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Introduction

— Noncommutative geometry = Quantum structure of space-time ??
[Madore 1991, Connes 1994, Hanada-Kawai-Kimura 2006, Steinacker 2010, etc.]

— Noncommutative coordinates — loss of “locality”

X", x"1#+£0 — AxF'AxY > A

— UV divergences — Cutoff by /\
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Matrix geometry

— A typical example of NC geometry
— Coordinates — Hermitian matrices of finite size

— Many examples: fuzzy sphere, fuzzy torus, fuzzy CP", etc.
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Example: fuzzy two sphere 1w

— (Unit) two sphere S? ¢ R®

~

(x", x2, x°) € R’ : embedding functions
1 x'x; =1

(x', xI]=0

— Fuzzy two sphere

—

Xt = \/NT [ L: N dim irrep of SU(2) generators

1 XX =1 Commutative limit
—
[X‘ X/ = ie/* XK — 0 (N — o)
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Functions on two sphere

Two sphere Fuzzy two sphere
* Functions « Matrices UV cutoff
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Differential & integral

Two sphere

Fuzzy two sphere

* Poisson bracket
{x{,xI} = 2e%x,

* Integral

dQ)
[ E Yé’m (Q)

- Commutator
—iN[XE, X ~ 2€% X,

« Commutator

1_ - d()
NTFYQm A::O Eng(Q)

— Poisson bracket gives angular momentum operator

{XE, } = 2€Ekak0j
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Dictionary of fuzzy two sphere

— Fuzzy sphere is given by a mapping

x! = X' = [

N?2 — 1

— Dictionary of functions & differential/integral operators

Yom(Q)  «—— Yo
{XE, } —s —iN[XE, ]
dQ 1

«— —r

2 N

— This mapping is an example of matrix reqularization
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Matrix regularization (MR)

— MR is a sequence of linear maps { Ty} (N = 1,2, - - - co) Which satisfy
[Goldstone-Hoppe, 1982; Arnlind-Hoppe-Huisken, 2012]

In 1 C*°(M) — N x N Hermitian matrices
limn—oo || T(FG) — Tn(f) Ti(g)|| = O
limnroo [[iN[ T (), Tlg)] = T ({F, g} || = O

lim v oo %Tr Tn(f) = fM fw

-~

M symplectic manifold W : symplectic form on M
| - || :norm { , }:Poison bracketon A
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Relation to string/M theories

— Matrix models < MR of string/M theories
[BFSS 1997, IKKT 1997, DVV 1997]

d
/ = ]l_l DX"e™> X" N x N Hermitian matrices
p=1

MR of embedding functions y* : M — RY
- String 9 R
= D-brane
= Membrane

— Non-perturbative formulation & second quantization
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Matrices & Smooth geometry

this talk

. A T Inverse problem>

MR

— Smooth geometry — Matrices: MR
[de Wit-Hoppe-Nicolai 1988, Bordemann-Meinrenken-Schlichenmaier 1994]

— Matrices — Smooth geometry: inverse problem of MR < this talk
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2. Inverse problem of MR



Inverse problem of MR

— For given matrices, how can we associate a smooth geometry M ??

[R?

N x N Hermitian matrices How ??

Xt (u=1,2,---,d) | N>

— Many methods

- using Dirac operator, [Asakawa-Sugimoto-Terasima 2002, Berenstein-Dzienkowski 2012]

- using coherent states, [Ishiki 2015, Schneiderbauer-Steinacker 2016] < this talk

- etc., [Hotta-Nishimura-Tsuchiya 1999, Azeyanagi-Hanada-Hirata-Shimada 2009] 10/24



Commutative space for X*

—d N x N Hermitian matrices

{(X1,X2,--- ,Xd)|N:1,2,---}

— “Hamiltonian” using given matrices

1
Hiy)=5) (X'—¢")?  y"€R

— Eigenstates & eigenvalues

H(y)n y) = Ex(y)ln.y) (n=01,--- N —=1)
Eo(y) < Ex(y) < ---

[Ishiki 201 5]
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Commutative space for X* fshii 2015

— Zeros of Ey(y) = points on commutative space

Ealy) = (Hig)) = 5 (X" = 4)%) = (X)) — X}y, + 5(4")

—

1 1 1
= S(X)7) = (X 4+ S(X)° = (XPhyu + 5(6")°

= (AX") + ((X") = y")?

Eo(ly) - 0 & shrinks to a point

(0, y|X*|0, y) — y# | The wave packet
aty € R?

AXH — 0
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Commutative space for X* fshii 2015

— Commutative space for given matrices = zeros of Ey(y)

M = {y e RY| )\}'Lm Eo(y) = 0}
T
There are no zero points for

finite /N except trivial cases

— This works for fuzzy sphere, fuzzy torus, etc.
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Construction method shiki 2015

Given matrices Commutative space
N x N Hermitian matrices Set of zeros of Ey(y)
Xt (u=1,2,--,d) M={y <R i Ealy) = 0]
Hamiltonian Eigenstates & energies
1 u Hy2
H(y) = = (X" — y*) H(y)ln,y) = Ex(y)|n, y)
2
4" €R Eo(y) < Eq(y) < ---
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Example: fuzzy two sphere fshici 2015

Given matrices Commutative space

sz\/ﬁu (i=1,2,3)

L': N dim irrep of SU(2) generators

Hamiltonian Eigenstates & energies
. _ 1 +1ylP Nyl
T+ y|? 2y, L Eoly) = —— ~ N2 =1
H(y) = -
’ Ve =1 — La =gy
N—oo 2 J
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3. Information metric



Geometric structures on M

— In general, smooth space has geometric structures on it

— Do X* have information of those geometric structures ??

(QJ;U)."') 27
X“—)'

— Information metric — Riemannian structure on M
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Density matrix for X*

— In general, Eq(y) is “degenerate” (degree of degeneracy = k)

— There are k linearly independent the ground states

0,y) a=1,2,--- ,k

— The ground states — N x N density matrix
1 1
ply) = P ; [0, 4)aa(0, y (weight = P )

— This invariant under changing basis

0,y)g (cTc=1)

B
0,y)a — c7aly) 17/24



Berry phase fshi ThMuraki 2016

— Berry phase (in the case for degenerate )

| 0
Acp = —ia(0, UI@IO.W

— Under changing basis, it transform as a gauge field

—

|0' y)a — CB(I(U) 0*9)3 (CTC =1)

Aagly) — (T (Y)AY)e(y))ag — i(cT(y)dc(y))ap

.
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Information metric

— Information metric for density matrices P

ds? = 3Tr[Gdp]
dp=Gp+ pG

— This measure the distance between density matrices

— In the case for pure state: p = ) {Y]

ds* = (dip|dy) — (dip|i)(pldyp)
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Riemannian metric via pullback

— The density matrix using the ground states is a mapping

—

p:yeM — p(y) €{Setofall N x N density matrices }

pY) = 13 5 110, y)aa(0, y|

.

— In most cases, it is also an “embedding”

— p(y) induces a Riemannian metric on M via the pullback

1
ds* = ST{G(y)dp(y)
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Example 1: fuzzy two sphere

— Fuzzy two sphere: MR of two sphere S* ¢ R?

—

Xi= 21 (i=1,2,3)

L*: N dim irrep of SU(2) generators

~

— Hamiltonian & the ground states

~

Hiy) = U6, ¢) (1 — JM) U6, 9)

< U(Q, Qf)) — e—igbLg, e—i@Lz eigbLg,

Q) =U(0,9)1)) (2J+1=N)

= [TT—0

Bloch coherent states
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Example 1: fuzzy two sphere

— Density matrix & information metric

o= )0

ds? = (d6)? + sin” 0(d ¢)?

—/\
Riemannian metric on two sphere !!
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Example 2: fuzzy “four” sphere

— Fuzzy four sphere: fuzzy surface for S* ¢ R’ [Castelino-Lee-Taylor]

N tensor product

~ \

XP=2M"®1® @1+ +138 @14 )y,

[#(u=1,2,3,4,5):five dimensional gamma matrices
T

1
= ( 5 _(1)2 ) However, fuzzy four sphere satisfies at least
XX, =1+ O(1/N) & [X*, X'] - 0(N — o0)

— Four sphere # symplectic manifold i.e. fuzzy four sphere # MR
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Example 2: fuzzy “four” sphere

— Hamiltonian & the ground states for fuzzy four sphere

~

H(y) = U (3(1+ |y|*) = |y|X°) UT + O(1/N)

A

0, y)e = U | eigenstates of XS with+1), (a=1,2,---,N+1)

/T~
U= e X" 2e=¢l[2g=¢l /2 g—00")2 Coherent states are
) Degenerate
— Density matrix & information metric
p =77 2 al0.4)aaf0,y| | Riemannian metric on four sphere !!

- — . N
ds? = (d0)? + sin® B(d¢)? + sin’ Osin? d(d)? + sin® Osin? ¢ sin? Y(dx)?
- 24/24




4. Summary




Summary

— Hamiltonian & its ground states — commutative space M

— The ground states — mapping from M to set of all density matrices

— The pullback of the information metric — Riemannian metric on M
— It works for fuzzy four sphere (2 MR)

— For other examples ?? e.g. fuzzy “three” sphere
[Ramgoolam 2000]

— Apply to matrix models ?? e.g. emergent gravity
[Steinacker 2011]



