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Nambu-Goldstone (NG) modes



Nambu-Goldstone theorem

breaking of continuum symmetry 
       gapless mode (NG mode) 
       nonlinear rep of broken sym

＃internal symmetry in relativistic system

one broken symmetry
one gapless mode with
dispersion relation ! = k

ex. pion as NG boson

⇡0, ⇡±SU(2)L ⇥ SU(2)R ! SU(2)V

cf. recent progress in nonrela [Nambu ’04, Hidaka ’12, Watanabe-Murayama ’12]



NG field for spacetime symmetry
＃ mismatch in NG mode counting

2

dilaton, to make the Lagrangian conformally invariant.3

As a simple example, consider a scalar φ4 theory in four
dimensions which can be made conformally invariant by
adding the dilaton σ(x) in the following way:

S =

∫

d4x
[1

2
(∂µ + f ∂µσ)φ(∂µ + f ∂µσ)φ + Λe−4fσ

−
1

2
m2φ2e−2fσ −

λ

4
φ4 +

1

2
e−2fσ∂µσ ∂µσ

]

. (1)

Note that, under a scale transformation x → e−dx, the
field σ transforms in a non-linear way σ(x) → σ(e−dx)−
d/f and is indeed the Goldstone mode corresponding to
the dilatation. The Lagrangian Eq. (1) describes a theory
with spontaneously broken conformal symmetry, with
one massless mode coupling to the dilatation current.
There are no additional massless modes corresponding
to the breaking of the special conformal transformations.

Assume that a symmetry group G with dimG gener-
ators T A (capital Roman superscript) is broken down to
a symmetry group H with dimH generators T α (Greek
superscript). The remaining dim G − dim H generators
T a (lower case Roman superscript) are referred to as the
broken generators. Let φ(r) be the symmetry breaking
order parameter, T α ⟨φ(r)⟩ = 0, and T a ⟨φ(r)⟩ ≠ 0. In
the case of internal symmetry breaking φ(r) is a scalar
field, but for spacetime symmetry breaking, φ(r) can be
a tensor field.

Consider first the case of a broken internal symmetry.
The massless modes are small amplitude long-wavelength
fluctuations of the order parameter,

δφ(r) = cA(r)T A ⟨φ(r)⟩ = ca(r)T a ⟨φ(r)⟩ , (2)

where ca(r) is now a slowly varying function of r. The
generators T α corresponding to the unbroken generators
do not generate massless excitations, since T α ⟨φ(r)⟩ = 0.
The remaining ca can be chosen independently, and the
number of independent modes is clearly the same as the
number of broken generators, dim (G/H).

For spontaneously broken spacetime symmetries, the
number of massless modes is no longer equal to the num-
ber of broken generators. Massless modes are still given
by small amplitude long-wavelength fluctuations of the
order parameter, Eq. (2), where ca can depend on the
coordinates r in the directions in which translation re-
mains unbroken. The number of independent massless
modes is the number of broken generators dim (G/H)
minus nx, the number of independent solutions to

ca(r)T a ⟨φ(r)⟩ = 0. (3)

The key point is that nx ≥ 0: there can be non-trivial
solutions to Eq. (3) when ca and T a both depend on r.

3 This is related to the fact that a theory which is scale invariant is
also conformal invariant if a certain condition is satisfied, which
is true for a wide class of theories[8, 9].

FIG. 1: A ground state with a string breaks the three-
dimensional Poincaré group down to the two-dimensional
Poincaré group. Global translation and rotation on the string
are distinctly different, whereas the effects of local translation
and rotation on the string can be made the same.

The generators T a are linearly independent, but the long-
wavelength fluctuations they produce need not be. The
number of Goldstone bosons is then dim (G/H)−nx, and
is reduced from the naive counting of broken generators.
Equation (3) can always be used to determine nx, even in
the case of internal symmetries. If the generators T a are
internal generators, Eq. (3) has no non-trivial solutions,
and nx = 0.

It is easy to see how there could be non-trivial solu-
tions to Eq. (3), thus reducing the number of Goldstone
modes. Consider in three dimensions, a ground state
with an infinitely long, straight string parallel to the y
axis, as shown in Fig. 1. The three-dimensional Poincaré
group is spontaneously broken to the two-dimensional
Poincaré group. A rotation in the x-y plane changes the
orientation of the string, whereas a translation in the x
direction shifts the string parallel to itself. The effect of
these two symmetry operations are apparently very dif-
ferent. Nevertheless, if we perform a local translation on
the string, in the sense that the amount of translation
is different at every point on the string, the effect is to
produce a bump on the string. This bump can clearly be
compensated by performing a local rotation on the string
(see Fig. 1).

The translational symmetry breaking of Px produces
massless modes,

δφ(r) = ϵ(y)Px ⟨φ(r)⟩ , (4)

where ϵ only depends on y, the coordinate in the direc-
tion of the unbroken translation generator Py.4 Similarly,
rotational symmetry breaking gives the mode

δφ(r) = θ(y)Jxy ⟨φ(r)⟩ , (5)

4 Goldstone modes can only propagate in the direction of the un-
broken translations. They have a dispersion relation ω(k) with
ω(k) → 0 as k → 0. k is only defined in the translationally
invariant directions. The broken translation Px generates trans-
lational zero-mode describing the fluctuations of the string in the
x direction.

2

dilaton, to make the Lagrangian conformally invariant.3

As a simple example, consider a scalar φ4 theory in four
dimensions which can be made conformally invariant by
adding the dilaton σ(x) in the following way:

S =

∫

d4x
[1

2
(∂µ + f ∂µσ)φ(∂µ + f ∂µσ)φ + Λe−4fσ

−
1

2
m2φ2e−2fσ −

λ

4
φ4 +

1

2
e−2fσ∂µσ ∂µσ

]

. (1)

Note that, under a scale transformation x → e−dx, the
field σ transforms in a non-linear way σ(x) → σ(e−dx)−
d/f and is indeed the Goldstone mode corresponding to
the dilatation. The Lagrangian Eq. (1) describes a theory
with spontaneously broken conformal symmetry, with
one massless mode coupling to the dilatation current.
There are no additional massless modes corresponding
to the breaking of the special conformal transformations.

Assume that a symmetry group G with dimG gener-
ators T A (capital Roman superscript) is broken down to
a symmetry group H with dimH generators T α (Greek
superscript). The remaining dim G − dim H generators
T a (lower case Roman superscript) are referred to as the
broken generators. Let φ(r) be the symmetry breaking
order parameter, T α ⟨φ(r)⟩ = 0, and T a ⟨φ(r)⟩ ≠ 0. In
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ex.1 string [Low-Manohar ’02]

broken symmetries: 
rotation & translation
※ only one NG mode

ex.2 conformal symmetry

fig. from Low-Manohar ’02



NG field for spacetime symmetry

＃ massive “NG” fields in a nonlinear rep
ex. smectic A phase of liquid crystals

- translation and rotational symmetries are broken
⇡ ⇠î (̂i = 1, 2)

-     : massive, in a nonlinear rep of rotation

＃ mismatch in NG mode counting
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group is spontaneously broken to the two-dimensional
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# coset construction for spacetime symmetry：

- based on global symmetry viewpoints

- remove redundant NG fields by inverse Higgs constraint

- recently revisited（ex. inverse Higgs [Low+ ’02, Endlich+ ’13, Brauner+ ’14], 

                                   causality [Creminellli+ ’14], WZ terms [Delacretaz+ ’14]）

- no redundant NG field from the beginning

effective theory from local symmetry point of view

in this talk, I discuss

- take into account massive “NG” fields also



plan of my talk:

1. Introduction

3. Single domain-wall

2. Basic strategy

4. Physical applications

✔

5. Summary and discussion



global symmetry vs gauge symmetry 
~ internal symmetry ~



＃ coset construction for internal symmetry breaking

⇡a- NG modes      = coordinates of G/H

with (broken symmetry)⌦ = e⇡
a(x)Ta

- ingredients of effective action:

Maurer-Cartan one form Jµ = ⌦�1@µ⌦

- effective action is local right H invariant

residual symmetry
broken symmetry

※ coset construction provides general effective action

consider an internal symmetry breakingG ! H
(

h :

m :

Ta 2 m

g = h� a
a

a



effective action for massive gauge boson      :Aµ

with
Z

d

4
x tr


� 1

4g2
F

µ⌫
Fµ⌫ � v

2

2
Aaµ A

µ
a + . . .

�
Aaµ 2 a

-    : gauge coupling,    : order parameterg v

- NG modes are eaten by gauge boson (unitary gauge)

dynamical dof = gauge field only
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introduce NG modes by Stuckelberg method:

※ global symmetry limit can be obtained by setting Aµ = 0



effective action for massive gauge boson      :Aµ

with
Z

d

4
x tr


� 1

4g2
F

µ⌫
Fµ⌫ � v

2

2
Aaµ A

µ
a + . . .

�
Aaµ 2 a

-    : gauge coupling,    : order parameterg v

- NG modes are eaten by gauge boson (unitary gauge)

dynamical dof = gauge field only

Aµ ! A0
µ = ⌦�1Aµ⌦+ ⌦�1@µ⌦ ⌦ = e⇡

a(x)Tawith

introduce NG modes by Stuckelberg method:

Aµ ! Jµ = ⌦�1@µ⌦ in the unitary gauge effective action
Z

d

4
x tr


� 1

4g2
F

µ⌫
Fµ⌫ � v

2

2
Aaµ A

µ
a + . . .

�
!

Z
d

4
x tr


�v

2

2
Jaµ J

µ
a + . . .

�

※ global symmetry limit can be obtained by setting Aµ = 0



effective action for massive gauge boson      :Aµ

with
Z

d

4
x tr


� 1

4g2
F

µ⌫
Fµ⌫ � v

2

2
Aaµ A

µ
a + . . .

�
Aaµ 2 a

-    : gauge coupling,    : order parameterg v

- NG modes are eaten by gauge boson (unitary gauge)

dynamical dof = gauge field only

Aµ ! A0
µ = ⌦�1Aµ⌦+ ⌦�1@µ⌦ ⌦ = e⇡

a(x)Tawith

introduce NG modes by Stuckelberg method:

Aµ ! Jµ = ⌦�1@µ⌦ in the unitary gauge effective action
Z

d

4
x tr


� 1

4g2
F

µ⌫
Fµ⌫ � v

2

2
Aaµ A

µ
a + . . .

�
!

Z
d

4
x tr


�v

2

2
Jaµ J

µ
a + . . .

�

※ global symmetry limit can be obtained by setting Aµ = 0

correspondence between global & local picture
- same # of broken symmetries
- same effective action



local properties of spacetime symmetry



let us start from rotation around origin 

    difficult to write a figure well... 

please let me use the blackboard



＃ local properties of spacetime symmetry

✏

µ(x) = ✏

µ(x⇤) + (x⌫ � x

⌫
⇤)r⌫✏

µ(x) + . . .

its local properties around a point               can be read off asx

µ = x

µ
⇤

consider a spacetime symmetry associated with x0µ = x

µ � ✏

µ(x)
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as the local decomposition suggests,
any spacetime symmetry transformation can be embedded
into diffeomorphism, local Lorentz, (an)isotropic Weyl

relativistic symmetry diffeomorphism local Lorentz local Weyl

translation !
isometry ! !
conformal ! ! !

Table 1: Embedding of spacetime symmetry in relativistic systems.

nonrelativistic symmetry foliation preserving local rotation local anisotropic Weyl

translation !
Galilean ! !

Schrodinger ! ! !
Galilean conformal ! ! !

Table 2: Embedding of spacetime symmetry in nonrelativistic systems.

where G and H are the original and residual symmetry groups, respectively, and Ω(x) describes the

NG modes. In this picture, we can take the global symmetry limit smoothly to obtain the same

effective action constructed from the Maurer-Cartan one form (1.1). Since the massive gauge field is

the only dynamical degrees of freedom in the unitary gauge, the above argument can be thought of as

a proof for completeness of the coset construction. As this discussion suggests, the unitary gauge is

convenient to construct ingredients for the general effective action. Based on this observation, we apply

the following recipe of effective action construction to spacetime symmetry breaking in this paper:1

1. gauge the (broken) global symmetry,

2. write down the unitary gauge effective action,

3. introduce NG modes by the Stückelberg method and decouple the gauge sector.

Our starting point is that any spacetime symmetry can be locally generated by Poincaré transfor-

mations and isotropic/anisotropic rescalings. Correspondingly, we can embed any spacetime symmetry

transformation in diffeomorphisms (diffs), local Lorentz transformations, and local isotropic/anisotropic

Weyl transformations. See tables 1 and 2 for concrete embedding of global spacetime symmetry. We

then would like to gauge the original global symmetry to those local ones. First, diffeomorphisms and

local Lorentz invariance can be realized by introducing the curved spacetime action with the metric

1It should be noted that the use of the unitary gauge effective action for spacetime symmetry breaking itself is not
new. As we review in Sec 5.1, the EFT approach for inflation [2] is based on the unitary gauge discussion for example.
Since the universe is a gravitational system, we have the diffeomorphism invariance in cosmology and the time-dependent
inflaton background breaks the time-diffeomorphism invariance. In [2], the general effective action for single field inflation
was constructed based on the degrees of freedom and symmetry in the unitary gauge.

3

relativistic symmetry di↵eomorphism local Lorentz isotropic Weyl

translation X
isometry X X
conformal X X X

Table 1: Embedding of relativistic spacetime symmetries. In relativistic systems, spacetime symme-
tries can be classified into isometric and conformal transformations, by requiring spacetime isotropy.
They can then be embedded into di↵eomorhisms, local Lorentz, and isotropic Weyl transformations.

nonrelativistic symmetry foliation preserving local rotation (an)isotropic Weyl internal U(1)

translation X
Galilean X X X

Schrödinger X X X X
Galilean conformal X X X

Table 2: Embedding of nonrelativistic spacetime symmetries. One di↵erence from the relativistic case
is that nonrelativistic spacetime symmetries should preserve the spatial slicing. The corresponding
coordinate transformations are then foliation preserving di↵eomorphisms. Another di↵erence is that
nonrelativistic systems admit central extensions of spacetime symmetry algebras. Correspondingly,
we included the internal U(1) gauge symmetry in the above table. See Appendix. A for details.

The anisotropic Weyl symmetry can be also gauged in a similar way. These procedures for spacetime

symmetry allow us to gauge all the global symmetry together with the internal symmetry gauging.

Once gauging global symmetry, we identify the broken local symmetry from the condensation

pattern

⌦
�A(x)

↵
= �̄A(x) (1.3)

and construct the e↵ective action based on symmetry breaking structures. Here and in what follows, we

use capital Latin letters for internal symmetry indices and the spin indices are implicit unless otherwise

stated. When the condensation is spacetime dependent, di↵eomorphism invariance is broken. On the

other hand, local Lorentz invariance, (an)isotropic Weyl invariance, and internal gauge invariance are

broken when the condensation has the Lorentz charge (spin), scaling dimension, and internal charge,

respectively. If the symmetry breaking pattern is given, it is straightforward to take the unitary gauge

and construct the e↵ective action following the recipe. We will first apply such an approach to concrete

examples to illustrate importance of local viewpoints of spacetime symmetry breaking. We will then

revisit the coset construction from such a local perspective. One important di↵erence from the EFT

for the internal symmetry breaking case in Lorentz invariant systems is that the EFT constructed from
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gauging spacetime symmetry



＃ gauging spacetime symmetry

- diffeo & local Lorentz

Z
d

4
xL[�, @m�] !

Z
d

4
x

p
�gL[�, eµmrµ�]

can be gauged by introducing curved spacetime action

2global spacetime symmetry    diffeo x local Lorentz x local Weyl 



＃ gauging spacetime symmetry

- diffeo & local Lorentz

Z
d

4
xL[�, @m�] !

Z
d

4
x

p
�gL[�, eµmrµ�]

can be gauged by introducing curved spacetime action

2global spacetime symmetry    diffeo x local Lorentz x local Weyl 

- Weyl symmetry

1. Ricci gauging (not necessarily possible)
introduce a local Weyl invariant curved spacetime action

2. Weyl gauging (always possible)
gauge global Weyl symmetry by introducing a gauge field Wµ



EFT recipe



diffeomorphism local Lorentz local Weyl internal gauge

spacetime dependence spin scaling dimension internal charge

metric gµν vierbein emµ Weyl gauge field Wµ gauge field Aµ

Table 3: Broken symmetries and the condensation patterns.

2.4 EFT recipe

As we have discussed, all the global symmetries can be embedded in diffeomorphisms, local Lorentz

symmetries, local isotropic/anisotropic Weyl symmetry, and internal gauge symmetries. We can also

gauge the global symmetry by the use of the procedure in the previous subsection. First, the symmetry

breaking patterns are classified by the condensation pattern of order parameters

〈
ΦA(x)

〉
= Φ̄A(x) . (2.25)

When the condensation of order parameters is spacetime dependent, diffeomorphism invariance is

broken. On the other hand, local Lorentz invariance, local isotropic/anisotropic Weyl invariance, and

internal gauge invariance are broken when the condensed order parameter has the Lorentz charge

(spin), scaling dimension, and internal charge, respectively. Once we identify the symmetry breaking

pattern, we construct the effective action based on the following recipe just as the case of internal

symmetry breaking discussed in section 2.1

1. gauge the (broken) global symmetry,

2. write down the unitary gauge effective action,

3. introduce NG modes by the Stückelberg method and decouple the gauge sector.

The first step can be performed by introducing gauge fields based on the procedure in subsection 2.3

(see also table 3). We then take the unitary gauge, where the NG modes do not fluctuate. Using the

dynamical degrees of freedom in the unitary gauge, we construct the general unitary gauge effective

action invariant under the residual symmetries. Finally, we perform the Stückelberg method to intro-

duce the NG modes and restore the full gauge symmetry. By decoupling the gauge sector, we obtain

the effective action for the NG modes. In the following sections, we apply this recipe to concrete

examples for spacetime symmetry breaking.

3 Warm-up examples

In this section we apply the general strategy to three illustrative examples for spacetime symmetry

breaking.

9

symmetry breaking pattern based on local symmetries:

can be classified by condensation patterns
⌦
�A(x)

↵
= �̄A(x)

1. gauge the (broken) global symmetry

2. write down the unitary gauge effective action

3. introduce NG modes by Stuckelberg method 
    and decouple the gauge sector

once symmetry breaking patterns are given or identified,

we construct the effective action in the following way:
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3. Single domain-wall



scalar domain-wall nonzero spin domain-wall

scalar nonzero spin

global picture both translation＆rotation are broken

local picture diffs only diffs＆local rotation

classification by the spin of domain-wall condensation:



nonzero spin domain-wall can be further classified:

scalar nonzero 1 nonzero 2

diffs
inside

outside ✔ ✔ ✔

local 
rotation

inside ✔ ✔

outside ✔ ✔

scalar domain-wall nonzero spin 1 nonzero spin 2



effective action for NG fields



scalar domain-wall
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µ
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(@z⇡)
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�

free functions follow from breaking pattern
ex.     is nonzero only where diffs are broken↵i

- diffs are broken only on the brane 
- no kinetic term outside the brane 
  → NG mode does not propagate in the bulk

- diffs NG field π only
※ scalar domain-wall case



↵i

# local rotation breaking: NG field ⇠bµ (bµ = t, x, y)
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# exists only if both are broken

free functions follow from breaking pattern
ex.     is nonzero only where diffs are broken↵i



physical spectrum...



mass scale

mass less NG mode π localizing on the brane

nonzero spin 1

massive ⇠bµ
(localize)

(bulk propagating)
massive ⇡, ⇠bµ

scalar brane

(bulk propagating)
massive ⇡

nonzero spin 2

massive ⇠bµ
(bulk propagating)

(bulk propagating)
massive ⇡thickness

of the brane

Lorentz symmetry
breaking scale 

Figure 3: Physical spectra for three types of branes. While the massless spectrum is the same between
the three, the massive spectrum depends on symmetry breaking patterns in the local picture.

where ⇠bm and ⇡ can be thought of as massless fields propagating in the four-dimension and localizing

on the brane, respectively. The bulk field ⇠bm and the localized field ⇡ then interact to each other by

the ⇠ bm@bm⇡ interaction. The dynamics at this energy scale is di↵erent from both of the single scalar

brane case and the first example for single nonzero spin branes.

In Fig. 3, we summarize the qualitative features of three types of single brane backgrounds discussed

in this section: one for a single scalar brane and two for a single nonzero spin brane. In the low-energy

limit, the dynamics of ⇡ (after integrating out ⇠bm) in each setup results in the same one, which can

be captured by the standard coset construction based on the global symmetry picture. However, this

degeneracy is resolved beyond the low-energy limit and the resolving energy scale is not necessarily

high compared with the scale � of the brane thickness. Such a scale can be in our interests and we

need to specify the symmetry breaking pattern based on the local symmetry picture to investigate

such an intermediate scale. This is one point of our paper.

4 One-dimensional periodic modulation

As we discussed in the previous section, the e↵ective action for di↵eomorphism symmetry breaking

contains free functions of coordinates and their profiles are directly related to the breaking pattern.

For example, in the single brane case, the z-di↵eomorphism invariance is broken only on the brane

and the functions ↵
i

’s in Eq. (3.20) are localized on it. In this section we discuss one-dimensional

periodic modulation, i.e. a system in which the condensation is periodic in one direction, by changing

the profile of those functions. As depicted in Fig. 4, such symmetry breaking patterns are realized in

23

scalar domain-wall nonzero spin 1 nonzero spin 2
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degeneracy is resolved beyond the low-energy limit and the resolving energy scale is not necessarily

high compared with the scale � of the brane thickness. Such a scale can be in our interests and we

need to specify the symmetry breaking pattern based on the local symmetry picture to investigate

such an intermediate scale. This is one point of our paper.

4 One-dimensional periodic modulation

As we discussed in the previous section, the e↵ective action for di↵eomorphism symmetry breaking

contains free functions of coordinates and their profiles are directly related to the breaking pattern.

For example, in the single brane case, the z-di↵eomorphism invariance is broken only on the brane

and the functions ↵
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’s in Eq. (3.20) are localized on it. In this section we discuss one-dimensional

periodic modulation, i.e. a system in which the condensation is periodic in one direction, by changing

the profile of those functions. As depicted in Fig. 4, such symmetry breaking patterns are realized in
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- NG fields can be massive for spacetime symmetry case

- the mass scale is not necessarily high

- local picture is important at such an intermediate scale

- same massless spectra, but massive spectra are different
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4. physical applications
4-1. inhomogeneous chiral condensate

4-2. cosmic inflation



4-1. inhomogeneous chiral condensate



The phase diagram of dense QCD 5
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Figure 1. Conjectured QCD phase diagram with boundaries that define various
states of QCD matter based on S�B patterns.

The chiral transition is a notion independent of the deconfinement transition. In
section 3.2 we classify the chiral transition according to the S�B pattern.

2.2. Conjectured QCD phase diagram

Figure 1 summarizes our state-of-the-art understanding on the phase structure of QCD
matter including conjectures which are not fully established. At present, relatively firm
statements can be made only in limited cases – phase structure at finite T with small
baryon density (µB ⌧ T ) and that at asymptotically high density (µB � ⇤QCD).
Below we will take a closer look at figure 1 from a smaller to larger value of µB in
order.

Hadron-quark phase transition at µB = 0: The QCD phase transition at finite
temperature with zero chemical potential has been studied extensively in the numerical
simulation on the lattice. Results depend on the number of colours and flavours as
expected from the analysis of e↵ective theories on the basis of the renormalization
group together with the universality [35, 36]. A first-order deconfinement transition
for Nc = 3 and Nf = 0 has been established from the finite size scaling analysis
on the lattice [37], and the critical temperature is found to be Tc ' 270MeV. For
Nf > 0 light flavours it is appropriate to address more on the chiral phase transition.
Recent analyses on the basis of the staggered fermion and Wilson fermion indicate a
crossover from the hadronic phase to the quark-gluon plasma for realistic u, d and s
quark masses [38, 39]. The pseudo-critical temperature Tpc, which characterizes the
crossover location, is likely to be within the range 150MeV� 200MeV as summarized
in section 4.2.

Even for the temperature above Tpc the system may be strongly correlated and
show non-perturbative phenomena such as the existence of hadronic modes or pre-
formed hadrons in the quark-gluon plasma at µB = 0 [28, 40] as well as at µB 6= 0
[41, 42, 43]. Similar phenomena can be seen in other strong coupling systems such as

QCD 相図# inhomogeneous chiral condensate (in QCD phase diagram?)

h ̄ i+ ih ̄i�5 i = �(z)

chiral spiral (complex)

11

FIG. 7: Plot of the complex kink crystal condensate (4.12), for ν = 0.8 and θ = 3K(0.2)/2, illustrating how the kink winds
around zero each period, without the amplitude vanishing. The kink is the solid [red] line, and the surface is shown simply to
illustrate that both the amplitude and the phase are changing over each period.
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FIG. 8: Plots of the amplitude M(x) and phase χ(x) of the complex kink crystal condensate (4.12), for θ = 1.6 and ν = 0.95.

Here we used the quasi-periodicity property (11.2) of the σ function. Note that ϕ and η ≡ ζ(K) are real, and when
ν → 1, we have ϕ→ −θ/2. This crystalline complex kink is plotted in Figure 7 showing the winding of the kink over
a period.

It is also useful to visualize the condensate (4.12) in terms of its amplitude and phase: ∆ = M eiχ. The modulus
squared is a bounded periodic function, with period 2K/A:

M2 ≡ |∆(x)|2 = A2 (P (Ax + iK′) − P (iθ/2)) (4.16)

Here we used the quasi-periodicity property (11.2) of the σ function, together with the product identity (11.12)
relating the σ and P functions. The phase χ can be expressed as

χ(x) = A(−i ζ(iθ/2) + i ns(iθ/2))x +
i

2
ln

(

σ(Ax + iK′ + iθ/2)

σ(Ax + iK′ − iθ/2)

)

+
η3θ

2
(4.17)

The amplitude and phase are plotted in Figure 8. Note that the amplitude is periodic while the phase changes by 2ϕ
over each period.

The complex crystalline condensate in (4.12) satisfies the NLSE:

∆′′ − 2 |∆|2 ∆ − i (2A i ns(iθ/2))∆′ − A2
(

3P(iθ/2)− ns2(iθ/2)
)

∆ = 0 (4.18)

Comparing this equation with the NLSE (2.13) we can extract the functions a(E), b(E) and N (E) appearing in
(2.12), thereby determining the exact diagonal resolvent. To express these functions in a compact form, we define
some properties of the associated fermionic spectrum for the BdG equation (1.8). This spectrum has positive and
negative energy continua starting at E = ±m, together with a single bound band in the gap, as depicted in Figure 9.
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Figure 1. Conjectured QCD phase diagram with boundaries that define various
states of QCD matter based on S�B patterns.

The chiral transition is a notion independent of the deconfinement transition. In
section 3.2 we classify the chiral transition according to the S�B pattern.

2.2. Conjectured QCD phase diagram

Figure 1 summarizes our state-of-the-art understanding on the phase structure of QCD
matter including conjectures which are not fully established. At present, relatively firm
statements can be made only in limited cases – phase structure at finite T with small
baryon density (µB ⌧ T ) and that at asymptotically high density (µB � ⇤QCD).
Below we will take a closer look at figure 1 from a smaller to larger value of µB in
order.

Hadron-quark phase transition at µB = 0: The QCD phase transition at finite
temperature with zero chemical potential has been studied extensively in the numerical
simulation on the lattice. Results depend on the number of colours and flavours as
expected from the analysis of e↵ective theories on the basis of the renormalization
group together with the universality [35, 36]. A first-order deconfinement transition
for Nc = 3 and Nf = 0 has been established from the finite size scaling analysis
on the lattice [37], and the critical temperature is found to be Tc ' 270MeV. For
Nf > 0 light flavours it is appropriate to address more on the chiral phase transition.
Recent analyses on the basis of the staggered fermion and Wilson fermion indicate a
crossover from the hadronic phase to the quark-gluon plasma for realistic u, d and s
quark masses [38, 39]. The pseudo-critical temperature Tpc, which characterizes the
crossover location, is likely to be within the range 150MeV� 200MeV as summarized
in section 4.2.

Even for the temperature above Tpc the system may be strongly correlated and
show non-perturbative phenomena such as the existence of hadronic modes or pre-
formed hadrons in the quark-gluon plasma at µB = 0 [28, 40] as well as at µB 6= 0
[41, 42, 43]. Similar phenomena can be seen in other strong coupling systems such as
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Here we used the quasi-periodicity property (11.2) of the σ function. Note that ϕ and η ≡ ζ(K) are real, and when
ν → 1, we have ϕ→ −θ/2. This crystalline complex kink is plotted in Figure 7 showing the winding of the kink over
a period.

It is also useful to visualize the condensate (4.12) in terms of its amplitude and phase: ∆ = M eiχ. The modulus
squared is a bounded periodic function, with period 2K/A:

M2 ≡ |∆(x)|2 = A2 (P (Ax + iK′) − P (iθ/2)) (4.16)

Here we used the quasi-periodicity property (11.2) of the σ function, together with the product identity (11.12)
relating the σ and P functions. The phase χ can be expressed as

χ(x) = A(−i ζ(iθ/2) + i ns(iθ/2))x +
i

2
ln

(

σ(Ax + iK′ + iθ/2)

σ(Ax + iK′ − iθ/2)

)

+
η3θ

2
(4.17)

The amplitude and phase are plotted in Figure 8. Note that the amplitude is periodic while the phase changes by 2ϕ
over each period.

The complex crystalline condensate in (4.12) satisfies the NLSE:

∆′′ − 2 |∆|2 ∆ − i (2A i ns(iθ/2))∆′ − A2
(

3P(iθ/2)− ns2(iθ/2)
)

∆ = 0 (4.18)

Comparing this equation with the NLSE (2.13) we can extract the functions a(E), b(E) and N (E) appearing in
(2.12), thereby determining the exact diagonal resolvent. To express these functions in a compact form, we define
some properties of the associated fermionic spectrum for the BdG equation (1.8). This spectrum has positive and
negative energy continua starting at E = ±m, together with a single bound band in the gap, as depicted in Figure 9.
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- e.g. dispersion relations of NG fields



# inhomogeneous chiral condensate (in QCD phase diagram?)
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- effective action for NG field (nonrelativistic)

- free functions of z: nonvanishing where translation is broken

- boundary term linear in π (cf. vanishes for single domain-wall)
※ nonvanishing          on the whole spacetime↵(z)



# inhomogeneous chiral condensate (in QCD phase diagram?)
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- effective action for NG field (nonrelativistic)

- free functions of z: nonvanishing where translation is broken

- boundary term linear in π (cf. vanishes for single domain-wall)

→ existence of condensate with lower energy (cf. tadpoles)

※ nonvanishing          on the whole spacetime↵(z)

→                for minimum energy condensate↵(z) = 0
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- effective action for NG field (nonrelativistic)

- dispersion relation: 

- thermal fluctuations generically kill the modulation

!2 ⇠ c1k
2
z + c2kzk

2
? + c3k

4
?

※ quadratic dispersion in the transverse direction to modulation

(more detailed analysis in Hidaka-Kamikado-Kanazawa-Noumi to appear)

→ constraint on volume and temp. for modulation to survive



4-2. cosmic inflation



FRW spacetime
ds

2 = �dt

2 + a(t)2d~x2

cf. dS: 3dim conformal SO(4,1), Minkowski: Poincare symmetry
- isometry is not fixed in gravitational theory
- cosmology = gravitational theory
※ local symmetry picture is convenient in cosmology

application to inflation



1.  EFT approach for single field inflation [Cheung et al ’07]

reality, inflation ends at some finite time, and the approximation (60) although valid at early times,
breaks down near the end of inflation. So the surface ⇥ = 0 is not the Big Bang, but the end of
inflation. The initial singularity has been pushed back arbitrarily far in conformal time ⇥ ⇤ 0, and
light cones can extend through the apparent Big Bang so that apparently disconnected points are
in causal contact. In other words, because of inflation, ‘there was more (conformal) time before
recombination than we thought’. This is summarized in the conformal diagram in Figure 9.

6 The Physics of Inflation

Inflation is a very unfamiliar physical phenomenon: within a fraction a second the universe grew
exponential at an accelerating rate. In Einstein gravity this requires a negative pressure source or
equivalently a nearly constant energy density. In this section we describe the physical conditions
under which this can arise.

6.1 Scalar Field Dynamics

reheating

Figure 10: Example of an inflaton potential. Acceleration occurs when the potential energy of
the field, V (⇤), dominates over its kinetic energy, 1

2 ⇤̇2. Inflation ends at ⇤end when the
kinetic energy has grown to become comparable to the potential energy, 1

2 ⇤̇2 ⇥ V . CMB
fluctuations are created by quantum fluctuations �⇤ about 60 e-folds before the end of
inflation. At reheating, the energy density of the inflaton is converted into radiation.

The simplest models of inflation involve a single scalar field ⇤, the inflaton. Here, we don’t
specify the physical nature of the field ⇤, but simply use it as an order parameter (or clock) to
parameterize the time-evolution of the inflationary energy density. The dynamics of a scalar field
(minimally) coupled to gravity is governed by the action

S =
⇤

d4x
⌅
�g

�
1
2
R +

1
2
gµ⇥⇧µ⇤ ⇧⇥⇤� V (⇤)

⇥
= SEH + S⇤ . (61)

The action (61) is the sum of the gravitational Einstein-Hilbert action, SEH, and the action of a
scalar field with canonical kinetic term, S⇤. The potential V (⇤) describes the self-interactions of the

31

CMB temp fluctuation by Planck

・time evolution of inflaton breaks time diffs: h�(x)i = �̄(t)
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NG field ⇄ fluctuation of time (cf. inflaton is clock) 
             ⇄ temp fluctuation (cosmic expansion cools down universe)
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※ NG field correlators are directly related to experiments
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※ NG field correlators are directly related to experiments

・provides a template for e.g. primordial non-Gaussianities
 cf. effects of heavy fields on non-Gaussianity [Noumi-Yamaguchi-Yokoyama ’12]



2. other local symmetry breaking patterns for FRW?

let us recall “scalar domain-wall vs nonzero spin domain-wall”
- same global symmetry structure, but different local one

- same massless spectra, but different massive spectra

inflation with same global/different local symmetry structure??
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2. other local symmetry breaking patterns for FRW?

let us recall “scalar domain-wall vs nonzero spin domain-wall”
- same global symmetry structure, but different local one

- same massless spectra, but different massive spectra

inflation with same global/different local symmetry structure??

- effects on ex. primordial non-Gaussianity

※ diffs + local boost breaking [Delacretaz-Noumi-Senatore in progress]

- massive boost  “NG” fields ξ time diffs NG π

time diffs NG boost NG
⇡

mixing
×

⇠i@i⇡ ⇠i

※ massive fields with mass              affects inflation dynamicsm . H

×

× ×

�

� �
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5. Summary and prospects



2

- from local symmetry picture

- spacetime symmetry    diffeo x local Lorentz x (an)isotropic Weyl

・EFT approach for spacetime symmetry breaking

- effective action from gauge symmetry breaking

# summary

・global vs local picture of spacetime symmetry breaking
- vector branes → massive Lorentz NG modes

- classification of physical meaning of inverse Higgs constraints

2

- local picture is necessary to take into account massive NG fields

・coset construction revisited

- MC one form vs connections



- cosmological applications ex. primordial gravitational waves

- inhomogeneous chiral condensate, liquid crystal, fluid dynamics ...

・application of EFT based on local picture
# future directions

- finite temperatures, finite densities, ...

・more on nonrelativistic case



Thank you!



4. Coset construction revisited

4-1 MC form vs connections

4-2 Role of inverse Higgs constraints



4-1. MC form vs connections



origin of Maurer-Cartan one form 

for internal symmetry breaking



＃ origin of MC forms [e.g. Weinberg’s textbook]

h�Ai = �̄Asuppose that a condensation                    breaks G ! H

g = a� h (a : broken, h : unbroken)

1. decompose the NG field dof as

�A = ⌦A
B
e� with ⌦ = e⇡(x) (⇡ 2 a : NG field)

@µ�
A =

⇥
⌦(@µ + ⌦�1@µ⌦)

⇤A
B
e�B

2. its derivative is given by

@µ + Jµ $ @µ +Aµ※                                       : covariant derivative

- if we drop mater fields and concentrate on NG fields,

@µ�
A = ⌦A

B

�
⌦�1@µ⌦

�B
C �̄C

Ja
µ $ Aa

µ※ projection onto the broken sector:



nonlinear realization and the MC form 

for spacetime symmetry



＃ nonlinear realization and the MC form

- suppose that a condensation                         breaks G ! H

g = a� h (a : broken, h : unbroken)

convenient to classify symmetry generators by scaling dim

g = gP � bg = gP � g0 � g1 + . . .

(

bg: non-translation, gn: dim n)

h�Ai = �̄A(x)

note:       is the unitary gauge coordinate (π’s are eaten)
x̄

m

with                           , ⌦
n

= e⇡n(x) (⇡
n

2 a
n

)⌦
P

= eY
m(x)Pm⌦ = ⌦P⌦0⌦1 . . .

Y

m(x̄)※             is the Minkowski coordinate defined by

Y

bm = x̄

bm
Y

a = x̄

a + ⇡

a(x̄)(unbroken direction), (broken direction)

- introduce a representative of the coset G/ bH

※ treat translations generators as if they are broken symmetries

e.g. L,D 2 g0, K 2 g1



＃ nonlinear realization and the MC form

- MC form

in particular, its       can be interpreted as the vierbeinPm

Jµ = ⌦�1@µ⌦ = b⌦�1(@µY
mPm)b⌦+ b⌦�1@µb⌦ b⌦ = ⌦0⌦1 . . .with

※                 does not affect the vierbein⇡n (n � 1)

emµ = [Jµ]Pm
=

⇥ b⌦�1 (@µY
nPn) b⌦

⇤
Pm

=
⇥
⌦�1

0 (@µY
nPn)⌦0

⇤
Pm

※ other components contain redundant NG fields ⇡n (n � 1)

※       generates transformations around⌦n Y

m(x̄)

→                  does not generate physical dof (redundant NG field)⇡n (n � 1)

with                           , ⌦
n

= e⇡n(x) (⇡
n

2 a
n

)⌦
P

= eY
m(x)Pm⌦ = ⌦P⌦0⌦1 . . .

- introduce a representative of the coset G/ bH

cf.                       for primary fieldsKm�(0) = 0

e.g. NG field for Lorentz ⇔ local Lorentz transf. parameter



ingredients of the effective action



＃ ingredients of effective action

suppose a background condensation h�Ai = �̄A(x)
※ not necessarily homogeneous

1. decompose the NG field dof as

�A(x) = ⌦P (⇡) [⌦0(x,⇡0)]
A

B�̃
B(x)

※                  does not generate physical dof⌦n (n � 1)

- take the unitary gauge coordinate, where diff NG fields are eaten

�A(x̄) = [⌦0(x̄,⇡0)]
A

B�̃
B(x̄) (      : unitary gauge coordinate)x̄

m

2. its derivative reproduces MC-type one form

@µ�
A(x̄) =

⇥
⌦0

�
@µ + ⌦�1

0 @µ⌦0

�⇤A
B�̃

B(x̄)

※ the one form is made only from ⌦0

�̄A(x̄)※            is not a constant in general → @µ�̄ 6= 0



＃ ingredients of effective action

gauge and Weyl connections:

Aµ = ⌦�1
int@µ⌦int, Wµ = ⌦�1

D @µ⌦D

※ spin connection is not Weyl invariant

spin connections:

Sµ = ⌦�1
L @µ⌦L +

1

2

�
emµ en⌫ � enµe

m
⌫

�
W ⌫Lmn

vierbein: emµ =
⇥
⌦�1

D ⌦�1
L (@µY

mPm)⌦L⌦D

⇤
Pm

- the one form can be identified with connections
⌦0 = ⌦int⌦L⌦Din the relativistic case                            ,



＃ summary so far:

-                  does not appear explicitly → inverse Higgs⌦n (n � 1)

・main differences from the internal symmetry case

- EFT parameters are promoted to functions of coordinates

・ingredients of effective action
⌦�1

0 @µ⌦0 ⇠ Aµ, Wµ, Sµ-      MC form ～ connections:⌦0

-       component of MC form ～ vierbein emµPm

- functions of coordinates without translation invariance
※ same ingredients as gauge symmetry breaking picture

・parameterization of NG fields in coset construction

-                 does not generate physical dof (redundant NG field)
-     = local Lorentz, (an)isotropic Weyl, internal symmetriesg0

⇡n (n � 1)



4-2. Role of inverse Higgs constraints



inverse Higgs constraints



＃ inverse Higgs constraints

a standard recipe:
1. take a commutator of broken symmetries

[⌦�1@µ⌦]B = 0by imposing the condition

2. remove the NG field for     if           ,B 6= 0A

[Pm, A] ⇠ B + C B 2 a, C 2 hwhere

(2)          : further classified by local symmetry breaking patternsn = 0

nwe can classify them by scaling dimension    :

n � 1(1)          : redundant NG fields to be removed
ex. NG field for special conformal symmetry

ex. codimension one brane



conformal symmetry breaking



＃ conformal symmetry breaking

・global symmetry breaking pattern:

[P,K] ⇠ D + L・relevant commutator:

- essentially the same as local decomposition of symmetries

Pm, Lmn, D, Km ! Pm, Lmn

・nonlinear realization: ⌦ = ⌦P⌦0⌦1 ⌦1 = e�
mKmwith

- remove       by imposing the condition [Jµ]D = 0�m

・ MC form vs connections

[Jµ]D = Wµ � 2�µ

[Jµ]Lmn = Smn
µ � (emµ Wn � enµW

m) + 2(emµ �n � enµ�
m)

[Jµ]Km = rµ�
m +Wm�µ + (�2 �W ⌫�⌫)e

m
µ + (Wµ � 2�µ)�

m



＃ conformal symmetry breaking

・global symmetry breaking pattern:

[P,K] ⇠ D + L・relevant commutator:

- essentially the same as local decomposition of symmetries

Pm, Lmn, D, Km ! Pm, Lmn

・nonlinear realization: ⌦ = ⌦P⌦0⌦1 ⌦1 = e�
mKmwith

- remove       by imposing the condition [Jµ]D = 0�m

・ MC form vs connections

[Jµ]Lmn = Smn
µ

[Jµ]D = Wµ � 2�µ = 0

[Jµ]Km = em⌫
⇣
rµW⌫ +WµW⌫ � 1

2
gµ⌫W

2
⌘

※ Weyl gauge field appears in a special conformal invariant way



＃ Weyl gauging vs Ricci gauging

・its Weyl transformation property can be rephrased as [Iorio et al ’96]

�
h
rµW⌫ +WµW⌫ � 1

2
gµ⌫W⇢W

⇢
i
= �

h 1

2� d

⇣
Rµ⌫ � 1

2(d� 1)
gµ⌫R

⌘i

・if we are originally working on conformally flat backgrounds,

[Jµ]Km =
em⌫

2(2� d)

⇣
Rµ⌫ � 1

2(d� 1)
gµ⌫R

⌘

[Jµ]Km = em⌫
⇣
rµW⌫ +WµW⌫ � 1

2
gµ⌫W

2
⌘

・　　 component of MC form:Km

※ inverse Higgs constraints promote Weyl gauge field to Ricci tensor

- we can perform Ricci gauging for conformal theories 
- not necessary to introduce Weyl gauge fields explicitly

※ the same ingredients as Ricci gauging case



codimension one brane



＃ codimension one brane

・the resulting dof is π localizing on the brane

- remove NG field for         by imposingL3bm [Jµ]P3 = e3µ = 0

[Pbm, L3bn] ⇠ �bmbnP3・relevant commutator:

Pm, Lmn ! Pbm, L3bn・global symmetry breaking pattern:

⌦ = ⌦P⌦0 ⌦0 = ⌦L・nonlinear realization: with
※ no higher order generators ⌦n (n � 1)

※ it is convenient to decompose it as

h⌫
µe

3
⌫ = 0 ⇔

nµe3µ = 0 @z⇡ = 0→
⇠ (⇠bµ � @bµ⇡)

2※ same mass & mixing terms

e3µ = nµ → freeze out local Lorentz NG fields

→ prohibit propagation in z-direction

※ constraint not on      , but rather on π⇠bm



mass scale

mass less NG mode π localizing on the brane

nonzero spin 1

massive ⇠bµ
(localize)

(bulk propagating)
massive ⇡, ⇠bµ

scalar brane

(bulk propagating)
massive ⇡

nonzero spin 2

massive ⇠bµ
(bulk propagating)

(bulk propagating)
massive ⇡thickness

of the brane

Lorentz symmetry
breaking scale 

Figure 3: Physical spectra for three types of branes. While the massless spectrum is the same between
the three, the massive spectrum depends on symmetry breaking patterns in the local picture.

where ⇠bm and ⇡ can be thought of as massless fields propagating in the four-dimension and localizing

on the brane, respectively. The bulk field ⇠bm and the localized field ⇡ then interact to each other by

the ⇠ bm@bm⇡ interaction. The dynamics at this energy scale is di↵erent from both of the single scalar

brane case and the first example for single nonzero spin branes.

In Fig. 3, we summarize the qualitative features of three types of single brane backgrounds discussed

in this section: one for a single scalar brane and two for a single nonzero spin brane. In the low-energy

limit, the dynamics of ⇡ (after integrating out ⇠bm) in each setup results in the same one, which can

be captured by the standard coset construction based on the global symmetry picture. However, this

degeneracy is resolved beyond the low-energy limit and the resolving energy scale is not necessarily

high compared with the scale � of the brane thickness. Such a scale can be in our interests and we

need to specify the symmetry breaking pattern based on the local symmetry picture to investigate

such an intermediate scale. This is one point of our paper.

4 One-dimensional periodic modulation

As we discussed in the previous section, the e↵ective action for di↵eomorphism symmetry breaking

contains free functions of coordinates and their profiles are directly related to the breaking pattern.

For example, in the single brane case, the z-di↵eomorphism invariance is broken only on the brane

and the functions ↵
i

’s in Eq. (3.20) are localized on it. In this section we discuss one-dimensional

periodic modulation, i.e. a system in which the condensation is periodic in one direction, by changing

the profile of those functions. As depicted in Fig. 4, such symmetry breaking patterns are realized in

23

・for scalar brane

・nonzero spin brane 1 & 2

inverse Higgs constraints integrate out all the massive modes

one may interpret     as redundant NG fields⇠bm

inverse Higgs constraints remove redundant & massive NG fields
※ we can formulate without introducing      consistently⇠bm


