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Wave Propagation and Shock formation
in The most general scalar-tensor theories

» Scalar & gravitational wave in modified gravity theories

General Relativity: GW propagates at the light speed ¢

Modified gravity : (GW speed) #c, environment dependent
Causal structure may be modified

» Waveform distortion & Shock formation
ex.) Burgers’ eq. ohu+ud,u=20
\U(t,X) A A !

=

N

Q: Does this occur for scalar & gravitational waves in modified gravity?
If it occurs, it may be observationally important.

» Study these phenomena in the Horndeski theory. 2



Summary

» Wave propagation & Shock formation in Horndeski theory

- Result 1: Wave propagation in Horndeski theory

On the plane wave solution in Horndeski theory, wave
propagation obeys the effective metric, and the causality in
this theory can be defined in accord with them.

= Result 2: Shock formation in Horndeski theory

In Horndeski theory, and for fluctuations on plane wave and
2D maximally-symmetric background,

- Shock formation occurs for scalar field wave
- Shock formation does not occur for gravitational wave
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Horndeski theory

» Horndeski theory (Horndeski 1974]

> One scalar field ¢ & gravity in 4-dim. spacetime

- The most general covariant theory with 2"d-order EoM

L= K(¢,X) — G3(¢, X)06 + Ga(, X)R+ Gax [(O)? — (VuVu)?]

+G3(6, X)Gu V490 — T2 [(09)° = 306(V, 9,00)° + 27,V 0

[X = —%wwm}

> 4 arbitrary functions in Lagrangian
- Applications to cosmology (e.qg. inflation, ...)



Wave propagation surface = Characteristic surface

» Massless scalar in flat space

0= g" 9,0, = (=07 + 0) 1)
= = filt —z)+ fot + )

t'\ t = —x t==x

¢/




Wave propagation surface = Characteristic surface

. ) B
» Massless scalar in flat space [1/) — e""'n® wa

0=¢""0,0,¢ = —g’“””nunyem“mpﬁk

= ¢Y=fit—x)+ fo(t+2) & ¢""n,n, =0

’I’LM: normal vector




Wave propagation surface = Characteristic surface

. ) B
» Massless scalar in flat space [1/) — e""'n® wa

: 0~
0= g’“”/apaygb = —g’“””nunyem“x ()2
= gMVnunV -0 <« —wz + EZ — () : dispersion relation

—

nt — (w, k) : wave vector




Wave propagation surface = Characteristic surface

» EoM E of dynamical variable

0=FE (v,0v,0%v) = 8((‘;{?591,@)8”&/@ + -
OF
S 0@ T
» Characteristic equation
oF _ 0
9(9,0,0) M~

» Surface w/ normal n, = Characteristic surface

Physically, a characteristic surface is a wave propagation surface.
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Wave propagation surface = Characteristic surface

» EoM E of dynamical variable

0= E (U, 3’0, 82’0) — 8 (SLEanU) auayfv + ..
OF
= Ny,NyvV + -

d(0,,0,v)
» Characteristic equation

. OEF - |
1Ny, = 0 € dispersion relation

“effective metric”\rji\\a (8;1,81/?))}

» Surface w/ normal n, = Characteristic surface

Physically, a characteristic surface is a wave propagation surface.
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Wave propagation surface = Characteristic surface

» EoM of scalar-tensor theory

0=FE, = 0,0, Geq + 9,0,05 + -
) = B(0,8,900) L9 T 5(B0,0,) R E?
OF; 0L
0= E; = 0,0,0.4 + 0,0, + -
_ ' 8(8u8vgcd) e 8(8u81/<b<1) uOv s

Write them collectively as

aEab aEab g d
0= F — (8(8%%Igcd) 5‘(85%}&1)) 1,1, ( - ) + ...

6(8,!_&8119601) 8(8“81,(;5]) ¢J
:P(’)’L“)fr+
1cti : ropagating mode
» Characteristic equation j’ pagating

det P(n,) =0 <& P(n,) -r=0 with r= (%j) # 0
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Wave Propagation on Plane wave background

» Focus on Horndeski with single ¢ for simplicity

» Background = Plane wave solution in Horndeski [Babichev 2012]

ds®* = ag;x'a? du® + 2dudv + 6;;dxtdx’, ¢ = d(u)

t u v
\%GW/ /Va’gb «—null
-~
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Wave Propagation on Plane wave background

» Focus on Horndeski with single ¢ for simplicity

» Background = Plane wave solution in Horndeski [Babichev 2012]

ds®* = ag;x'a? du® + 2dudv + 6;;dxtdx’, ¢ = d(u)

Wave propagation surface Characteristic equation P(n“) =0
- — det P(?’L ) —0 — with
(normal: 1y ) a) — r — (rrab’%) 7&0
" b
GR: (P . T)?;j ~ ga’bnanb Tij = 0 = ga’ NNy = 0
t = T';; propagates along null

2D traceless tensor

(corresponds to GW)



Wave Propagation on Plane wave background

2 i ab o
Horndeski: P -r = ((P'T)ij) _ (G%bwnanb Tij) B (O) _ | Géwnany =74 =0
(Perlo) \Gamamrs ) A0 G oy, = iy = 0

where (320 are the “effective metrics” defined by

Gax
G4
Kxx Gux N 2G3x @

ab __ _ab a b : . .
G¢ — g +wV va Cb with w = KX G4 KX (b’z

Glw = g +w V%V with w=

—

v' Wave propagation surface is null w.r.t. “effective metric”: Gabnanb =0
 GEanany =1 =0 = " = (7"7;3‘, 0) . Gravitational wave

v Gfbb nenpy =7 =0 = 1r = (0, qu,) - Scalar field wave



Wave Propagation on Plane wave background

2 i ab o
Horndeski: P -r = ((P'T)ij) _ (G%bwnanb Tij) B (O) _ | Géwnany =74 =0
(Perlo) \Gamamrs ) A0 G oy, = iy = 0

where (320 are the “effective metrics” defined by

Gax
Gy
K Gix  2Gsx ¢
ab _ _ab a b . B XX U4dX 3X
qu =g +wVOV’Q with w= K~ o + Ky 07
Na

G&w = g +wVPV’h with w =

—

v Nested characteristic cones:

all cones // v2¢ /Vacb

v Causality w.r.t. the largest cone:
larger w < larger cone 7’
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Shock formation in Horndeski theory

» Shock formation = Divergence in gradient of waveform
Ex.) Burgers’eq. Oyt + u O, u = (0
u(t,x) !
>

» For simplicity, we look at wave with discontinuity in second derivative:

8§5gaba 8§6¢ 5ga,ba 5<b




Shock formation in Horndeski theory

» Shock formation = Divergence in gradient of waveform
Ex.) Burgers’eq. Oyt + u O, u = (0
u(t,x) !
>

» For simplicity, we look at wave with discontinuity in second derivative:

n,

t A <«<—— Characteristic surface

N
D20 Gap, 0200

t=0 >
X 19




Shock formation in Horndeski theory
» Look at amplitude of discontinuity TI(¢) = [@%gab} j [aicb}

» Transport equation of II(t) :

[T+ MII+ NTI? = 0

» For simplicity, we look at wave with discontinuity in second derivative:

N

u
t A \o/<— Characteristic surface

— I1(¢): Amplitude of
S discontinuity
026 Gap, 0200

t=0 >
X 20




T

Eab = Bfab ﬁﬁgcd —+ 8E2}ab a;szng +...=0 8Eab aEab
1. EOM: 9(92g.q) 0(02¢7) p— [ P9cann  90sn
' B A S LY ¥ —\ 2 L
I = 3(@%9061) nYed 8(8,%¢j) n®¥J - Sgcd,nn agbzf,n
Write them collectively as
b 02 -
E,=P,®v+---=0

2. Take discontinuous part
E.| = P [ﬁgvb} =0 = [8?%@;)} = I1(¢t) 1y

(discontinuous part)

Forr, s.t. P-r=0

3. Transport equation of amplitude TI(t)

[0, E,] =0

— MM+MII+NII2=0
where

8Pa,b
N = TaTbT e

0 (Onve)
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» What happens when N#0?
I+ MII+NII? =0

/[CI)(t) = /O t M (t’)dt’}

e—(I)(t)
L m 1O L1

t
, 1+ 11
1+H(0)/ N(the gy i
0

. GR : N=0 = TI(s) stays finite
« Modified grav : N#0 = Denominator may vanish
at ¢t ~ —1/II(0)N
= Amplitude II(t) diverges
“Shock formation” 22




« Amplitude of discontinuity: H(t) — [aigab} , [aﬁﬁf’}

« Our “shock formation” = 2nd derivative II(t) — « at finite t
A
1i(t) Y

0 " 1

* In terms of g, and ¢, it corresponds to “sharpening”:

t A
/\Characteristic surface
59,}\6@ <

{\[Qz,gab} ,[02¢] — o0

N <

102 gab)] , [07¢] o< II(2)

23
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» Shock formation caused by variable sound speed

Burgers’ eq. Oyu + 1 0,u = 0 = propagation speed c(u) < u

t
u(t,x) p A
ALACLA - N
X / \ // \\ -

| | | — v
In our case,

det P(nu) — () = propagation speed c(’u,, 8?,1,)

: 2 0w 0P dc(u, 0u)
I+ MII+ NII® =0 where N—a(anvc)?“aw'c ~ (00)

d c(u, Ou) Tt
N ~ # 0
(0 —|11(t)| — oo

c(u, Ou) depends on amplitude X




Shock formation on Plane wave background

» Example: Wave on Plane wave solution

ds® = a;;z'a’ du® + 2dudv + 6;;dz'dx’, ¢ = d(u)

[Babichev 201 2]

N

mi

» Scalar field & Gravitational wave propagate at different speeds
[Babichev 2016]

v Scalar N # O 9 ShOCk fOrmatlon [Mukohyama, Namba, Watanabe 2016]
[de Rham, Motohashi 2016]
v+GW : N=0 - No shock formation
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Shock formation on Plane wave background

N =C4 f+(t) + C- f-(¢) + Co

, 1 2K xxG
Cp = ¢? 3 —— (2G3xGax + KxGsx) + —22"2% — Gaxx
2G4 KX
C_ =-2a G5X
3 3K xx?
Co=¢" ¢ = (—Gsx”> — KxGaxx + KxxGux) + 22 Kxxx
G4 Kx

v' N+ 0 generically, hence shock forms for scalar mode.

v' N =0 identically for scalar DBl model, hence free from shock formation.
K = \/1+(V¢)?

(« Scalar field & Gravitational wave propagate at different speeds

[Babichev 2016]

v Scalar N # 0 9 ShOCk format|0n [Mukohyama, Namba, Watanabe 2016]
[de Rham, Motohashi 2016]
vGW : N=0 - No shock formation




Shock formation on Plane wave background

» Example: 2D maximally-symmetric dynamical spacetime
ds® = f(1,x) (—=dr* +dx?) + p(1,x)dQ*, ¢ = (7, X)

2-dim. flat or S% or H?
and consider waves propagating in (z, y) direction.

/"« Plane wave in FRW universe - Spherical wave around N
spherically-sym. star/BH

t N 1
. [T P _
» Scalar & Gravitational perturbations propagate at different speeds

. [Babichev ]
v Scalar N # O 9 ShOCk fOrmatlon [Mukohyama, Namba, V\I/Satanabg 58}2]
[de Rham, Motohashi 2016]

v+GW : N=0 - No shock formation




Summary

» Wave propagation & Shock formation in Horndeski theory

- Result 1: Wave propagation in Horndeski theory

On the plane wave solution in Horndeski theory, wave
propagation obeys the effective metric, and the causality in
this theory can be defined in accord with them.

= Result 2: Shock formation in Horndeski theory

In Horndeski theory, and for fluctuations on plane wave and
2D maximally-symmetric background,

- Shock formation occurs for scalar field wave

- Shock formation does not occur for gravitational wave

\. J

v" Shock formation DOES OCCUR for gravitational wave  [Tomimatsu-ishihara 1987]
[Choquet-Bruhat 1989]

in Gauss—Bonnet gravity in higher dimensions. [Reall, NT, Way 2015]

T
( b hed) (curvature)? term
L= Lar _H\Rz — 4R R + Rapea R° i crucial for GW shock?




Summary

» Wave propagation & Shock formation in Horndeski theory

- Result 1: Wave propagation in Horndeski theory

On the plane wave solution in Horndeski theory, wave
propagation obeys the effective metric, and the causality in
this theory can be defined in accord with them.

= Result 2: Shock formation in Horndeski theory

In Horndeski theory, and for fluctuations on plane wave and
2D maximally-symmetric background,

- Shock formation occurs for scalar field wave
- Shock formation does not occur for gravitational wave

—

- More complicated background in Horndeski

<‘. Bi-Horndeski theory
Shock formation occurs even for gravitational wave?
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