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Chern Slmons matter theory

(D (Condensed matter physics)

Fractional quantum hall effect, anyon [Zhan-Hansson-Kivelson '88] [Fradkin-Lopez ’91]

@ (Mathematics)

Knot theory, Jones polynomial [Witten *89]

@ (String theory)

[Witten *85]

Cubic string field theory, Open topological string theory [Gopakumar-Vafa '98]
@ (M-theory)

Interaction between membranes. [BLG 07, ABJM '08]
® (3d CFT)

Infinitely many interacting CFT (conformal zoo). [Moore_Seiberg "89] [Witten ’89]
® (AdS/CFT correspondence)

Dual CFT3 of (HS) gravity on AdS4 [Klebanov-Polyakov " 02]

Pure (HS) gravity on AdS3 [Gaberdiel_Gopakumar "11]




Partltlon function of CSM

@M 3IASUSY = Localization

Path integral = Matrix model [Pestun’07]

(i) S® Exact

[Kapustin-Willet-Yaakov '09] [Jafferis’10] [Hama-Hosomichi-Lee ' 10]

(ii)) S2x ST (superconformal index) Exact

[Bhattacharya-Minwalla " 08] [Kim ’09] [Imamura-Yokoyama ’09]
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® Non-SUSY = Large N limit

(i) S* perturbation

[Klebanov-Pufu-Safdi ' 11]

(ii) S2x S (near critical high temperature) Exact
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Exact analysis is difficult for the S3 partition function...

= Study a class of matrix model!
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Matrlx model of U(N) CSM

(D Consider partition function of CSM on S3

[SY-16]
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Matrix model of U(N)k CSM

(D Consider partition function of CSM on S3

[SY-16]

_ /DADCI)e_% Jq3 (ANdA—ZL ANANA)—S[D,A]
@ Expand the gauge field by vector spherical harmonics on S3

A =3 (X @l Y ate e Y anve)  f

seIN N Ee H<oh UNEES
Lorenz gauge af’: — 0 s>0

: 0,0 :
Residual gauge ag'o = 0 except its Cartan part = 0
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Matrix model of U(N) CSM

(D Consider partition function of CSM on S3

[SY-16]

7 — /DADCI)e_% Jq3 (ANdA—ZL ANANA)—S[D,A]

@ Expand the gauge field by vector spherical harmonics on S3

1 1 +lsy s+l ,
S I EEEIERD SR e ERSD SRR AT)
SEAN N se ok UNEES
Lorenz gauge af’: — 0 s> 0
. 0,0 .
Residual gauge ag'o = 0 except its Cartan part = 0

Expand the matter fields similarly.

@ Integrate out all the massive modes.

. N _ZL N_ O'2+...
Z_/da'e dm 2us=10s :

i i it e e e O T A LG O e G b



Matrlx model of U(N) CSM

@ Pure Chern-Simons case = SUSY localization, Cohomological localization

[SY-16]

Z ~ dNO'e_iﬁ Zi\rzl ‘7§+Zi\;8 log 2 sinh( 22 501;
RN




Matrlx model of U(N) CSM

@ Pure Chern-Simons case = SUSY localization, Cohomological localization

[SY-16]

Z ~ dN e Zs 195 ""Zt;é log 2 sinh (Z=52¢
RN

® Inclusion of the matter fields will be HQsmh _ Ot —Vlo]
t#s




Matrix model of U(N)k CSM

@ Pure Chern-Simons case = SUSY localization, Cohomological localization

[SY-16]

Z ~ dNge™ r Dem 0§+Zi\;s log 2 sinh( 22t
RN
® Inclusion of the matter fields will be HQsmh — Ut) —Vio]
t#£s

® Restrict the potential to consist of single trace operators:

oo

N
1
=N E WJ(O'S) Wa(a) — 2’5\0- + Ot eap_|_5W( )
b=

Ex. (i) N=2 Chern-Simons theory with Nf fundamental chiral fields

L _ ik iNp _ Npir iNg ()Pt
XN 27N  4rN’ YT N 247 PT 2N p2
¢ Ng iNp (—)P

— op — > —
_z::“pae’ WEN AN " T 2N p

(ii) N=2 Chern-Simons theory with Nf pairs of anti/fundamental chiral fields

~ N Np Np (—)P 1 Nr

A= 2mi—, to=——log2, 1,=

k' N N »p



Matrlx model of U(N) CSM

[SY '16]
@ Change the integration variables such that ¢, = e¢8
N N
Z =N / Vo T (s — 1) N = Wioe)
R—JI\—Z t#s
1 o
W(gs) = —=<(log ¢s)* +log ds + > 0% + W (¢.)

2

p=0

Logarithmic cut!




Matrlx model of U(N) CSM

[SY=16]
@ Change the integration variables such that ¢, = e¢8
N N
Z =N / Ao T (6 — ¢e)e V= W0
R—JI\—Z t#s
1 (©.@)
W(gs) = —=<(log ¢s)* +log ds + > 0% + W (¢.)

2

p=0

Logarithmic cut!

This can be written by using a positive definite hermitian matrix ® as

7 /D(I)e—NTrW(CI))

W (®) = 2A(1og<1>) -I—logCD—I—Zt O + 5TV (D)
p=0

The goal is to solve this class of matrix models in the 1/N expansion.
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Resolvent

Definition

<12 ::%i<z—1¢s>:%ﬁ<z—l¢>:

s=1




Resolvent

Definition

o=k () - () - A o

s=1 p=>0

Once the resolvent is determined, the free energy is determined as follows.

d 1 d -1 9 OF
p— - — — . _ D
dT, (z w(z)) dT, z; 2P+ Ot < : ﬁtp = N (Tr® >>

OF  0logM N /& dlogM  N? / ,
— = — = — — (log ¢ = dxp(x)(log x
o\ o\ 22 <; 8¢s) > O\ I\2 ple)(log 2)

~ OlogM  N? dw

_ e 2
) 2)\2j£ oy L) 0B )

Ry

1 1 &
where p(z) = - Tr (d(z NZ (z — b))
s=1

The density function and the resolvent are related by w

/N

xr —ie) —w(x + i€) = 2mip(x)



e b5 b0 i AR 000 B LT DRI BLE i b Bl it - B SN B L B RN A AR Rl it it bkl idbil it R TR SRR L NSl B A0S ........."........................ TINIFaSa ST Feas e e ................... SELf RS EEFE VIS SN T T T e R T e ... T A T T T T T e I R e T T T e f T

L A L i L e T e T T e e T e T o IS

Resolvent l;;?

Definition 'h'

e b3 - b lgy - Az e |

s=1 p=>0 i

Once the resolvent is determined, the free energy is determined as follows. il

i
ﬂll'
d ! d -1 0 . OF
ar, =V —el®) de_;zmatp ('atp_N<Trq)p>> :

OF dlogM N [ ~ dlogM Aﬂt/‘ , |
- I E (log ¢, — dxp(x)(log x il
) on  2a2 <3=1 8 e) > on  2a2 )log ) ""-

2 il
_ OlogM Nj{ d_ww( ) (log w)? |,",r||
-

ON 2)\2 271

where  pl@) = TTx {3z — ) = + 3 (3 — 6,)) ;;;;_

s=1
The density function and the resolvent are related by w(x — ie) — w(x -+ ie) = 27Ti,0(x) it

The correlator is also Computed as follows. il

- d il
(kl:[l ar, ) = H Tr(—

conn

.................



Schwinger-Dyson equation

Expectation value of a generic operator O[ ¢ ]

(O[¢]) = %t dNO[) (H(% _g)e NEL, W(qbs)),
Ri’ t#£s
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Schwinger-Dyson equation

Expectation value of a generic operator O[ ¢ ] i

) =2 [ dvs0[s (H(qbs ~ p)e NI W<¢s>).

4 R’ir t#s

Consider a one-to-one transformation on R+ denoted by ¢ s = ¢ s’

N N i

7 [ 006 ( Tt~ onev=mwer) = 7 [ ol [Tw: - e ¥ =wen ) §

Rf t#s Rf t#s l:
/
Suppose the (infinitesimal) transformation ¢S — gbs -+ a5gb8

Expand the right-hand side in terms of a il

% o 250, 0000 N oW\
<Z(O[¢] 6. T a0, 099) 22% 5 (00 = 36x) = ; NOl—54. 5¢8>_0

s>t
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Loop equation

Ds

2 — Qg

Then the transformation ¢ s = ¢s'is one-to-one on R+.

dogs az
00s|p.—0 = 0 aa¢s = > 0 for az > 0

(2 — ¢s)?

Let us choose O=1, o5 =
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Loop equation

5y = 22

O =1, —y

Let us choose

999
0

az

(2 — (bS)Q

5¢s =0 >0

»s=0

for

T L AR I R e e R e A

Then the transformation ¢s = ¢s'is one-to-one on R+.

az > (0

s=1

+2Z

8>t

Z—th

N
15t 4 nd 3 < 1 >: d w(2) + N2w(2)?
s,t=1 (2 — ¢s)(2 — o) dl’,
— < Ny W—i > _ /R ot W

, _’ﬁ

(Zoven) S
n 0

=§Z/RNdN¢<@H

s#£t

(6 = gu))e™ X MW = 37 <Z

t;éngbn_ﬁbt

dw W'(w)

Os

) ()

— _NQ%
CR+27T7Z Z—w

/ _ N N
/R deqb; NW!(¢n) [ [(¢s — ¢r)e™ 2e=1 NW(0e) = ~ ; /R ﬁchb [1(8s — 0

s#t

>=0

w(w)

J _
——€

S NW (s ))
Ipn

1 d
N2 dT,

dw W' (w

2T 2 — W

w(w)

- (wor-f,

w(z) =0.
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Assume

Solving the loop equation

[SY-T6]
The matrix model potential is generically written as

W(8) = Wo(6) + - Wa(6).

Wal(6) = —=(10g 6)* +10g 6+ 3 tp0” + -+

p=0




Solving the loop equation

[S¥EG]
The matrix model potential is generically written as

W(6) = Wo(d) + —Wi(d).

N
1 o0
Assume Wo(¢) = —<(log ) +logd+ Y tp¢P +--- .
2 —
The consistent 1/N expansion of the resolvent will be

@)

w(z) =) (N"Huwy(2) + N7 w1 (2)) = ) N %9wy(2)




Solving the Ioop equation

[S¥EG]
The matrix model potential is generically written as
1
W(9) = Wo(é) + Wa(6),
1
Assume Wo(¢) = —(log )% + log ¢ + Z t, P +
2 —
The consistent 1/N expansion of the resolvent will be
oo
—2 —2g—1 —2g
w(z) =D (N Puwg(2) + N2 w1 (2) = > N "wg(z)
9=0 gesN
The loop equation boils down to
dw Wi(w)wo(w) . j{ dw W{(w)wo(w)
20\ _ 0 () — 1
wolz) = iR 2 z—w Kuwy(2) Cr 2M  z—w
g—1
dw Wi( )Wg—%(w) d
Kw,(z Z Wy (2)wg—gr (%) + glzz:owg/,l(z)wg_g,_% (2) — jiRJer, po— + T wg—1(2),




b RS T

Solving the planar loop equation

Claim  The planar loop equation contains the saddle point equation in the planar limit.

Compute the discontinuity between x-ie€ andx +i¢€

LHS : (wo(x —i€) — wo(x + i€))(wo(x — 2€) + wo(x + i€))
=27ipo(x)(wo(x — i€) + wo(x + i€))

r—1€—Y T+1€—1yY

e /RdyW(S(y)( poy)  poly) )

_ /R Ay Wi () po(y)2mid (x — 1) = W (z)2mipo(x).

= (oo~ i0) + wla + ie) = Wiz)

where € supp(po)




Planar resolvent

The support of the density function consists of s distinct connected intervals
supp(po) = U;j_1|a2i—1, az;] 0<ar <--- <ags

Each interval corresponds to a square root cut of the quadratic loop equation.




Planar resolvent

The support of the density function consists of s distinct connected intervals

supp(po) = Ui_q|a2;—1, ag;] 0<ap <- - <agg

Each interval corresponds to a square root cut of the quadratic loop equation.

2s

Define a trial function such that wo(Z) — h(Z)H(Z) h(z) = \ H(Z — a;)

1=1

Assume (or construct a solution) that
there exists a limit approaching the infinity such that the resolvent behaves as

2~ 0O ]. ZNOO ::1 dw H )
~ — H —
wol2) i (2) 7~ et 7 ?{ 271 w — 2z X
(2 & supp(po))
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Planar resolvent

The support of the density function consists of s distinct connected intervals i
i

supp(po) = Uf:ﬂ&zz'—l, ao;] 0<ap <- - <agg

Each interval corresponds to a square root cut of the quadratic loop equation. i

2s |I

Define a trial function such that wo(Z) = h(Z)H(Z) h(z) = \ H(z — a;) i

=1 l|

Assume (or construct a solution) that il
there exists a limit approaching the infinity such that the resolvent behaves as il

200 1 200 +1 dw H i

~ H — .

wo(2) i (2) °~ z5T1 = 7{ 211 w — 2z 0 i
(= & supp(pn)) |

Assume further that the trial function is analytic except supp(p ,) i

_ dy  Wily) dw — Wy(w) 1
= Hx)= ]é ' B j{z 27 (w — z)h(w) 2 |

supp(pg)




Planar resolvent

Determination of the 2s endpoints of the cut

A0 @) 1
@ The asymptotic behavior of the resolvent wo(z) ~ -
<
1 dw w*W{(w)
2P omi hwy A0 TE=0s
Csupp(Po) e (w)

@ Stability against the tunneling of eigenvalues between different cuts
[David '90]

= “Equality of the Lagrange multiplier computed from the resolvent”

[Jurkiewicz '90]

a2;4+1t€
/ dxpo(xr) =0 or %dwwo(w):() Vi=1,---,5—1

27 —¢€ 7




Hole correction

[SY-"1:6]

The genus half loop equation

s (2) = _]i dw Wl’(w)wg(w)7

1
5 : _
R+2m 2z — W

where

2T, 2 — W

Rf(z) = j{ 0 WOl 1) — 2up(2) (2)

This contains the saddle point equation:

wi(x —i€) + wi(z + i€) = Wi (x)

General solution is not known yet -




Genus 1 correction

The genus 1 loop equation

: d d 1 9
Kwi(z) = —wo(2). =)
1
dT, dT’, = P11 o,
A general solution [Ambjorn et.al. '92] [Akemann '96]

28 s—2

(1) (1 )
i ( = — ZX(2) Z X; (a) XJ + i Z Z X(1) D z/a

z<j 1=11"=0
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Application to pure CS theory

: : log w)? - N o= iT L L
Matrix model potential: W, (w :( —— + log w A= —-2mi—. N =
o(w) 2N 5 " 2m)NNT
W,
5 [l
i L

> One cut solution!




Application to pure CS theory s |

Support of the density function: supp(po) = la—, ay] |

Planar resolvent: wo(z) =

—h(2) ]{ dw wWg(w)  —h(z) 7{ dw log;\w + 1 H
2z Je omi (w — 2)h(w) 2z Je 2mi (w — z)h(w)
(a—+ay)z—2a_ar—2,/a_at h(z)
log (ia,_—a_|_——|2_h(z)—|—2z)jL 1
o — _I_ -
2z 2z

. . (a—4+aq)z—2a_ay—2/a_at h(z) '
e MO 0 d (ool )~ (gl ) _ e % e

% 02Tl (w — z)h(w) 9 h(z) i

supp(pgp) [a_,a_|_

25(2




Application to pure CS theory Y16

Support of the density function: supp(po) = |a—, a]
() —h(z) j{ dw wWjw)  —h(2) ]{ dw Y +1
= wWolg) = p
Planar resolvent: wo 22 Conpp(pg) 2T (w — z)h(w) 2z Je,, a+]27ri (w — z)h(w)

1 (a—+aq)z—2a_ar—2,/a_ayh(z)

o (— a_—a_|_—2h(z)—|—2z) 1

o _|_ -

2\z 2z

. . (a—4+aq)z—2a_ay—2/a_at h(z)
1= h(2) /0 dw (log |w] — i) — (log |w| + 7i)  h(z) 108 —F e —a =7

= 2 (w — 2)h(w) T 2w h(z)

25(2

2~ — 00 1 a_ + a4 —+ 21 /A _— a4 ~
Edge of the cut: wo(z) "~ = S log = A
2 2+2
~ —4da_a ~
wo(2) X’ finite Me———> log i = -\

—a_ —2/a_a;x — a4

1 z+14+ hi(z tan 1 V/(z—a_)(ay—u)
wo(2) = <. log 5 ( ) = po(x) = 5 e .
TAT

cf. [Marino '04]




Application to pure CS theory s

Planar result

Potential vs eigenvalue distribution Resolvent result vs Past result

W() (CE)

dF
dA




Application to pure CS theory s

Genus 1 correction

: 1 2 2 1 1 1 1
Genus 1 correction:  wy(z) = 1—6(X(_)(z) + Xi)(z)) R — (X(_)(z) — Xi)(z)),
“Moments”:
A 1 dw  wWy(w) 1 dw log w N 1 ]{ dw 1
+ Tl Cla )y 2 hw)(w—as)  Nay Cla_ oy 2T h(w)(w—a+)  a+ Cla_ 0y 2T h(w)(w — a+)
_—_10d ~1 _—1( 2,/W —a= )0_ —2
“Nax S Ry —azr)  Aax \(ax —ap)Vw—ax ) | o Xax.ar(vag + vay)
M:(|:2) _ _ 2 (5~w/a,:|: —|—41/CL:|:) .
Sai/Q)\ (« /a1 + | /a:F)

OF; 1 1 [o+ 1 1 [V
Free energy: 5 12 ﬁ - dfﬂpl(x)(logﬂf)2 ~ 19 ; /_OO drwi (z) log(—x)

. ~ 3 A
_e>‘()\—2) +A+2 Acoth (5) —2
24(e* — 1)\ 24\

This is in precise agreement with the past exact result!!
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Summary

- We have performed a general analysis on a class of matrix models describing CSM
theory on three sphere incorporating the standard technique of 1/N expansion. i

- We have derived the loop equation for all orders in the 1/N expansion
including the hole correction. i

- We presented explicit solution at the spherical order for a general potential and at
the genus 1 order in the case where the potential does not have any 1/N correction.

- We have applied the formulation to pure CS theory and confirmed that the
presented solution reproduces the exact result known in the past. |



Future works

- Another iterative approach (topological expansion)?
[Enyald '04]

+ Generalization to 2-matrices? Application to ABJM?
cf. [Marino-Putrov '10]

- Exact analysis on three sphere partition function and 3d non-SUSY duality?

- 2d CFT (or QFT?) description?

cf. [Fukuma-Kawai-Nakayama '90] [Milnov-Morosov '90] [Dijkgraaf-Verlinde-Verlinde '91]

- Relation to 2d bosonization?

- AdS/CFT correspondence? Higher-spin (Vasiliev) theory?




Future works

- Another iterative approach (topological expansion)?
[Enyald '04]

+ Generalization to 2-matrices? Application to ABJM?
cf. [Marino-Putrov '10]

- Exact analysis on three sphere partition function and 3d non-SUSY duality?

- 2d CFT (or QFT?) description?

cf. [Fukuma-Kawai-Nakayama '90] [Milnov-Morosov '90] [Dijkgraaf-Verlinde-Verlinde '91]

- Relation to 2d bosonization?

- AdS/CFT correspondence? Higher-spin (Vasiliev) theory?

Thank youl!
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