' )(T)

. 28
mneh ‘m T ”T‘ T —I_ d

F(S-ﬂ}[f) _ Zizl CkEs—k(_T}
" Zgzl dpFsip(T)

——> Compare with conformal bootstrap and draw conformal manifold

“ Applicationsto W-loop in N=4 SYM, free energy of ABJM theory, etc...
Thanks!




Appendix



Analytic property of interpolating function
&
Twist operators in planar ABJM

[Chowdhury-MH, to appear]



Twist-operators in ABIM
ABJM theory: [Aharony-Bergman-Jafferis-Maldacena’08]

3d N — 6 U(N)kX U(N)-k (k: CS level )
superconformal Chern-Simons theory

Ops=Tr [D_*S{_(Yle)L] vl vy : (anti-)bi-fundamental scalar

The dimension of this operator is anomalous (unless S=0):

Aps(k,N)=L+ S+~ s(k,N)
Here we focus on the planar limit:

Aps(k,N) = AP0 + 0(N72) A=

> =



Dressed coupling constant h(A)

In the context of integrability analysis,

the dimension is described in terms of an unknown function h(A).

[Giombi-Gaiotto-Yin]

h(\) oc (Central charge of SU(2|2) sub-superconfomal algebra)

A(A) =24+ 00N\3) = \/g + 0o\

Recently, exact form of h(A) has been conjectured as (Gromov-Sizov]

\ sinh (27h) \F, (1 |

, =3 1, ;—Sinhg(%rh)>.
2w




Comparison with TBA for (L,S)=(1,2)

For both weak and strong coupling expansions, Work in h(A)
we use results obtained by integrability technique rather than A

A o
77 Preliminary

TBA [Levkovish-Maslyuk]

L
T T T

FPR using 12-loop and
subsub-leading strong coupling result w/ a=1/28

N

‘}, 1-pt. Pade using 12-loop
. 12-loop
Fi
:f i/
Foo
! .j, X | L ! ! ! | ! ! ! ! | L L L L 1 h{l}
0.0 0.5 1.0 1.5 2.0

(Similarresults hold for many other interpolating functions)



Analytic property of FPR for (L,S)=(1,2)

Preliminary
Branch cut 1%[“ ,
/ \t‘""/ (m, H,EE]-=(].3 2 —]
I 28
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1 1 1 I 1 1
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' Belh
0 L

0.5 1

Expected radius of convergence of
small-h expansion



Many interpolating functions have singularities around h==i/4 !

Similar results hold also for other (L,S).



Physical Interpretation

Many interpolating functions have singularity around h==*i/4.

——> Natural to think this as the prediction.

If the conjecture | 1=

sinh (27h 1 1.3 _ .
2(?T ) 3F5 (555 1-.5?. — sinh” (2'”]1)) : IS CorreCt,

then the singularity is around |A = -

Surprisingly,
this is exactly the same as the critical point of S3 free energy of ABJM

(where ABJM free energy behaves as the one of c=1 non-critical string.) [Drukker-Marino-Putrov]

4

Indirect evidence for the conjecture on h(A)



