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Introduction
We will be interested in a quantity called entanglement
entropy.
Consider a Hilbert space divided into two parts.
H =Ha X Hp. If pis any density matrix on H, then let
pa=1trgp

This is the reduced density matrix on subsystem A.
The entanglement entropy is defined as:

Sa = —trpalogpa
If pa = diag (AS), AP ,w) then:

N

Sa==_ (\W0gr?)

i=1

so A =0, 1 do not contribute — as desired.



e Entanglement entropy can be hard to compute, partly because
of the log in the definition.

e A related measure called the Rényi entropy is defined as:

1
s = log t m
a =1 logtr(pa)
where n is an integer > 2. This is easier to compute by taking
n copies of the theory (“replica trick”) that works for free
fields.

e If we can analytically continue to arbitrary real values of n
then we can obtain the entanglement entropy from this:

Sa s

= lim
n—1



The Rényi entropy can be computed by expressing the trace
as:

(o) = 75

Here, Z; is the ordinary partition function of the theory and
Z,, called the “replica partition function”, is obtained via a
“replica trick” as we will shortly discuss.

We will study entanglement in conformal field theory (CFT) in
two dimensions.

We work at finite temperature and finite size. Then the two
dimensions form a (Euclidean) torus: one axis is the size of
the system L and the other is the inverse temperature 3.
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Basic results on entanglement and CFT

e We will consider real-space entanglement in a CFT of central
charge c. Partition the 1d space into an interval of length ¢
and the rest, called respectively A and B.

e If the total space is infinite and we work at zero temperature,
it is a now-celebrated result that:

C

SA3

o
log — + ¢

a
where c is the central charge, ais a UV cutoff and ¢’ is a
non-universal constant. Thus in this case, the entropy only
depends on the central charge.



At finite temperature T = ()1 the original density matrix is
thermal (rather than a pure state) and the entanglement
entropy changes to:

_c B . ,
SA—3|og(7Tasmhﬁ>+c

At zero temperature but in a finite spatial region of size L,

L ¢
Sp = %Iog <7ra sin 7TL) +c

Notice that the above formulae are interchanged under the
modular transformation 3 <+ L,/ — if.

Calculations are much more difficult when there are several
entangling intervals. The case of finite space and finite
temperature is difficult even for a single interval. Here, the
answer is expressed in terms of Jacobi #-functions.



Now we consider free fermion CFT.

Boundary conditions on a torus of sides L, (:

bz + L) = +(2)
Y(z +iB) = +9Y(z)

With these boundary conditions, denote the path integral by
Z.4(L,B) and the Hamiltonian by H(L). Then:

Z__ =tre PH- Z._ =tre PH+
Z =tw(-1Fe - Z , =tr(-1)FeFH

Let 7 = i% Then only Z,, is invariant under modular

transformations:

1
T=T+1l, T——=
-

while the other three are permuted. However, Z, | is not a
physical thermal ensemble (periodic in time). Also it vanishes.



e As shown long ago by Seiberg and Witten, the combination:
Z(LB)=3(Z -+ Z 1+ 2y +Z4y)

=tr <1+(2_1)F> e PH- g <1+(2_1)F> o BH:

is modular-invariant. It is a physical thermal ensemble, being
a sum over the projected spectra of two Hamiltonians Hy, H_.
e For a Dirac fermion (¢ = 1), by direct computation we find:

165(017) 10,0017)
=10 e
, _|mEm] B0
Rl o =0

e The modular-invariant partition function of the free Dirac
fermion is therefore:

1 0,(0|7
ZDirac = 5 Z ‘ (0r)

2 V=234 n(7)




e Next consider a free boson ¢(z,z) that takes a compact set of
values:

6(2.2) ~ 6(z.2) + 27R
This also has ¢ = 1.

e Its partition function is easily computed:
e | mR 2
Zposon(R) = Z q(R+ +)

e,mez

where g = ™.

e The statement of Bose-Fermi duality at ¢ = 1 is then:

ZDirac = Zboson(R = 1)

Notice that this holds only with the spin-structure-summed
partition function on the LHS.



With multiple fermions one can have multiple theories
depending on whether the spin structures are mutually
correlated or not.

For example with 2 Dirac fermions having uncorrelated spin
structures, the partition function is:

2
6,(0|7) |2

1
Z%wo Dirac — 2 Z ()

v=234

However if the spin structures of the two fermions are
correlated then the partition function is:

1
C _
ZTwo Dirac — 5 E :
v=234

6,(0|7)|*

n(t)

The two theories have very different spectra and correlation
functions. In particular the latter theory is not the direct sum
of two CFT's.
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Replica partition function

e The Rényi entropy can be
expressed in terms of a quantity
called the “replica partition
function”:

Z,
(Z1)"

where Z; is the ordinary partition
function.

tr(pa)" =

To compute Z, one extends the
original torus to an n-fold cover
joined at branch cuts along spatial
intervals from 0 to /.



e The quantity (pa)" is created by gluing the copies together.

o Let ) be the field on the kth replica. An operator called the
twist field sends each field to the next replica:

ok Yk — Viq
e By a suitable diagonalisation of the problem, one reduces the
problem to a set of fields ), on a single copy of the space.

The twist field acts on each one by a phase:

. K
Ok Y — w Py

[ay

where w = €2™/" and k = —”51,—";1 +1,---, 052,



e This is achieved if the OPE of the twist field and the
fundamental fermion is of the form:

k
n

ok(z,2)p(w) ~ (z — w) (1)

e The conformal dimensions Ay of the twist fields can be shown
to satisfy:




e [t is convenient to use the un-normalised correlators to define
the “replica partition function”:

-

n—1 n—
2

Zy= [ Zow(t.0)o_i(0,0)) = J[ «ow(t,0)o_(0,0))

__n=1 __n—1
k= 2 k= 2

where Z; is the ordinary partition function. Then:

trph = —
Pa zp
from which the Rényi entropies are easily obtained.

e Notice that Z,—1 = ((1)) = Z; so our notation is consistent.
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Free fermion and spin structures

Consider a Dirac fermion with a single entangling interval of
length /.

This theory has ¢ = 1. Denote the complex Dirac fermion as
D(z).

The first calculation of a finite-size, finite-temperature replica
partition function was performed by [Azeyanagi, Nishioka,
Takayanagi]. They identified the twist field by bosonisation.

At R = 1 the physical vertex operators are:
O = eilE+2)0) gi(e=2)302
. = 2 2
with (Bem: Bem) = (3(e+ )% 3(e = 9)°)

The fermion D(z) ~ e/,



e The fermionic twist field is identified as:

ok = Oy 2, k=-o5t... o5l
’n
- 2 2
e These operators have (A, A) = (2"7, 2"7) They are nonlocal

operators with the OPE:
O 2 (2,2) D(w) ~ (z = w)n
as desired.
e A standard computation now gives:
2

2k*
01017) | 7 1 ()P

(O 2(2.2)0, _2(0)) =

n

01(zl7) 2 In(n)P



[Azeyanagi et al] restricted to a specific spin structure, to get:

2 kL) [2
" 1057l
n(7)?

(recall that 63 corresponds to (——) boundary conditions).

01(0|7)
b1(zlr)

(O 2(2.2)05 _(0)) =

n

Taking the product over replicas they got:

g(n—1) 3
oy [0107)|° 2 10s(at )P
Zy(L,B;0) = |1 I =25
02(£I7) TG
- 2
To get trp!), this has to be divided by:
63(0|) |*"
Z)" =
(#1) n(r)

The result satisfies some important consistency conditions (as
we will see), but is clearly not modular invariant.



e In the [Ryu-Takayanagi] proposal, entanglement entropy is dual
to the length of a minimal line coming in from the boundary
of a 3d bulk spacetime whose boundary is the CFT torus.

L-l

e After a modular transformation, the CFT entanglement
changes (because the spin structure changes). However, in
general the bulk spacetime also changes. So perhaps this is a
consistent picture.



e On the other hand, studies of the Euclidean AdS3/CFT>
correspondence ([Dijkgraaf-Maldacena-Moore-Verlinde],
[Manschot-Moore]) indicate the relation:

ar+ b
Zer()= Yz (21

<j ’;) esL(2,2)

where on the LHS we have the modular-invariant partition
function of the CFT. Due to the sum, the RHS is also
modular-invariant.

e In the same spirit we may expect replica partition functions to
be modular invariant.

e Also, only modular-invariant entanglement can satisfy the
Bose-Fermi correspondence as stressed by [Headrick,

Lawrence,Roberts].



With this motivation, we return to the spin-structure summed

expression:
2

262
71y | GEIT)P
2 In(7)[?

61(0]7)
01(zI7)

(O 2(2,2) 0y _24(0)) =

’n > n

Now we must decide how to take the product over replicas.

One way would be to just take the product of the above result
over all k.

Thus, the spin structures are summed over before we carry
out replication, leading to the “uncorrelated replica partition
function”:

1 1 —
gn—1) 3

13110 17)1

2 2
RO

01(0I7)
01(zl7)

Z(L, B b)) =

—




e There is another way to take the product, which is to take the
product over replicas before summing over spin structures.

e This leads to the “correlated replica partition function”:

§n=3) 4 2
|9 )!

ZH

v=1p_—

1
2

91(0|T)

B0 =5 5y Em

e Notice that the two types of replica partition functions
coincide at n = 1:

130, 16,(017)P
2 n(m)P

which is the ordinary modular-invariant partition function.

=7 =27 =



e We also observe that as ¢ — 0 the two types of partition
function are quite different:

Z9(L. 30— 0) ~ (Q‘“”‘” (1 S rey(ow)”

[ 2 ()P
- ey 1yt o)
T ) R e O

e The second factors in the two cases are the ordinary partition
functions of n Dirac fermions with, respectively, uncorrelated
and correlated spin structures.



e Corresponding to two possible replica partitions, we can define
two possible Rényi entropies:

1 ZY
SLI — | n
n 1—n 8 (Zl)”
1 C
C n
=
=1, 08 )

e The denominators are the same because, as we pointed out
earlier, the two types of partition functions coincide at n = 1.

o Before deciding which one is right, let us check the modular
transformation properties of the two quantities ZY and Z§.



The modular transformation 7 — 7+ 1 permutes 03 <> 64 and
01 <> 0. It also induces phases, but there are modulus signs
everywhere. Thus both expressions are invariant under it.

The other transformation 7 — —% actsas S+ Land £ — i/
(we have used the identification 7 = it = i% and z = £).
For this we use:

2

zZ 1 1 inz
21\ neB b
O <T] T) (=) (=ir)2e™ Bsa(z,7)

Applying this to ZY or Z&, one finds that they pick up the
same multiplicative factor:

zv<(p.Liit) = ;) " gewso

=



We see that even after summing over spin structures, the
replica partitions acquire a multiplicative pre-factor under
modular transformations.

This factor vanishes at n = 1, so Z; is indeed modular
invariant as it must be.
We propose that for every CFT of central charge c, the
following result holds:
, 3 §(n—3)
Zn(ﬁv Lr IE) = (L) Zn(LaﬁrE)

and will verify this in all known cases.

As a result the Rényi and entanglement entropies shift by an
additive term. Notice that the term is independent of the
entangling interval /.



e We can make the replica partition functions invariant by
multiplying them by a factor:

. (B B(n-3)
2 ()7,

e Our conjecture implies that the above quantity is modular
invariant for every CFT.

e Returning now to the Dirac fermion, we have two possible
modular-invariant Rényi entropies:

gu,c _ 1 Iog Z#'C
n 1—n (Zl)n

The corresponding entanglement entropies obtained by taking
n — 1 will also be modular invariant.
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Thermal entropy relation

e To decide which replica partition function is correct, we use
the thermal entropy relation [Azeyanagi, Nishioka, Takayanagi].

L-l

e This arises because, with a black hole in the bulk, the minimal
surfaces with boundary ¢ and L — ¢ are not the same.

e As ¢/ — 0 the difference is the surface wrapping the black hole,
which gives the thermal entropy of the CFT state. Hence:

(Sa(L =€) = Sa(£)) = Sthermal(8)

[im
£—0



e Indeed, within CFT it has been argued [Cardy, Herzog],
[Chen,Wu] that one must have:

_< _l)
imztsn= (1) " @y

“i-b)
lim Z,(L, 3L~ ) = <€> Z(L, nf)

e The intuition for this is that the replicas are connected
through the branch cut of the entangling interval.

e For a small interval the replicas are effectively decoupled, so
one finds n independent copies of the ordinary partition
function. On the other hand for a large entangling interval one
always goes from one replica to the next so the replicas are
effectively “joined” into a single torus of n times the height.

e However the above are not just intuitive statements, but have
been justified by formal manipulations in CFT.



e The above statements, if true, immediately imply the thermal
entropy relation:
1 Zn(l-a B; L— E)

zll—% (Sa(L =€) = Salt)) = zlm) I|7[>n1 1—n log Zn(L, B; 0)

= lim log 4(L, )
n—11—n (Zl(L,,B))”

B\ BZ(1)
g4 (L) - in(%)

= Zthermal

e An extra assumption is that the limits £ — 0 and n — 1 can
be commuted.

e We will subject our two candidate replica partition functions
to these conditions and find a surprising result.



e First consider the limit £ — 0. We have already seen that in
this limit:

oo A3 (1t 6.0\
20~ (;) (2 ()P )

o=

- SR 1t 16,(01)
s~ (1) TS0

e As n — 1 the first factor becomes 1. The second factor
becomes (Z1)" only for ZY and not for Z§.

e Recall that the former (“uncorrelated”) replica partition
function involved summing over spin structures before taking
the product over replicas.



e Now we consider these quantities as functions of L — £ in the
limit £ — 0. This time we find:

Y4
ziesi-0~(g)

ZE(L.Bi L~ ) ~ <€) i 22 H )|2

v=1p—_

n—1

(-3 T 1T (P
L2 P

@\H

=

N

e Focusing on the second factor, there is a beautiful -identity
that allows us to evaluate the correlated case:

(1—g*)"

T g ‘91,(”2|n7')’




e |t follows easily that:

This time it is the “correlated” replica partition function,
where the sum over spin structures is taken after the product
over replicas, that satisfies the desired relation.

It is easy to check that, due to cross terms, the uncorrelated
one does not satisfy any similar relation.

To summarise: as £ — 0 the sum over spin structures must be
performed before the product over replicas. As £ — L it must
be performed after the product over replicas.

For intermediate values of 7 it is not (yet) clear what is the
prescription.
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Free boson CFT

e For the free boson replica partition function, one considers a
complex boson (¢ = 2) and twist fields 7 satisfying:

k
n

Ti(z,2)p(w) ~ (z — w)
and one has: 1
Zy = | [(Tu(z. 2)T-1(0,0))
k=0

At the end one can take a square root to get the ¢ = 1 theory.
e This is more difficult than the fermion case. There, the twist

field for fermions was explicit in the bosonic representation.

Here it is implicit.
e This problem was studied by [Datta,David] and [Chen, Wu] using

techniques developed many years ago for orbifold

compactifications.



e There have been contradictory results in the literature, but
the most convincing one is of the form:

_ (1) 5(2) (3) e 2
Z.(R) =z 7% Z83(R) Z§ <R)

where:
1 n—1 1
z(1) —
e L iwienim)
o (ol [0
@ _ |61(0l7)
91(%’7')
2 n—1 2
ZO(R) = Z exp _ TR Z Wzl(k,n) X
- 2n =W, (k, n)
m;




o Here Wl (k,n; £|7) and W2(k, n; £|7) are integrals of the cut
differentials over the different periods of the torus:

1 ! —(1-%) ¢ \—& ke
Wi = /0 dz 01(z|7) n)01 (z — I’T) " 01 (z — H‘T)

wi = [[a ey (e ) 0D (-4 )

e We would now like to investigate the modular transformation
of this expression. To this end, we note the following results:

n(—1) = (=ir)an(r)
f7r2
W (ko 4= 1) = Ze B0 R (k. s 1)
100 2) iz 04(0]7)
on(%1 - 2) 01(2]7)



e Next, performing a multi-variable Poisson resummation
following [Chen,Wu], we find that:

(2] 1) = IT
(5205 (I

k=0

W5 (k, n
Wit

,n

W(k,n)|?
(k,n)
W3 (k. n) |
Wi (k. n)

, n

e Thus the product transforms as:

Z0(R) Z(a)(é) R (”1_[1 2(k, n)
k=

0 Wll(kv n)

) Z6)(R) Z(a)(@

e Putting everything together, we find that:

1
Z, (R; E‘ - ) = |T‘%(n_%)ZH(R;Z|T)
Tl 7

Thus, it will become modular invariant precisely upon
multiplying by the factor given in our proposal.



Ideally one would like to compare the above with the free
fermion result at ¢ = 1 to verify Bose-Fermi duality.

However the above result is extremely implicit and hard to
compute. And on the fermion side, we don't know the replica
partition function at intermediate values of /.

However, as £ — 0 and ¢ — L the above expression has been
evaluated by [Chen, Wu] and found to agree with the
predictions (Z1(7))" and Z;(nT) respectively.

Since at R = 1, the function Z; is equal to the free Dirac
fermion partition function, this means our results and theirs
are in full agreement in the regions where they can be
compared.
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Multiple fermions and lattice bosons

e The theory of d free Dirac fermions with correlated spin
structures is dual to a specific compactification of d free
bosons on a target-space torus:

T¢=RITy

where Iy is the root lattice of Spin(2d).

e This can be achieved by starting with a rectangular torus and
choosing a suitable constant metric and B-field.

e In this case the d different bosons are not orthogonal to each
other, while the fermions have correlated spin structures, so
on both sides of the Bose-Fermi duality we are dealing with
CFT's that are not direct sums of simpler ones.



In the free boson theory, let Ag be the root lattice and Ay, be
the dual weight lattice.

Then the vertex operators are:

O . — eWbigiW;
w'w! —

where w', W' € Ay and w' — W' € Ag.
Elements of the weight lattice can be parametrised as:
. 1 . . 1 .
WI - I_]VJ7 V—VI - IJV.!

V2 V2
where v;, V; are integers and g¥ is the inverse of gij which is
the half the Cartan matrix of Spin(2d).

We have %(v,- — V;) = v/2n; where n; are integers.



e To reconstruct the fermion operators, we must look for pairs
of points of unit length in the weight lattice that differ by an
element of the root lattice.

e If @; are the d simple roots of Spin(2d) and X' are the
fundamental weights then one finds:

D(z) ~ 41

where w(P)i = \/2(X7),,.
e We can now look for the twist field, which induces a
monodromy:

2mik

ok : Dp(z) = e n Dp(2)

corresponding to a shift:

wig5(2) = wPig(2) + 2%



o This will be induced by a shift ¢; — ¢; + 27¢*) where ¢ is
a constant vector satisfying:

for all p.

e As the last weight of Spin(2d) is A(9) = (%, %, e ,%) the
shift is given by:

(0 _ V2K

! n

(0707"' 7071)
Thus the twist field only acts on the last scalar ¢g.
o It takes the form:

ok = Opwi i = ei¢'0i(2) g=iC13:(2)

and has the desired conformal dimension
PIPRAVES % (”_%)-



e Now we can calculate the two-point function of each o, and
thereby the replica partition function.

e Recall that the ordinary partition function for these theories is:

Zl |2d Z q E]V_V

w,weAy
w—weAp

1

= ,(0]7)]%9
e 2 1

2 | v=2,3,4

e The un-normalised two-point function of twist fields is:

2dk?

01(0I7)
01(zl7)

1 X
n(r)

{ok(z,2)0-«(0)) =




Now we have:

(np+mp), w,weAgUAy

0
L=
_l_
N
=
=
<
I
S| x
[]=

<
Il
—

(np+mp—1), w,weAsUANc

I
S| x
=

T
I
—

It follows that:
2dk>

61(017) | ™ o1 10CE )P
01(£I7) In(r)[?¢

Taking the product over k after/before the sum over spin
structures gives us the uncorrelated /correlated Z,,.

(orl(z 20 4(0)) = 5

As before, we choose the former as ¢ — 0 and the latter as
¢ — L, and the thermal entropy relation follows.

The replica partition function can be rendered modular
invariant after multiplying with our proposed prefactor.
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We have shown that modular-invariant Rényi and
entanglement entropies do exist for free fermions.

There were two surprises:

e We could only find the answer in the limiting regions ¢{ — 0
and ¢ — L. In the first case the spin structures are uncorrelated
across replicas and in the second they are correlated.

e Modular invariance is achieved only upto an overall
£-independent factor which can be removed by a suitable
modification of Z,.

We verified that answers in the literature for compact boson
CFT are also modular-invariant in the same way. However
here there is a (very implicit) form at all ¢.

We extended the free-fermion computation to multiple
correlated fermions, dual to free bosons on a Spin(2d) lattice
and it agrees with everything above.



e For the future, many directions are suggested:

Can one write the replica partition function for fermions at
intermediate values of ¢ as a linear combination of
correlated /uncorrelated quantities?

Can this computation be extended to other CFT's?

For free bosons, there is a result but it is very implicit. Can its
form be simplified?

What is the bulk analogue of these results in AdS/CFT? Is
there a “Farey tail” extension of the [Ryu-Takayanagi] proposal?



Thank you!
HOHrrE - >FnFL L
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