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Purpose of This talk

To emphasize importance of complex saddle
point analysis

" in which we mind )

- Saddle points which are not on original (path) integral contour

 Global steepestdescents (Lefschetz thimbles)

- _/

| will mainly explain applications to resurgence.
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—
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—

3. Application to a 3d SUSY CS theory

[ The simplest example in Fujimori-M.H.-Kamata-Misumi-Sakai '18]

4. Summary & Outlook



1. Expectations on weak coupling
perturbative series in QFT

——

" Perturbative series in typical QFT

—~ =Borel resummation

* Borel summability in QFT?

—




Perturbative expansion in QFT

—— Typically non-convergent  (oyson sz

—— Naive sum of all-orders - divergent



General questions

What does perturbative series actually know?

*Is there a way to obtain exact answer
from perturbative expansion?

“If yes, how?



More precise guestion

Perturbative series around saddle points:

o0
O(g) =~ Z R D DI IO DFY R
I'esaddles =0

Can we get the exact result by using the coefficients?

= What is a correct way to resum the perturbative series?

(~continuum definition of QFT?)



A standard resummation

Borel transformation:

O() ~ 3 0gat BOM) — S~ % jate-1
(9= 3 cog™" WY |BOW) = 3. oy

Borel resummation (along 6):

et

t
Tdt e v BO(t)| (usually, 6=arg(g)=0)

Sp0(g) = f

0




Why Borel resummation may be nice
(Let us take B=arg(g))

EII.SDO ot oo Cf a+€_1
Sy0(9) =/0 dt e™9 BO(R)  BOW) =3 motst
=0

(1) Reproduce original perturbative series:

S,0(g) § Cy eoo gt 4a+0-1 ~L § a+¢
pUg) = tt e 9 = cyg
=0 M(a+¢)Jo =0




Why Borel resummation may be nice
(Let us take B=arg(g))

E-iﬂ

o0 _ i oo
SpO(g) = /0 dt e 9 BO(t) BO(t) = ) ]_(;j_ E)t“%—l
' /=0

(1) Reproduce original perturbative series:

S O( ) § Cy efﬁm p a+€ 1 _t § at¢
o g) = : tt e 9= cyg
(=0 (a+0)/o (=0

@) Finite for any g if

1. Borel trans. is convergent

2. Its analytic continuation does not have singularities
along the contour
3. The integration is finite “Borel summable (iong 6"

—

related to exact result?



Expectations in typical QFT  iieor 79

Non-Borel summable due to singularities along R,
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Non-Borel summable due to singularities along R,

Borel plane: A ;
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Non-Borel summable due to singularities along R,
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Expectations in typical QFT  iieor 79

Non-Borel summable due to singularities along R,

Borel plane: A

?? ??
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Integral depends on a way
to avoid singularities



Expectations in typical QFT  iieor 79

Non-Borel summable due to singularities along R,

Borel plane: A

?? ??

27

Integral depends on a way
to avoid singularities

_t
So= 0(9(9)—f dt 9 Bo(t) M) (Residue) ~e 9

Non-perturbative effect?



Interpretation of Borel singularities
2(g) = [ Dwe o ~zc£g

Large order coefficient:
1 ! _
Cp — jé' g_|_1z(g) — —%dg/‘D(ﬁe S[(f)] (£+1) ng (f — OC})

211

[Lipatov '77]




Interpretation of Borel singularities

[Lipatov '77]
Z(g)—/Dd?)e 9 NZCEQ’ o
Large order coefficient:
_ 1 1 1S[¢l-(¢41)Ing
Cp — 21T£j£ g_|_1z(g) — %dg/‘Dﬁf)e (f — OC})

r+1

o5 =0, ——5[¢]+—_0 J
92 G

L§[g.]—(¢+1) Ing, [Q




Interpretation of Borel singularities

[Lipatov '77]
Z(g)—/DCDe g "‘*‘Zw pat
Large order coefficient:
_ 1! L 1S[¢l-(¢4+1)Ing
Cyp — 21T£j£ g_|_1z(g) — %dg/‘Dﬁf)e (f — OC})

{41

o3 =0, ——5[¢]+—_0 J
Q' G

= (D INCFD=(+D) (S[qﬁ»*])‘(“” ~ 01 (S[ea]) D)



Interpretation of Borel singularities

[Lipatov '77]
Z(g)—/DCDe g "‘*‘Zw pat
Large order coefficient:
_ 1! L 1S[¢l-(¢4+1)Ing
Cyp — 21T£j£ g_|_1z(g) — %dg/‘Dﬁf)e (f — OC})

58 (+1
~ e —2-5[¢s]—(¢41) In g [ 5 =0 —g—5[¢]+7_0 J

D=cbs

= D INEED =D (576.])~ (D~ g1 (8[,]) D)

! [t

) 52() =~ (Sl = —
4

Slex]

Nontrivial saddle point gives S+]
Borel singularities
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Basic idea of Resurgence

Suppose perturbation around trivial saddle is non-Borel summable:

N

2
e 27
—————————————————— )
X—h—X -%C::X:::):(____-)-(_ N
.
?7? .

00 _ 4
So—00(g) :.[O dt ¢ o Bo(t) M) (Residue) ~e 9
Ambiguity!

But this ambiguity is cancelled by ambiguities
of perturbations around different saddles.



Toy model

0d Sine-Gordon model:

[Cherman-Dorigoni-Unsal ‘14,
Cherman-Koroteev-Unsal’14]




Toy model

0d Sine-Gordon model:

[Cherman-Dorigoni-Unsal ‘14,
Cherman-Koroteev-Unsal’14]

V-3 R
Saddle point:
Ozdisinzar = sin (2z«) ‘ xx = 0, 42
£ =T




Toy model

0d Sine-Gordon model:

[Cherman-Dorigoni-Unsal ‘14,
Cherman-Koroteev-Unsal’14]

1 (5 _1 g2 _1 1
Z(g) = — 2 de e 29" ‘T‘:le 49 15 (_)
V39 /-3 V9 4g
Saddle point:
d . . T
0= —sin“zx = sin (2z«) ‘ s =0, £—
dx T=Ts 2
”ACtiOn”: (S(:I:) = l}igsinz:x:)
S(x=0)=0 trivial

S (:1: = i—) = 2 Non-perturbative



Expansion around the saddle pts:

— (0 ¢, 2 <= (1) ¢
Z(g) ~ ) c, g +e 29 ) c) 'g 77
| |
2y =0 Th =
2




Expansion around the saddle pts:

— (0 ¢, 2 <= (1) ¢
Z(g) ~ ) c, g +e 29 ) c) 'g 77
| |
2y =0 Th =
2

Trivial saddle: o
5= M(e+1/2)%2

(o)
) Bog(t) = 11
E_

EE
U — \Sor oy (22128
21(22 )

59" = ®o(9)

0



Expansion around the saddle pts:

— (0 ¢, 2 <= (1) ¢
Z(g) ~ ) c, g +e 29 ) c) 'g 77
| |
2y =0 Th =
2

Trivial saddle: 20
X M+ 1/2)%2
Z(9)| =0 = V2r Z T+ nr(1/2)2?

(o)
) Bog(t) = L1
E_

£ = (9)
—tf V21 oFy (5 L Qt)

| [t

non-Borel summable!

0

DN _N_ND_D\
/VV\/V\’

t=1/2




]

SepPo(g) = —
g .

1

i0

11

Bdg(t) = V2m oF; (5,5, 1;2t

g = |gle®

e'oo ot
[L'] dt e 9 Bq}o(t)

)

\

[t

DN NN\

S
7NV VOV VNS

t=1/2



A | t
B 1 retfoo m
SQCDD(Q) — _/D dt e 9 pro(t)
qg .

— 11
Bdg(t) = V2m oF; (5,5, 1; Zﬁ)

g = |gle®

Cambigity:

(So+ — So-) Pole) = € 2ix

21\ 27
g

Related to contribution from x.=xm/2 ?



Expansion around nontrivial saddle
{ 5@ — 2|1g| W02 4. rx =0 (Q = |9|e£9)

1 L~ T2y ™
e 5(T) = 72 % 291° (z=£3)"+ Ty =t




Expansion around nontrivial saddle
{e—sm — g Tt =0 (g=lgle")

1 1 =il 4T)2y . i
e 5(@) = 729 x £20d° (z=£3)"+ Ty = :I:E

To pick up saddles, change the integral contour to steepest descents.t.

e

1. passes the saddles w/ appropriate angle

— 2. Keep Im(S(x)) to avoid oscillation

3. Keep final result

N ‘£ /

B

—7/2 /2 27 ¥ y??




Appropriate contour = Lefschetz thimble

[Extension to pathintegral: Witten '10]

" 1. Extends real x to complex z

dS(z)

=0
dz

2. Critical pt. :

3. Associated w/ critical pt., Funique Lefschetz thimble J;

dz(t)  0S(z)
_ dt 9z

with z(t - —o0) = z;



Appropriate contour = Lefschetz thimble

[Extension to pathintegral: Witten '10]

" 1. Extends real x to complex z

dS(z)
dz

2. Critical pt. : =0

Z=Zy

3. Associated w/ critical pt., Funique Lefschetz thimble J;
dz(t) _ 0S(z)

with z(t - —o0) = z;

- dt Oz
Properties:
a) ImS(2)[; =1ImS(z) (i > s = 9) = G2 - 550 =0)
b) ReS(z)|;, > ReS(zy) (GRS x G+ G5 = 255 20)
c) Decomposition of cycle:

C= > npJ; (n; € 7Z)

Iesaddle

may jump as changing parameters



Dual thimble = steepest ascent

[Extension to pathintegral: Witten '10]

" 1. Extends real x to complex z

dS(z)
dz

2. Critical pt. : =0

z=zp

3. Associated w/ critical pt., Funique dual thimble K7y :

dz(t) _  0S5(z)
_ dt 9z

Properties:
a) ImS(Z)h{I = ImS(zy)
b) ReS(2)|, < ReS(zr)

c) Decomposition of cycle:

, With z(t - —o0) = zj

C= Y niJ;, nj;=intersection ¢ of (C,J;)
Iesaddle



Imz

-

ra |3

6

Back to the toy model

[Fig.1 in Cherman-Dorigoni-Unsal "14]
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Back to the toy model

[Fig.1 in Cherman-Dorigoni-Unsal '14]

0 =-0.1

Imz

-

ra | =

AL

J1

IETR
|

e |3
D_

NES

0 = +0.1
3w
4
z|
ﬂ—Jﬁ
-]
0k
S Jo+ °
i
Opposite
direction!
T 5§

Re z
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Contribution from nontrivial saddle

Either x=+11/2 or -1t/2 contributes

Contours smoothly change
in the ranges 0<B<mn and -nt<B6<0

*Contours through nontrivial saddles
are opposite between 6<0 & 6>0

[Fig.1 in Cherman-Dorigoni-Unsal ’14]



e

—

Contribution from nontrivial saddle

Either x=+11/2 or -1t/2 contributes

Contours smoothly change

in the ranges 0<B<mn and -nt<B6<0

*Contours through nontrivial saddles

are opposite between 6<0 & 6>0

te % Z Vgt
Z(g)|$*::|:% _E_Q_U Z C(l) ,

—

(60 <0)

(6 > 0)

[Fig.1 in Cherman-Dorigoni-Unsal ’14]



Contribution from nontrivial saddle

e

Either x=+11/2 or -1t/2 contributes

Contours smoothly change
— in the ranges 0<B<nt and -nt<B6<0 = T

Imz

*Contours through nontrivial saddles
are opposite between 6<0 & 6>0

—

" [Fig.1 in Cherm::feDorigonifUnsaI '14]
-
+e 20 ) f::*gl)gE (0 < 0)
—e2 Y Pyt (0>0)
— (=0

3 Jump at 6=0!! (“Stokes phenomenon”)

Expansion around nontrivial saddle is also ambiguous at 6=0



Expansion around nontrivial saddle

) (-2)'r(¢+1/2)? (— 4.5
ke % ‘“2’“2 r+nra2? =T Tl
(1) 11
‘Bd}(t)_ f tf V2r oF (=, =, 1; -2t
! = 2 1(2 2’ )

0



Expansion around nontrivial saddle

2)r (e +1/2)2 1
e 202 Z (r(€)+ 1()r(1//2))2 g' = +e 2101 (g)

(1) 11

‘ Bdq(t) = —tf V271 o Fy (5 50 1 —Qt)
r Lt
t=—1/2

Borel trans. itself is OK but Fambiguity at 6=0
because of Stokes phenomena



Comparison of ambiguities (at 6=0)

Trivial saddle Nontrivial saddle
ST

DN N_ND_D\
/VVVV\'

t=1/2

By the branch cut, ambiguity:

(So+ — So-) Pol9)

—12iVIx 1
— 252 2‘”[ dtengl(%El—Qt)




Comparison of ambiguities (at 6=0)

Trivial saddle Nontrivial saddle
) 't ! 2

DN NN DN NN\
7N VOV VNS VAR VAR VAR A\

t=1/2 t=—1/2

\ 4

By the Stokes phenomena,

By the branch cut, ambiguity: )
+ie 29SpP1(9) (0 < 0)
Z(g)|;¢*=;|;"2—r —

(So+ — So-) Pol9)

— A 212w [© _t 11
= ¢ 24 ! ﬂ-/ dt e 9 2F]_ (-,—1,—2t)
g JO 2 2

1
—ie 295p®1(9) (0 > 0)




Comparison of ambiguities (at 6=0)

Trivial saddle Nontrivial saddle
) 't ! 2

DN N_ND_D\ DN NN\
/\/V\/V\’ VAR VAR VAR A\

t=1/2 t=—1/2

\ 4

By the Stokes phenomena,

1
+ie 2951 (g) (0 < 0)

Z(QN;-:,.(::I:E - —
=43 —ie 215p®1(9) (6 > 0)

By the branch cut, ambiguity:

(So+ — So-) Pol9)

_LZ V2 11 S
_ ! ”[ dt e ~Fy (- ~.1; —23‘) Ambiguity:

2’2’
1 i
—2ie 20Spd1(g) = —2"' 27 ‘Tf dt e o F) (%.%,1;—21*,)

= - (SO+ — Sp-) ®o(9)




Comparison of ambiguities (at 6=0)

Trivial saddle Nontrivial saddle
) 't ! 2

DN N_ND_D\ DN NN\
/\/V\/V\’ VAR VAR VAR A\

t=1/2 t=—1/2

\ 4

By the Stokes phenomena,

1
+ie 29SpP1(9) (0 < 0)

AC)I— 1
‘ —ie 29Sy®P1(g) (6 > 0)

By the branch cut, ambiguity:

(So+ — So-) Pol9)

_LZ V2 11 S
_ ! ”[ dt e ~Fy (- ~.1; —23‘) Ambiguity:

2’2’
1 2/
—2ie 29155®1(g) = _21, 27 _Tf dt ¢ 2F1 (% %, 1, —Qf,)

= - (SO+ — Sp-) ®o(9)




Resurgence

(Ambiguity from trivial saddle point)

—(Ambiguity from nontrivial saddle point)

Resummation from a saddle point may be ambiguous
but the ambiguity is cancelled by other saddles

In the toy model, resurgence gives the exact result:

_ 1
Z(g € Rxo) = lim [Sy®o(g) F ie”295y®1(g)| = ReSoo(o)

—04+



Samples of successful examples
Quantum mechanics

* Quartic/Periodic potential  zinniustin-sentschura ‘04

. CPN [Fujimori-Kamata-Misumi-Nitta-Sakai’17]
" Sllghtly brOken SUSY [Dunne-Unsal, Kozcaz-Sulejmanpasic-Tanizaki-Unsal’16]
2d QFT

" CPN /O(N) Slgma mOdel [Dunne-Unsal’12, Misumi-Nitta-Sakai, etc..] [Dunne-Unsal’15]

m Pr|nC|pa| Ch”‘al model [Cherman-Dorigoni-Unsal’15]

. Pure Ya ng-l\/“lls [Ahmed-Dunne’17, Okuyama-Sakai’18]
3d QFT

. Pure Chern-S|m0nS [Gukov-Marino-Putrov ’16]

*N=2 SUSY Chern-Simons matter theories

[M.H.’16, Gukov-Pei-Putrov-Vafa’17, Fujimori-M.H.-Kamata-Misumi-Sakai '18]




Remark: more than weak coupling expansionin QFT

We could apply resurgence to other types of expansions.

For example,

—

= 1/N expansion

* strong coupling expansion

- Weak coupling expansion in gravity (string)
* high/low temperature expansion

" €-expansion

* Derivative expansion in effective theory etc
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Let us consider

N =3 U(1)j CStheory w/ charge-1 hyper & real mass m



Let us consider

N =3 U(1)j CStheory w/ charge-1 hyper & real mass m

Sphere partition function:

g
J = /DO do - g = ﬁ
—co  2cosh 5™ k
o: Coulomb branch parameter
=const. configuration of the adjoint scalar “A,”

Now we are interested in small-g (large level) expansion
of this object.



Borel trans. hidden in localization formula

(k> 0)

i 2 i 2
-0 -0
ey

Z / " doe —2 f “d
p— a pm— a
—oco  2cosh %5+ 0 ; 2 cosh Z5™




Borel trans. hidden in localization formula

i i 2 (k> 0)
oo ey oo ed
z=["d = [T d
—00 7 2 cosh ‘T—zm 0 7 ; 2 cosh Jizm

Changing the variable as o = Vit,



Borel trans. hidden in localization formula

i i 2 (k> 0)
oo ey oo ed
z=["d = [T d
—00 7 2 cosh 5_2""” 0 7 ; 2 cosh Jizm

Changing the variable as o = Vit,

—

Z(g) = fo dt B_é,BZ(t)

1

BZ(t) = _
Vit T cosh ‘/%im




Borel trans. hidden in localization formula
(k> 0)

2 1'0.2

o0 ey
7 = / m= [ do
7 2cosh i 0 ; 2 cosh Z5™

Changing the variable as o = V/it,

—

Z(g) = fo dt B_éng(t)

1

BZ(t) = .
Vit T cosh ‘/%im

—

This is equivalent to the Borel resummation formula

il

w/ different integral contour! se1¢) = [~ dt 75 BI()
[M.H.’16]



Analytic property of Borel trans.

tpole = —i [m 4+ (2n + 1)mi)?

Im ¢
X m=20
200}
mo)'f
g
_400 ~200 200 200 ¢!
-100p Exact



Analytic property of Borel trans.

tpole = —i [m 4+ (2n + 1)mi)?

Im ¢ Imt
% m=0 X | X m=7t/2
200} 200
100, 19T x
, _
1 L ! ! 1 L L L L L L 1 L L L 1 R r L L L L L L L L x . ' L L L L L L R f
400 ~200 200 200 " 400 200 200 400 °
—100F Exact —100¢

—EDDY —EGIEI



Analytic property of Borel trans.

tpole = —i [m 4+ (2n + 1)mi)?

Im ¢ Imit
X m=20 X | X m=rt/2
200} 200}
100, 19T x
! [
1 L ! ! 1 L L L L L L 1 L L L 1 R r L L L L L L L L x‘ L ' L L L L L L R f
400 —200 200 200 " 400 200 200 400 0
—100¢ Exact —-100¢
—EDDY —EGIL'I
Im ¢
X - X m=17t
200}
100}
A A
e sl L L L 0 L L Ret
~400 _200 ! 200 400
—100




Analytic property of Borel trans.

tpole = —i [m 4+ (2n + 1)mi)?

Im ¢ Imit
% m=0 X | X m=7t/2
200} 200}
100, 19T x
I [
1 L ! ! 1 L L L L L L 1 L L L 1 R r L L L L L L L L x . ' L L L L L L
400 —200 200 200 " 400 200 200 008!
—100F Exact —100¢
—EDDY —EGIL'I
Im ¢t lmt
X X m=7t ; m=2rm
200} X 200} X
100} 100}
X | X -
I X X
1 . . . 1 . . . :’\‘ -K . . . 1 ' ' ' 1 R'Et 1 N N N 1 N . . . . . 1 ' ' ' 1 REt
400 —200 : 200 400 —400 —200 x | x 200 400
~100} ~100}

—ZD!I —Z!ZZIDY



Im ¢
X i X m=17Jr
200+
100+
X X
1 L N 1 L X -K L 1 L L 1 Ret
-400 -200 200 400
—100f Exact

—EIZ}EJ‘f

tpole = —i [m + (2n + 1)7i]?

Imt

: m=27t
X 200} X
100}
X b4
1 L L 1 L L L i N N L 1 L L 1 RE!‘

—400 —200 x I x 200 400

—100f

—ZEICIY



Im¢

200

_400

200

4
%

—-100

—EIZ}EJ‘f

Im ¢

200

100

200

Exact

—L Ret
400

L Ret

_4IGD 1

%

—xﬂ 00}

- EDEI‘r

200

400

tpole = —i [m + (2n + 1)7i]?

Im ¢
; m=2r1t
X 200} X
100}
b4
L. . A e — L Ret
—400 —200 x | x 200 400
—100f

—ZEICIY



tpole = —i [m + (2n + 1)7i]?

Imt Imt
X i X m=1t m=2rm
200} X 200} X
100} 100}
X | X -
X ' X
1 L N N 1 L X A L 1 L L L 1 R'Et 1 L L L 1 L L L I ' ' L 1 L L L 1 RE!‘
-400 —200 200 400 -400 —200 x I x 200 400
-100} Exact ~100}
_g[}g‘r —ZE:IIGIY
Im ¢ Im f
f m=3rt m=4rnm
2001 200t
X [ X
100} X 100} N
ag0 T g T oo a0 -400  —200 200 00!
X X
—xﬂ OO} X —100}

T x‘fx
—-200 -200



*

_400

>

_4IGD 1

—xﬂ 00}

- EDEI‘r

200

400

L Ret

tpole = —i [m + (2n + 1)7i]?

Imt
: m=27t
X 200} X
100}
1 L L 1 L L N L 1 L L 1 RE!‘
—400 —200 x I x 200 400
—100f
—ml
Im ¢
; m=4rm
200}
” 100} y
_400 200 200 200 ¢!
X X
—-100}

X T X
_200

This is repeated infinitely many times...



Trans-series expression

Imt

In terms of Borel resum. along R*, S '

100}
X X

Z:/ dt e"7BZ(t) + 3 ReSis, oy, ¢ 9BZ()| o m |
40

polesedth quadrant

—100¢

—200"



Trans-series expression

In terms of Borel resum. along R*,

Z = / fft (_‘:_éBZ (f) + Z R.es-t:tpole {f_ész (f):| _4lgg
40

polesedth quadrant

Imt
m=2rt
X 200} X
100}
X X
1 1 1 REI
—-200 x | x 200 400
—100}
—200L

Decompose this into “perturbative part” & “non-pert. part”:

>0

Z=Zw+ Y Z3.

n=1

Perturbative part: Zpt:f dt e~ s BZ(t).
0

q=0a=0

T E r 1/2
g Z k 2(q+a) ((] + / ) ”)251 (_?-g)q
220g+a)[(2¢ + 1)I'(2a + 1)

Non-pert. part:

ZI(I'E) =6(m—(2n—1)m) 27

(_ 1)1‘1—1 e é [m—l—{ﬂn_ 1}?1'1!.]‘?




Trans-series expression (Cont'd)

/ = Z 4_22(”}:

Lt = / dt E_EBZ(t). Zn)
0

np

=0 (m —

(2n — 1)7) 2??(—1)”_1 {__ﬁé[m+{2n_1}m]?




Trans-series expression (Cont'd)

7 =17, +sz”},

Lot = / dt ¢ s BZ(t), Zg’} =H6(m—(2n—1)m) 2?.*(—1)”‘1 {:_Eé[er{Q;-;—l}m]?
0

For m=(2n-1)m, perturbative part is ambiguous:

Zpplgom=2n—-1)m4+04) — Zp(g.m=(2n— 1) 4+ 0_)
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Ambiguity in non-pert. part:

0 for { #n
Z{(m=2n—1)r+04) — Z(m=(2n— D)7 +0_) = t :
+Res {e_EBZ(t)} for f =n

Canceled! - Unambiguous answer
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Lefschetz thimble analysis

/= do ¢Sl S[o] = ——0* —log -
' g 2 cosh =™
o —oo
Critical point:
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Flow equation:
dz| _BSE] = 4254 L tann 22
J dslg 0z g 2 2
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We solve these numerically but let us first understand
weak coupling behavior analytically



Analytic argument for weak coupling
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Analytic argument for weak coupling

Critical point:
g— 0
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pole of integrand

S[0] ~ 0, S[m—+(20+1)mi] ~ —g[m—l—(QE—I—l)wi]g

Lefschetz thimble associated w/ zc=0:
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Numerical result for g=0.1 & m=2nt
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Numerical result for g

=0.1 & various m

m=4n
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Numerical result for g

=0.1 & various m

m=4n
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Stokes phenomena!




Numerical result for g=4mt & various m
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Thimble decomposition & Resurgent trans-series
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Thimble decomposition & Resurgent trans-series

Let us label the critical points by

lim 25 (g, m) =0, lim 2;(g, m) = m + (20 + 1)m.
g—0

g—0

Thimble decomposition:

e

Z(g.m) = f dze SE 4 Zg(m — 'r'"f'e.g(g))/ dze=SZ]
th =0 JE

lim me(g) = (20 + 1)m.
g—0

l Small-g expansion

Z(g.m) = Zpt(g,m) + ZQ (m— (20 +1)7) Res,—.» [5—3[2]} :
£=0

Resurgent trans-series
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Interpretation of Borel singularities

[M.H. ’17]
All the singularities can be explained by

Complexified SUSY Solutions

which are not on original contour of path integral
but formally satisfy SUSY conditions: Q(fields) =0

Proposal:

If there are n, bosonic & n; fermionic solutions
with action S=S_/g, then

1

(Borel trans.) D[] (i —S)r
T C

solutions




Summary & Outlook



Summary of Complex saddle point analysis

/O dx eéS(m) gl < 1

Steps of saddle point method:

1. Find all the saddle points

2. Deform the contour to steepest descents
without changing the final result:
C= > niJi (njeZ
Iesaddle

Notes: (a) Saddle points may not be on the original contour
(b) It may be impossible to pass all the saddles
— We get contributions from the ones which we can pass

3. Compute perturbative series around contributing saddles



Various applications of Lefschetz thimbles

" Resurgence

* Sign problem in Monte Carlo simulation

[Cristoforetti-Di Renzo, Fujii-Honda-Kato-Kikukawa-Komatsu-Sano, etc...]

 Real time path integral

[Tanizaki-Koike, Cherman-Unsal, Alexandru-Basar-Bedaque-Vartak-Warrington, etc...]

- Complex saddle point analysis in general relativity

[Feldrugge-Lehners-Turok, Brown-Cole-Shiu-Cottrell]

 Analytic continuation of Chern-Simons & Knot

[Witten]

* Thimble integral in d-dim. theory
= (d+1)-dim. SUSY theo ry [Witten, Fukushima-Tanizaki, Nekrasov]

" SUSY breaklng [ M.H., work in progress] ThankS!




