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1. Higgs at Planck scale



Desert

SM is good to high energy scales.

Experimentally LHC
SM is good at least below a few TeV.
No signal for new particles or physics.
Especially no indication of low energy SUSY.

Theoretically UV region of SM by RG
No contradiction below Planck/string scale.



Al All the couplings are small
_-\ and the perturbative picture
IS very good up to the Planck

- \ _scale.
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It Is natural to iImagine that SM is directly
connected to the string scale dynamics without
large modification.
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Triple coincidence

As we will see In the next 2 slides, RG analyses
Indicate

(1) The three quantities, A, /3, (45 ), Mg

become zero around the string scale.

(2) The Higgs potential becomes flat (or zero)

around the string scale.

[/'*‘/\7
| — > ¢

Froggatt and NielsenS’95.
Multiple Point Criticality Principle (MPP)
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Higgs potential V(p)= @
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Higgs inflation

Higgs potential may be flat around the string scale.
It suggests that the Higgs field can play the role of inflaton.
Here | will introduce two attempts.

(1) A toy model — Critical Higgs inflation

We assume
a) Nature does fine tunings so that the Higgs potential

becomes flat around the string scale.
b) We can trust the Higgs potential including the string

scale.
c) We introduce a non-minimal coupling éRh? of order £~10.

= A realistic model can be constructed.
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non-minimal coupling éRh?

In the Einstein frame the
effective potential becomes

h
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We can make a realistic model of inflation.

¢ can be small as ~10.



(2) General bounds

We trust the effective potential only below the string
scale, and try to make bounds on the physical parameters.

We assume

a) Higgs field is the inflaton, and the inflation occurs
beyond the string scale m, ~ 107 GeV .

b) We can trust field theory below the string scale.

We then have a lower bound on the vacuum energy at the
inflation.



1 Effective Higgs potential
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Field theory can be trusted.

Vh<m5

Higgs field value h

Because h should roll down to 0, we have an equality
Vint > Vi,

Because V;, ¢ 1s proportional to the tensor perturbation as
A, =0.068 Vs (in Planck unit),
using the value A; = 2.2 x 1077, we have

=25 Vi / (3.2 X 101%Gev) .



This gives a rather strong constraint.
— We can obtain bounds on possible modifications of SM.

(Ex.) SM + Higgs portal scalar dark matter

=178 GeV/
K
L~ —=S*H?

2
Mpy — K X 3.2 TeV

I m;=169 GeV

Excluded

600 800 1000 1200 1400 1600
DM Mass [GeV]

+ Vertical line from potential positivity.



SM around Planck scale

Desert

SM s valid to the string scale at least theoretically.
SM might be directly connected to string theory without
large modification.

Marginal stability

Higgs field is near the stability bound.

Zero bare mass
The bare Higgs mass is close to zero at the string scale.

It implies that Higgs Is a massless state of string theory.
Flat potential and Higgs inflation

Higgs self coupling and its beta function become zero at the
string scale.

Higgs potential can be flat around the string scale, which
suggests the Higgs inflation.



2. FIne tunings by nature itself



There are several attempts to extend the
conventional framework of the local field theory
in order to solve the fine tuning problem.

» asymptotic safety

* multiple point criticality principle

 classical conformality

* baby universe and multi-local action

They are related.



MPP of Froggatt and Nielsen

Imagine a system that is described by the path
integral of not the canonical ensemble

|[de]lexp(-S[e]).

but the micro canonical ensemble
[[dels(s[e]-C).
or an even more general ensemble (next slide)

[[de] f (S.[e].S.[e].-).

Still the system is equivalent to the ordinary field
theory in the large space-time volume limit.

But the parameters of the corresponding field theory
are automatically fixed such that the vacuum is at a
(multiple) criticality point.



Integrating coupling constants

In fact we can show that the low energy effective
theory of QG / string theory is given by the
multi-local action:

St = T(S.:,S,,-+)

_Zc S, +Zc”ss +2 Gk SiS;S; +
S, =[d° x\/g(x)O (X).

Here O, are local scalar operators such as

1,R, R, R™ ,F, F*, Py*D -



Appendix
Low energy effective theory
of quantum gravity



Coleman (‘89)

Consider Euclidean path integral which involves
the summation over topologies,

> _[[dg]exp(—S).

topology \E

We consider the Wilsonian low energy effective theory
after integrating out the short-distance configurations.

Among such configurations there should be a wormhole-
like configuration in which a thin tube connects two points
on the universe. Here, the two points may belong to either
the same universe or different universes.

If we see such configuration from the side of the large
universe(s), it looks like two small punctures.

But the effect of a small puncture 1s equivalent to an
insertion of a local operator.



Therefore, after integrating out the metric of a
wormbhole, 1t contributes to the path integral as

[Tdg] > c,[d*xd*yJa(x)a(y) O'(x) O'(y) exp(-S).

Summing over the number of wormholes, we have

o0

Z%(ZCUIW d*y\g(x)y/g(y) O'(x) O'(y) ]

N=0*"~

=exp(Zci,-Id“x d*y{9(x)g(y) O'(x) O’(y) j

Thus wormholes contribute to the path integral as

| [dg] exp(—S +2.¢,]d*xd*yJg(x){/g(y) O'(x) O'(y) ] -

bifurcated wormholes
= cubic terms, quartic terms, ...




The effective action becomes a multi-local form

Sett =2 . CSi+ > CiSS +>¢iSS;S +--,
I 1]

i jk

S, = | d®x/g(x)0; ().

End Appendix



Because S ¢ 1s a function of S;’s , we can express
exp(iS.¢r) by a Fourier transform as

exp(iSy (S,,5,.+)) = Id/l W(ﬂi,/lz,---)exp(iZﬂ,, Sij,

where A;’s are Fourier conjugate variables to S;’s,
and w 1s a function of 4;’s .

Then the path integral for S.¢ becomes
Z :j[d¢]exp(iSeﬁ)=Idﬂw(ﬂ)j[dﬂexp(iZﬂ,‘ sij.

Because O; are local operators, );; 4; S; Is an ordinary
local action where A; are regarded as the coupling
constants.

Therefore the system is the ordinary field theory,
but we have to integrate over the coupling constants
with some weight w(4).



Nature does fine tunings

Z :I[d¢]exp(iSeﬁ):Idﬁw(ﬂ)“dﬂexp(izi:ﬂ,, sij

= [daw(2)Z(A). = Z(A)
Ordinary field theory

This theory Is dangerous because the locality or
causality might be broken.

However, if a small region A~2A(® dominates the 4
Integral, it means that the coupling constants are fixed
to A(®) | and the theory is equivalent to a local field
theory.



We can give some explanation to MPP.

Essence: - space—time volume
We can approximate Z(A) = exp(—iVE,..(1)),
because our universe has been cooled down for long time.

1) extremum

If E,,.(4) is smooth and has an extremum at A, , the
stationary point dominates and we have

: V2m 1
exp(—iVE, q.(1))~ \/iVlE’:T(/lc)| 6(A—A,) + 0(;).

Thus Ais fixed to A Inthe limitV — oo .
E A

vacC




2) Kink (need not be an extremum)

If E,,.(A) has a kink (first order phase transition),
Z(2) = exp(—iVE,q.(2))

: 1 1 SA—A)+0
"'V(Evac'uc 0) Evac'uc—m) (4=4) +0G2)

Thus A is fixed to A in the limitV — c. = original MPP

ff dx exp(iVx) @(x)
E ot monotonic = %exp(lVX) <p(X)] + 0( :
/ V .
¢ J, dx exp(iVf (x)) <p(x)
1
L N A T |y e @) w7 w(x)] + 0(

(. fis monotonic)



Generalization

If we consider the time evolution of universe,
the definition of Z(4) is not a priori clear.

For example, we need to specify the initial and
final sates.

However, even if we do not know the precise form
of Z(A4), we expect that Z(A1)is determined by the
late stage of the universe, because most of the
space-time volume comes from the late stage.

From this we can make some predictions on A’s
under some circumstances.
Here we consider two cases.



(1) Symmetry example 6,cp

1. It becomes 1mportant only after the QCD phase

transition.
2. The masses and life-times of hadrons are

invariant under
Oocp 2 —Oocp -

= We expect that Z 1s even 1n 0y ¢p.

= HQCD 1stuned to 0 if Z behaves like
/

A

N

> ‘9QCD




(2) Edge or drastic change

Conditions: /

1. Physics changes drastically at some

value of the couplings. //\

2. Z 1S monotonic elsewhere.

= The couplings are tuned to the value,
as we have seen for kink.

Examples: .
: finite
Cosmological constant,

Higgs inflation,
Classical conformality, /1

e




In this way we may introduce

the generalized MPP,

“ Coupling constants, which are relevant in low
energy region, are tuned to values that
significantly change the history of the universe
when they are changed.”



Many open questions 4 /\7
- >

* Degenerate vacuum or flat potential? e

* Origin of the weak scale?

* Small cosmological constant?

 How many parameters are tuned?
Too much big fix?

= We need the precise form of Z(4).

= We should 1investigate the wave function
of multiverse.



3. Emergence of weak scale
from
Planck scale

Based on a collaboration with J. Haruna,
arxXiv:1905.05656.



Weak scale as a non-perturbative effect

Basic assumptions:
(1) SM is directly connected to the string theory

without large modification. _sm+ M

string
(2) The fundamental scale Is only the Planck/string
scale, which appears as the cut-off of the low
enerqgy effective field theory.

(3) Relevant operators (couplings with positive
mass dimensions) are tuned by nature itself
through the generalized MPP.

Question:
How does the weak scale appear?



Everybody’s guess:

Weak scale should appear as a non-perturbative
effect.

Then 1t I1s related to the Planck scale as
my = MP e—const./gsl
And the large hierarchy is naturally understood.

Problem:
Find a phenomenologically acceptable mechanism.



Various possibilities:

1. QCD like dimensional transmutation.

2
AQCD — A e—const./gg

Not compatible with weakly coupled Higgs.

2. Coleman-Weinberg mechanism.

a) Original idea Is to explain SSB of SM from
the massless Higgs.
Not acceptable. my < vy

b) Additional gauge + complex scalar
Make a mass scale independently to the SM
sector. Then transfer it to SM through VEV.
Possible to make an acceptable model.




3. Even simpler (simplest) model.

Two real scalars.

1 2 1 2
L¢S:E(a¢) +E(OS) —V
P Ko P
V—4!¢ +4¢S -I-4!S

For a while we assume the Z, X Z, Invariance.
LZ: ¢ - =9
ZZ: S - -5

More important assumption is the classical
conformality.



What is classical conformality?

Classical conformality
= “renormalized masses are 0”

This sounds nonsense for normal fields theorists:
There 1s no guantum mechanical symmetry that
guarantees masslessness of scalars except SUSY.

On the other hand, once we accept the existence of
self-tuning mechanism, classical conformality Is
one of the natural choices.

More concretely, we can take the MPP:
“Coupling constants are fixed to critical points.”

There are some variations in the meaning of
“critical points”.



(1) Critical points for cosmological evolution
Critical values that the time evolution of universe
changes drastically when they are changed.

Suppose that the universe starts from (¢) = 0.

m? >0 = (@) = 0 is metastable.

= Universe remains In that state for a while.
m* <0 = (¢) = 0is unstable.

= Universe transitions guickly to another state.

So the time evolution of the universe changes
drastically at the point m#=0 .

Thus “the classical conformality” is obtained.



(2) Critical points for the vacuum energy
Critical values that the phase of the vacuum
changes when they are changed.

As we will see, there are various types of critical
point.

In any case, renormalized masses are fixed to
some values, and we have similar predictions.

For a while, we concentrate on the case of
classical conformality.



3-1 SSB of the 2 scalar model



Two real scalar model

1
Los = (0)% + (8S)?

V_—¢4+ ¢252 +Z'

S4-
Classmal conformality:

a(,,z Veff\qb =s=0 = 0, Evefflqp:S:O = 0.

Basic feature

For a large region of the parameter space, one of
the fields has non-zero vacuum expectation value.




!

RG analysis __¢4+ ¢252 P

4.|
Beta functions: 3 )
ﬁp 161‘[2 (P T K )
3
_ 12 2
ﬁp’_lﬁTL'Z(p +K)
1

B. = > (pr + p'K + 4K?)

Assumption: cut off at Planck scale,

Po, p:)' Ko > 0.

sm+ Ms~Mp

small modifications string

When we decrease the renormalization point,
one of the couplings becomes zero.



P .4, K >0 4
= St + Es
V=g T395 1

We assume p becomes zero firstat u = . .

This is possible if kg > po > po -

Then It Is expected

() # 0 = S becomes massive through 24)252
=(5)=0



One-loop effective potential

Effective potential for (S) =0 : L gt 4 K geg +Z: gt
Veie(p, S = 0) ¢ loop S Ioop
/ /
p(u) p(p)* p(p?\ K(w)? () §*

¢4 25 6172 ¢* 108( 112 ) - 25672 a log( p )
If we take u = u, , this becomes

. , [ Vet
- k() * 1o k(p.)o
- 25612 5 pz v

—p= - S @
= (&) = v = const. W

V()

A mass scale v emerges.



Relation between v and Mp

For simplicity we consider the case

< pg K Ko K 1. 3
Po Po 0 =T (p? + K?)
1
Thenfor u, < u < Mp Bi = Tg—z (Prc+ p'Kc + 4%
SK%

K(M)NKO; ﬁp~ 1672

3
= p(1)~po + o5 log ()
Thus we have
1611'2 p())

p(ﬂ*) =0 = ”*~MP exp( 3 K(Z)
1 162 pg
=>v~Mp\/?Oexp( 3 K%)
1

Non—perturbative




Masses of the particles

d* k(u,)?
massof @ : M2 =—V — 2
¢ ¢ d¢2 eff ¢p=v 3212 v

2 2

K(u.) Py K0 Py
mass of §: Mg = ; v2 V=gt 97T+ S

If Kk < 1, the general pattern is
V> Mg > My .
For example,
k(p,) =01>v:M,: My =1:0.2: 0.006.



3-2 Coupling to SM



Incorporating two real scalar model into SM

Total action:
L = LSM + L(ps — VH¢S
n n’
VHgs = _Eqbz“_”z +552\H\2

We assume that L¢,; does not contain the Higgs
mass term because of the classical conformality.

In general, we should consider the mixing
between Higgs and ¢:

1%

tan(9)~7” . vy~250GeV, v = ().

If v > vy, the mixing Is small.



In that case, the Higgs potential is given by
AH|* = () [H|?,

!

n n

which means Viips = — 5 ®*[HI? +=-5?|H|”
mf; = nv?,
and the rest Is the same as SM:
_ 2my
(H) = 224

Weak scale Is generated non-perturbatively
from the Planck scale, as

Mp - (¢p) - (H).



S as dark matter

Property of §
novev: (S) =0

heavy but not too heavy: M2 = "(;‘*) V2

couples to Higgs: %’SZ\H\Z

It Is natural to regard § as the Higgs portal scalar
dark matter.



Parameters of the model

Two scalar model has 3 parameters p, p’, k In
addition to Mp. p'

p K
- V=_¢"+7¢°5" + -5
p is replaced by (¢) = v. 47 4 4!
K gives the ratios of M, Mg, v .

p' is the self coupling of §S.

n n'
Vigs = —E¢2|H|2 +552|H|2

Coupling to the Higgs has 2 parameters.

n is determined by m#% = n v?.

n’ gives coupling between Higgs and § .

= Only K 1s new compared with the Higgs
portal scalar dark matter scenario.



Examples
(MDk=0.1,M; =1TeV
= Mg = 25GeV, v =4.5TeV,0 = 0.057

(2) k=0.1,Mq = 6TeV
= Mg = 151GeV,v = 27TeV,0 = 0.020

If we assume the Higgs inflation, (1) seems typical.

It predicts a light scalar ~ 25GeV, which may be
tested In near future experiments.



3-3 Other criticalities than
classical conformality



Two real scalar model revisited

1 1
Lps == (0p)* + > (0S)* -V

)
2
_ Mo 42 , P44 | K 1262 P4
V—qu +4!q5 +4¢S +4!S
As we have discussed,

classical conformality Is the assumption that the
bare mass should be tuned so that the

renormalized mass becomes zero:
m? = 0.

This is a critical point in that the time evolution of
universe drastically changes at m? = 0.

But there Is another kind of critical point, that is,
the 1-st order phase transition point.



Veff(¢is — O) —

Classical conformality 1-st order phase transition

2 2 2 2 ) 2
e(p.) * log (k(u*z)cb ) % o7 + (L. )2 * 1o ( rc(p Z)d) )

25612 u? 2561 2
[ Veff 1 Veff
(%
: U ¢ Vc ¢
V()
ve =v/e



1-st order phase transition point is as plausible
as classically conformality.

We can not tell which one iIs favored by nature
unless we know the precise mechanism of MPP.

At any rate,

the generated mass scales v, M 4, Mg change only
by numerical factors.

Again we can say that the weak scale emerges from
the Planck scale.



Further generalization

So far we have assumed Z, X Z, symmetry.
Here we assume Z, only for § .

Then the action has 5 parameters with positive
mass dimensions (relevant parameters):

Lgc = 1 (0¢)> +1 (0S)* -V
) 2

m? h

V=g¢+—¢?+¢> + pS* + =57
1 P 4 K 50 P 4
+4!¢ +4¢S+4!S

|
We can set g = 0 by shifting ¢.
= 4 relevant parameters.



Here we assume that all the relevant parameters
are fixed by the generalized MPP.

The problem is to find tetra critical points in the
space of 4 parameters m?, h, s, m'* .

_m?* 9 h 3 o . m? o
V—T(P +;(l) +E¢S +TS +...

Instead of seeking the general solutions, here we
construct a special solution.

First we take the conditions m? =m'> = 0.
In fact these are criticality conditions because

2 )2
the behavior of Ve~ =-¢? + =57
around ¢ = § = 0 changes drastically depending

on the signs of m? and m'? .




2

_m?* 9 h 3 o . m?H
V_T¢ +;¢ +E¢S +TS +...

Then we take the condition o = 0 .

Agalin this Is a criticality condition because
the behavior of V ¢~ % P> + %cpsz changes
drastically depending on the signs of o .

Then the only remaining parameter is h.

We determine it by the criticality condition of
the effective potential as in the case of 1-st
order phase transition:

h )4 YL
o520 =5+ ot on ()




N )
al

q$

k(p,)?
256714

k(u*)¢2>
2

410
) g( 02

h 3
Veff(¢:s =0) = gqb |



Vett /

h —O71KU

L= =32

Vett J
K%v

321

2)

Vetr

b1

Vesr

¢,

¢, = 0.37v




These do not have Z, symmetry for ¢.
= No cosmological domain wall problem.

Mass scales v, M 5, Mg are similar to the
Previous ones.

Again the weak scale emerges from the Planck
scale non-perturbatively.



Summary

In wide classes of quantum gravity or string theory,
the low energy effective action has the multi local form:

Sert = 2 GS; + D €SS, + > € S;S;S +---.
I 1 ]

i jk

The fine tuning problem might be solved by the
dynamics of such action.

We need a good definition of the path integral for such
action, but as an ad hoc assumption we can consider
the generalized MPP and make non-trivial predictions.



Appendix A

Low energy effective theory of
quantum gravity/string theory



Coleman (‘89)

Consider Euclidean path integral which involves
the summation over topologies,

> _[[dg]exp(—S). -

topology -

We consider the low energy effective theory after
integrating out the short-distance configurations.

Among such configurations there should be a wormhole-
like configuration in which a thin tube connects two points
on the universe. Here, the two points may belong to either
the same universe or different universes.

If we see such configuration from the side of the large
universe(s), it looks like two small punctures.

But the effect of a small puncture 1s equivalent to an
insertion of a local operator.



Therefore, a wormhole contributes to the path
integral as

[Tdg] > c,[d*xd*yJa(x)a(y) O'(x) O'(y) exp(-S).

Summing over the number of wormholes, we have

o0

Z%(Zc”jd x d*y\/g(x)y/g(y) O'(x) O’ (Y)]

N

=exp(Zci,-Id“x d*y{9(x)g(y) O'(x) O’(y) j

Thus wormholes contribute to the path integral as

| [dg] exp(—S +2.¢,]d*xd*yJg(x){/g(y) O'(x) O'(y) ] -

bifurcated wormholes
= cubic terms, quartic terms, ...




The effective action becomes a multi-local form

Zc S, +ZCIJSS + D CijkSiS;S +
S, =|d ng(x)oi(x).

By introducing the Laplace transform

exp(_seff (81182’”.)):de W(ﬂl,ﬂz, exp( lelj,
we can express the path integral as

Z = [[dg]exp(—S.q ) = jd/lw(/l)j[w]exp(—zi:z,, sij.

Coupling constants are not merely constant, but
they should be integrated.



including multiverse

Z = [daw(2) [[dg]lexp(—S(2))
— [AAW(A)D —Z i




Coleman’s “solution” to the cosmological constant problem

Z = [dAaw(A) [[dg]exp(—[JaR-A[g)
S 1 /

e S

~ _fdAw(A)_fdr exp(—(—r2 + A r4))
‘exp(1/A), A>0

~ _fdiw(A)< _
no solution, A <0

A ~0 dominates irrespectively of w(A).



Difficulty
Problem of the Wick rotation

WDW eq. H o | ¥) =0

Htotal =H universe + H + H T

matter graviton

1, ]
H o = _(E P>+ j «—Wrong sign
ﬂ a - radius of the universe
“Ground state” does not exist. P H niverse
Wick rotation is not well defined. ) 1
H_.. is bounded from below. oo

matter?* * °

H .. 18 bounded from above.



We expect that the physics with gravity should
be expressed in Lorentzian signature, but the

low energy effective theory is still given by the
multi local action.

In fact we obtain the same effective Lagrangian in
the I1IB matrix model with Lorentzian signature.



Covariant derivatives as matrices

The basic question :
In the large-N reduced model, a background
of simultaneously diagonalizable matrices

Ag’) = P, corresponds to the flat space,
IT the eigenvalues are uniformly distributed.

In other words, the background Aflo) = id,

represents the flat space.
How about curved space?
Is 1t possible to consider some background
like
0 _ .
A," =1V, 7



Actually, there Is a way to express the covariant
derivatives on any D-dim manifold by D matrices.

More precisely, we consider
M any D-dimensional manifold,
@, aregular representation field on M.

Here the Index a stands for the components of
the regular representation of the Lorentz group
SOD—-1,1).

The crucial point is that for any representation r,
Its tensor product with the regular representation
IS decomposed Into the direct sum of the regular
representations:

V,®V, 2V, @&V,

req —



In particular the Clebsh-Gordan coefficients for
the decomposition of the tensor product of the
vector and the regular representaions

Vvector ®Vreg = Vreg D OVreg

are writtenas C

(a)ab’ﬂ 1 (a — 1,--, D)

Here b and 3 are the dual of the vector and the
regular representation indices on the LHS.

(a) Indicates the a-th space of the regular
reprezentation on the RHS, and «a Is Its index.



Then foreach a (a = 1..D)

_ b,
W, = C(a)a Vi@,
IS a regular representation field on M.

In other words, If we define V) by
_ b, 3
(V(a)¢)a =Caye’ VoPys

each V4 Is an endomorphism on the space of the
regular representation field on M.

Thus we have seen that the covariant
derivatives on any D dimensional manifold
can be expressed by D matrices.



Therefore any D-dimensional manifold M
with D < 10 can be realized in the space
of the 1B matrix model as

Vg, a=L-D

O =
A= 0, a=D+1...10

where V) Is the covariant derivative on M
multiplied by the C-G coefficients.

CYs

space of
10 matrices

*__,.-r"“

T10

€10



Low energy effective action of 11B matrix model

We have seen that any D-dim manifold is
contained In the space of D matrices.
Therefore 1B matrix model should contain the
effects of the topology change of space-time.

As was pointed out by Coleman some years
ago, such effects give significant corrections
to the low energy effective action.

It IS Interesting to consider the low energy
effective action of the 1B matrix model.



Actually we can show that if we integrate out the heavy
states In the 11B matrix model, the remaining low
energy effective action iIs not a local action but has a
special form, which we call the multi-local action:

Zc S, +Zc”ss + > € SiS;Sy +-

1 jK
S, =d" ng(x)Oi ().
Here O; are local scalar operators such as

1,R, R, R* F,, F*, py"D 3, -

S; are parts of the conventional local actions.
The point Is that S.¢ IS a function of S;’s.




This Is essentially the consequence of the well-
known fact that the effective action of a matrix
model contains multi trace operators.

More precisely, we first decompose the matrices 4,
into the background A°, and the fluctuation ¢ :

Aa = AOa +¢a'

Here we assume that the background A4°, contains
only the low energy modes, and ¢ contains the rest.
We also assume that this decomposition can be
done in a SU(N) Invariant manner.

Then we integrate over ¢ to obtain the low energy
effective action.



Substituting the decomposition into the action of
the 11B matrix model, and dropping the linear
terms in ¢, we obtain

1 o) 0 2
s=ZTr([ALA]

+ 2

+ 4

A _

A

(AL A (]2 A A4 ]
(6. 4.]+[4..4,1 +fermion).

In principle, the 0-th order term s, =%Tr([&°a),ﬁob)]2)

can be evaluated with some UV regularization,
which should give a local action.



The one-loop contribution is obtained by the Gaussian
Integral of the quadratic part.

Then the result is given by a double trace operator as
usual:

W = zK“bc PaT Tr(AJARAL -+ ) Tr(ADA%AL - )

The crucial assumption here is that both of the
diffeomorphism and the local Lorentz invariance are
realized as a part of the SU(N) symmetry.

Then each trace should give a local action that is

Invariant under the diffeomorphisms and the local
Lorentz transformations:

1-loop __ Z C,;SiS;, S = [d®xJg(x)0;(x).




Similar analyses can be applied for higher loops.

In the two loop order, from the planar
diagrams we have a cubic form of local

actions e
S oop Planar __ z C.JkS S. S “

I, jk
while non-planar diagrams give a local
action N

2-loop NP 4
S, => ¢S,
i



We have seen that

the low energy effective theory of the 1B matrix
model is given by the multi-local action:

Sett = > . CSi+ D> .CiSS +>CiSS;S+--,
i 1 ]

i jk

S, = | d”x/g(x)0; ().

This reminds us of the theory of baby universes
by Coleman.



Appendix B
Multiverse and naturalness



3—1. Partition function of
the multiverse



It 1s natural to apply this action to the multiverse.

Z = I[d¢]exp(i Ser ) = _fdxlw(/l)j[d¢]exp(i Zi:/ll S, j
[[de exp( Zz, sj ii'z;‘

Zl — I[d ¢]single universe eXp (I Zﬂfl Si

|
\TATERAY/

N

— J'd/lw(/l)exp(zl (4))-




Path integral for a universe

o . . SS topology
If the initial and final states are given, the path
integral is evaluated as usual: (mini superspace) )
Z,(2)=[dg]exp(is)
_ U dadpdN]exp(I (pa—NH,) )\ ) T
=( f I_ dT exp( ) " i)
=(f 5(H})\i> H =—Eip2i—a3U(a)
. 2Ja a
:<f ¢E=0><¢E=o"> 1 C C
U(a)__z_ . mgtt . rid
<¢E‘¢E'>:5(E_E’) 4 4 . 4

a : radius of the universe
Question:
Is there a natural choice for them?



Initial state

For the 1nitial state, we assume that the universe
emerges with a small size e.

i) = u|a=¢)®|matter---),
u . probability amplitude of a universe emerging.



Evolution of the universe S3 topology

U(a) U(a) U(a)
a *
A<A A=A

N\ ~curvature
~energy density

WKB solution , - S =jd4X@(R—A+matter)
Dol L)~ sin| | dap(a’, 4 +a) a
E O( ) \/a_l p(a,/l) ( 0 ( ])
with p(a,2)=4-2a'U(a)
1 C C

rad

U(a)zg—l\— ggﬂ — x



For the final state, we have two possibilities.

Final state: case 1 A<A,

The universe is closed.
Finite We assume the final state 1s

f)=u

a=¢)®|matter---).

The path integral

Zl(/l):<f ‘5[|:|/1)‘|>

~ const|d,_, (g)‘2 .




Final state: case 2 A>A

Cr

The universe 1s open.
oo It is not clear how to define the
" path integral for the universe:

Z,(2)=|[dg]exp(is) .

As an ad hoc assumption we consider a

)= lim c\/a, |a,) ®|matter---). \ ;




(cont’ d)

Then the partition function becomes

ﬂc\ﬁ¢|§o AR ¢Eo )
1 3 N
Nﬂcﬁ\/ami‘//\sm(am ﬁ+a)¢E:O(g)

*

L ,
Nﬂcﬁsm( a A +a )¢ (&)

1 1 : / /
b (a) ~ \/a‘l ) sm( jo dap(a)+a)
1 C.. C
p(a,1)=y-2aU(@) Y@)=7 —A amat aer

The result does not depend on a; except for the phase
which come from the classical action.



Thus we have
the path integral for a universe 7, (1)

for A<A,  constof order 1, finite

1 . 3 ' "
fOrA>Acr ConStﬁﬂn(alR y A+a) \v .

Then the A integration for the multiverse

Z = jdxlw(ﬁ)exp(zl(/l)).

has a large peak at A(1)~ A, which means that

cr?

the cosmological constant at the late stages of the
universe almost vanishes.



3—2. Maximum Entropy Principle



Maximum entropy principle

For simplicity we assume the S°topology of the space and
that all matters decay to radiation at the late stages.

U(a)
_ 1 Crad
EAM/ fffffffff U(a) _g_/\_ 2
Acr Nl/Crad
A=A

Then the multiverse partition function is given by
7 = jd/lw )exp(Z,(2))

1
~ exp(const Wj ~ exp(const\/Cn,mI )

Maximum entropy principle (MEP)

The low energy couplings are determined in such a way that
the entropy at the late stages of the universe is maximized.



There are many ways to obtain MPP:

Suppose that we pic up a universe randomly from the
multiverse. Then the most probable universe is
expected to be the one that has the maximum entropy.



Flathess of the Higgs potential

We may understand the flatness of the Higgs
potential as a consequence of MEP.

If we accept the inflation scenario in which universe
pops out from nothing and then inflates, most of the
entropy of the universe Is generated at the stage of
reheating just after the inflation stops. Therefore the
potential of the inflaton should be tuned In such a way
that inflation occurs.

Furthermore, If the Higgs field plays the role of inflaton,
the above analysis asserts that the SM parameters are
tuned such that the Higgs potential becomes flat at high
energy scale.



3—3. Probabilistic interpretation
of
multiverse wave function



Probabilistic interpretation (1)

postulate v(z)=ud._,(2)

‘w(z)‘z dz oc probability of finding a universe of size z

meaning of this measure

Jorlgs (@) - [l dal2)= oo an(e)

zp(2)
Z

< > . - _ _EZ _a_H:_
_jdzz _de H_z( 2p+ )—)2 P Zp

>

T : age of the universe
T the time that has passed
after the universe is created

= |y (2) dz~uf dT

| y\z = probability of a universe emerging in unit time



Probabilistic interpretation (2)

‘w > 1s a superposition of the universe with various age,

‘w(z)‘z dz ~| ,u‘z dT gives the probability of finding a
universe of age T ~T +dT .



Lifetime of the universe
dimensionless

H‘”(Z)‘Z dz ~ | de = 4" x(life time of the universe)

finite \v oo

We introduce an infrared cutoff

for the size of universes.
LR

ceases
, or bounces
to exist
back



Wave Function of the multiverse (1)

Multiverse appears naturally in quantum gravity / string theory.

[ A

0.5 | \
\“ ‘

b, Each block
C(61)05 Vi represents \ .

‘\ a universe. O
/

< S
\ Y,

matrix model quantum gravity



Wave Function of the multiverse (2)

The multiverse sate 1s a superposition of N-verses.

W) jd/lw Z\\P AY®|A) <z =[daw()[[dg] exp( Zﬂsj

N=0

Y (2,24, 4) =y (2,4)w(zy. 4)

v, i) ® |y, A) ®

‘Pmu,ﬂ>:jd/lw(/l)2 \"\ /' :

N

O



Wave Function of the multiverse (3)

Probabilistic interpretation

= [dAw() Z\‘PN,}L)@M}

¥ (Zl,---,zN,/I) =w(zl,2,) (2, 1)

multl

2 2
Wy (2, 2y,4) dz,---dzy|w(2)] dA represents
the probability of finding N universes with size
Z, ~7,+dz, -+, 7, ~ 7, +0z,
and finding the coupling constants in

A~A+dA.



Probability distribution of A

dz --.d
j : N . ¥y (2020 4) W(2)]

P(/I):Ni)

= eXp(J‘dz‘(/j(z,i)r) ‘W(/I)‘z GTNEZI’---,‘ZN,/I;W(Zl,/l)---t//(zN,/l)
2 2 —\W)=H ¢E:O

- exp Jur (2) ) w(2)

r(1)= j dz|¢; (z,ﬂb)‘2 ~ (life time of the universe)

(1) can be very large.

|

/. is chosen in such a way that 7(/1) is maximized,

irrespectively of w(1).



If we accept the probabilistic interpretation of the
multiverse wave function, the coupling constants
are chosen 1n such a way that the lifetime of the
universe becomes maximum.



Cosmological constant

What value of /A maximizes jdz‘ﬂ¢5=o (ZJ«)‘Z ?

WKB sol #(2.4)~

with p(z,1) \/—ZU(Z) S3 topology

1
\/z p(z,1) |

U(Z) R Cmatt - Cra,d

52/3 » ,4/3

assuming all matters decay to radiation

Ua(2) Ua(2) Ua(2) Ua(2)

/ / / / ++++++++++ F

A <0 A=0 0<A<A, (A:Acr> A, <A
The cosmological constant in /\ ~curvature ~energy density
the far future is predicted to be Aer ~ 1/Crpq (extremely small)

very small.



The other couplings (Big Fix)

P(A)= exp( ‘yr(ﬁ)‘z) ‘W(/I)‘Z —1(1)= jdz b (Z, /1)‘2

The exponent 1s divergent and regulated by the IR cutoff :

jdz‘¢E=O (Z’//L)‘Z - IOZIR Z\/: \/ rad |Og ZIR (_Acr Nl/Crad

assuming all matters decay to radiation

MEP

Aare determined in such a way that C.. (ﬁ)
IS maximized.

Again we have MEP.




