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Physics in 2020s =

Major premise:

“He (=Nambu) is always 10 years ahead of us” (Zumino)

Minor premise:
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“Recently, hydrodynamics is interesting” (Nambu, 2013)
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Hydro Renaissance in

Two big developments thanks to hep-th (+a) friends!
Field-theoretically speaking, they are

1. Generating functional (imaginary-time formalism)

“Hydrostatic” generating fcn. Local eq. averaged current

- 2 ologZ
Z[Q,uz/,A'u] * (TH (x)) = \/—795%:%(33)’”.

2. Effective Lagrangian (real-time formalism)

Z[g,uua A,u] — / 7)7-‘-hydro CXP (igeff [Whydro])

(corresponds to a construction of chiral Lagrangian in QCD)




of hydrodynamics

2. Effective Lagrangian (real-time formalism)

Z[g,ul/a A,u] — / Dﬂ-hydro CXPp (iSeff [WhydroD

(corresponds to a construction of chiral Lagrangian in QCD)

Average trajectory of  Full trajectory X /R
Hydrodynamics is low-energy EFT of  fluid particle X*

NG field (displacement)
ﬂ__;z,R = )(/I..R — Xk

0

a spacetime filling brane X*(¢", o),

enjoying emergent gauge symmetry:

oV — oV f(o?, o)

ot — o' + g'(o?)

[See Crossley et al. arXiv: 1511.03646 [hep-th], MH et al. ongoing work]
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Motivati

What is hydrodynamics?




Hydrodynamics is

» Effective theory for macroscopic dynamics
» Universal description, not depending on details

+ Only conserved quantity ~ symmetry of system

Quark-Gluon Plasma Hydro: {5(x), v(z)} Neutron Star
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Hydrodynamic equation?




of hydro

— Conservation laws

V(I (2)) =0, V,(J*(z)) =0

Consider (3+1)d relativistic theory with U(1) symmetry:

#of EoM : 4 + I = 5 does form
""""""""""""""""""""""""""""""""""""""""""""" a closed set of
#ofd.of.: IO + 4 = 14 .
(TH) (JH) equations!!
To solve conservation laws, is needed;

Spatial components needs to be expressed by temporal ones
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of hydro

— Conservation laws

V(I (2)) =0, V,(J*(z)) =0

Consider (3+1)d relativistic theory with U(1) symmetry:

#of FoM: 4 + I = 5 We can solve
-------------------------------------------------------------------------------------- conservation law
#ofd.of.: 10 + 4 = I4 +

(7") (J")
To solve conservation laws, is needed;

Spatial components needs to be expressed by temporal ones



Today’s main Question
Q Why 7" = (e + p)u"u” + pg"" + -+ 7

Answer I- fluf-id“'_l'wechanics

Answer2. My talk




Motivation 2

Hydro and anomaly




Hydrodynamics is

+ Effective theory for macroscopic dynamics

» Universal description, not depending on details

Quark-Gluon Plasma Hydro: {5(x), v(z)} Neutron Star
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Symmetry breaking & Hydro

¢ Spontaneous symmetry breaking

Micro - Selecting vacuum Macro : Superfluid

¢ Symmetry breaking by quantum anomaly

Micro : m° decay Macro : Anomalous transport

Y

[Adller (1969), Bell-Jackiw (1969)] [Erdmenger et al. (2008), Son-Surowka (2009)]




Anomaly-induced chiral transport

o o [Fukushima et al.(2008), Vilenkin (1980)]
¢ Chiral Magnetic Effect (CME) ’
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[Erdmenger et al. (2008), Son-Surowka (2009)]

¢ Chiral Vortical Effect (CVE)




of chiral transport

- Fluid/gravity (AdS/CFT) correspondence  [Erdmenger et al. 2008]
- Phenomenological entropy-current analysis [Son-Surowka 2009]

- Linear response theory at one-loop order [Landsteiner et al, 2011]

. . . . [J-H Gao et al, 2012
- Chiral kinetic theory with Berry phase  son-Yamamoto, 2012,

Stephanov-Yin, 2012, -]

- Anomaly matching for thermodynamic functional
[Jensen et al, 2012, Banerjee et al, 2012, (See Hongo-Hidaka, 2019 for a review)]

- Anomalous commutation relation in current algebra

[Hongo-Sogabe-Yamamoto, ongoing]



of chiral transport




’t Hooft

— ¢ Detf. of 't Hooft anomaly

Z[A + d6] = AV

A : Bkg. gauge field for global G-symmetry

(iA[A; 0] removed by gauge-inv. local counter term)

— ¢ 't Hooft anomaly matching
iA|A;0]is =P If present in UV, it restrict

Trivial is excluded!

- Classical Ex. : vacuum of massless QCD (would) break chiral symmetry
- Modern Ex. : Higher-form/discrete symmetry (topological phases/0=m QCD)

How we can apply this to transport??



Formulation

QFT at local equilibrium

Based on MH Ann. Phys. (2017), MH-Hidaka Particles (2019)



Local thermal equilibrium

Determined only by local temperature, local velocity... at that time

(B(x), v(x) is assumed to be smooth functions w.r.t. x)



How to describe thermal equil.

Global thermal equilibrium:

Gibbs distribution:

" = const.

A

PG = 6_51&_\1;[5]7 U[3] = log Tre PH

Localize

Local thermal equilibrium:

Local Gibbs (LG) distribution:

bre = e~ KvIB (@)v(@)

A

K = —/d?’x (BM(w)TOM(w) +v(x)J (x)

)




of LG distribution

Gibbs distribution

What is the state with maximizing

information entropy: S(p) = —Trplogp

~under constraints: . --c---coaaooooo.. .
E (H) = E = const., (N) = N = const E
Answer .

pAG — 6_5 _VN_\IJ[Bay]

Lagrange multipliers: AY = {8, v = fu}

—Local Gibbs distribution —

What is the state with maximizing

information entropy: S(p) = —Trplogp

(19,(2)) = pu(z), (J°(x)) = n(z)

Answer:

dLg = e J AT RN T Fr )Wt ]

Lagrange multipliers: \*(z) = {8"(z),v(x)}




Introducing

Flat spacetime

t = const.

K = —/dgx (ﬁﬂ(w)fou(a:) + V(a:)jo(a:))

Curved spacetime

K= [ dss, (@)1 + via) ) ()

- {

(D Formulation becomes manifestly covariant

(2) Background metric plays a role as external field coupled to T




l.ocal thermodynamic potential

[ Banerjee et al.(2012), Jensen et al.(2012) , Haehl et al. (2015), MH(2017)]

LG distributionw/ A\ = { Br, V}
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— & Massieu-Planck fcn. (= log 7Z) as generating functional

Ult; A]| = log Trexp / dXz, (BM(Q:)T”M(;E) + V(x)j”(x))

Faw () LG _ 2 OU(t; ] (WG _ 1 6U[t; A
<T ( )>t ﬁ/ﬁégw/(xy <J ( )>t 5/W5Au($)




Variation formula for local equil.

[Banerjee et al.(2012), Jensen et al.(2012) , Haehl et al. (2015), MH(2017), ...]

— Variational formula in “hydrostatic gauge”
2 6

V909 (x)

1 _
0 Uit; A\

(1M ()€ W[E AL, (JH ()€

LT Vg 0AL(x)




(Local) Thermodynamic Potential

= log ITr exp

LG distribution w/ A = {6, v}

Ult; A] = log Trexp




Hydrostatic gauge fixing

Picture before gauge fixing Picture in hydrostatic gauge

Future time
direction

We can choose the time direction vector t"(z) = Ozx"

— Hydrostatic gauge fixing

Let us choose t/(x) = 8" (z)/Bo, Ag(z) = v(z)




Variational formula for local equil.

[Banerjee et al.(2012), Jensen et al.(2012) , Haehl et al. (2015), MH(2017), ...]

— Variational formula in “hydrostatic gauge”
e 2 6 R T R

= S 5 @) C T

U[E A, (JH (@)

— Proof. Consider time derivative of DY .

OVIEN = [ &y (VBT (T + Fuy) (7))
= [ @15y (ST + VBT + (8T, A+ AV )

(1 . :
:/dd & Y <§£59MV<TM >%G‘|‘£5AM<JM>t>

On the other hand, since t* = g , we can express the LHS as

o o )

1214 M

Matching them gives the above variation formulal ]



Q. How can we calculate ¥V = log £ ?



Thermal QFT in a Nutshell

—— Thermal QFT (Matsubara formalism) —

Global equil. 5o st 1o
QFT in the
Path int. dT 60 flat spacetime
; with size [
>
£z
—B(H—uN) .
e
Gibbs dist.: pa = ~ — o BH—pN)—¥[3,V]

—— Thermodynamic potential with Euclidean action

¥[B,v] = log Tre~ P-4 zlog/dw iplePH=1N) )

zlog/ Dye +Sele , / dT/dSZIZ,CE ©, 0,9)
p(B)==x¢(0)




Local Thermal QFT

—— Thermal QFT (Matsubara formalism) —

Global equil. 5o N
QFT in the
Path int. dr 605 flat spacetime
; with size [
X
( x) ?7( )} Local Thermal QFT




Case study 1: Scalar field
gH
2

-

[ —

0npOzp — V()

2 0S5 N A
= 0"90" ¢ + g"" L(¢, 0p0)

—
vV — 4 59,LW

Ult; A] = log Trexp _—/dd_lijgﬁﬂ(x)Tou(x)_
— log/D¢exp (SE[¢7 5M]) — log/D¢exp (SE[¢7§])

6—20 —0,,1

Bo _ N . __ i,,7
St = [ ar [ day=gemi’ {— —(id)? - ==L (i)oe — - (w ¥ ““) 96056 — V()

04/~ 0,
2uug u ug

U-"Uup

— /OBO d’]’/dgﬂ_?\/—_g [—% 5 P0sd — V(cb)] (7™ = B(z)/Bo)



W in terms of

W[E A = log / Dé exp (S5, 3))

Thermal metric , Inverse thermal metric
: —20 —0,,]
: & & Uu
s —e?° e’ uz\ = x
Juv = o, . L~ aU uOug ulug
¢ U Tij 9 = —0,,t i,,]
: e u G, u u’
o(xr) — - : = Y | —
(7™ = B(z)/5o) g uVug udug

— o Interpretation of above result

WU|t; A] is described by QFT in "curved spacetime” s. t.

~

(a; = e “us, 7;{3 = ;5 + uzu;, dt = —idr)




Case study 2: Dirac field

L= _%@E (fyaeaﬁﬁﬁ i ﬁﬂvaeaﬂ) Y — m?;w

Symmetric energy-momentum tensor

'L_,L; — —5'u£ j:L ) 'MB —+ ’}/VB'LL %p"}/'& — ﬁ'a’}/g)w

— & Result of path integral

Ult; A| = log Trexp /dZtV (5“(x)TVM

(x) + v(x)J" (x)

— 1og/DMDw exp (Sg[v,;€))

)




\ in terms of

Ut \]| = 1og/DlﬁD¢ exp (Se(v,v;é])

— ¢ Euclidean action with thermal vielbein

/BOdT/dS { Ve D, — Do é“)w—mw}

Thermal vielbein - 60 —-cu, ¢ =€ (60 — 5(37)/50)

— & Interpretation of above result

Wt; A] is described by QFT in "curved spacetime” s. t.
d3* = &¢, napdalda” = —e* (di + azda’)? + +-da'da?
(a; = e g3, 755 = ;7 T ujus, dt = —idr)




Local Thermal QFT

—— Thermal QFT (Matsubara formalism) —

Global equil. 5o N
QFT in the
Path int. dr 605 flat spacetime
; with size [
L
( x) ?7( x)} Local Thermal QFT

[ Hayata-Hidaka-MH-Noumi PRD(2015) |
[ MH (2017) ]

QFT in the

“curved spacetime”

with “line element”

ds* = d5*(B, V)




ways to construct WV = log /

-1. Use diffeo & gauge 1nvar1ance

{ - W is expressed by {Gys Ay '
- Wis

» W is expressed in terms of [ = 7{ ds, Bu = . R, F

-2. Use symmetry from imaginary—time nature! -
-Wis invariant
-Wis

» U = log Z should respect these two symmetries!!

[cf. Hydrostatic partition function method Banerjee et al.(2012), Jensen et al.(2012)]




ways to construct WV = log /

-2. Use symmetry from imaginary-time nature! -

-Wis invariant
-Wis
» U = log Z should respect these two symmetries!!

[cf. Hydrostatic partition function method Banerjee et al.(2012), Jensen et al.(2012)]




ds? =

Kaluza-Klein gauge symmetry

—e27(dt + a;dz")?

~o

+ vfida:gdx; (dt = —idT)

én (")

. Parameters )\ don’t depend on
. imaginary time 7.

“Kaluza-Klein” gauge tr.

t —t+ x(x)
r — &




Short Summary: Local Thermal QFT

Local equil. {6(56)7 ’17(517)} Local Thermal QFT |
[ Hayata-Hidaka-MH-Noumi PRD(2015) ]
) : : [ MH (2017) ]
R QFT in the
R Y By . “curved spacetime”
N with “line element”
e - »  d5° = d35*(B,7)
! \‘ . x

Ult; A] = log Trexp /dZt,, (ﬁ“(w)T’/M(x) + V(x)J”(x))

. . 2 0
@ W[\] plays a role as the generating functional: (1" (x))"® = =3 50 () WA

OR'% )\ is written in terms of QFT in curved spacetime
d5* = —e®? (dt + a;dx")* + %jdazida?j
Symmetry = Spatial difteomorphism + Kaluza-Klein gauge




Q. How can we calculate ¥V = log £ ?

A. Symmetry-based derivative exp.!



Case 1

Hydro without anomaly




Derivative expansion of {

Derivative expansion of {

vis", v]

~ (Bp

Symmetry property

Non-dissipative constitutive relation

07 LG _ 2 0 T\ = THY [\ (7
TH LG _ 2 0 T, _ TH 7

:\IJ(O) B, V]]—I{\Il(l) 6", v, 3}}_ O0?) + - --

— (0 Parity-even system

(o
1)

I
Ji)

A(@), VA(z)]

A(@), VA(IL’)])




Recipe for Masseiu-Planck fcn.

—— Masseiu-Planck functional

= log / D¢e

[ Banerjee et al.(2012), Jensen et al.(2012) |

TN+ TDIN, 9] + O(6?)
o@p’)  O@')

- Building blocks < A = {¢°,
- Symmetry « Spatial diffeo,
A; © not Kaluza-Klein inv.

- Power counting scheme -
fiz = 0za5 — O5a; =

a;, p, Ai}

Kaluza-Klein, Gauge

» Az = A; — pa;

A= 0(p")

*ff@




Yo : Order O(p")

[ Banerjee et al.(2012), Jensen et al.(2012) |

—— Masseiu-Planck functional

log/D¢e = W[\
O(p°)

- Building blocks : A = {¢°, a7, u, A}

VACUPY / dT/d%\Fe p(5,

— Pertfect fluid
(T (2))C = (e + p)uru” + pnt”

(J#(2)EC = nur




Case 2

Hydro with anomaly




Recipe for Masseiu-Planck fcn.
— Weyl fermion : £ = %5* (enﬁfamﬁu — %M(f e )f —

U] = 10g/D§TD§eS[§’€T’A’é] = WO\ 4+ wN 9] + 0(0%)
O@p")  O@p)

- Building blocks : A\ = {¢?, a3, pr, A%}
- Symmetry « Spatial diftfeo, Kaluza-Klein, U(1)r-gauge
A; ¢ not Kaluza-Klein inv. » Al = A; — pga;

- Power counting scheme : X\ = O(p°)

f5; = Oia; — Osa; = O(p') wulp ff =O(p



Derivative expansion of W

(2) Derivative expansion of {

wig, ) w0, v e[, v, 0]+ 0(?)

~ OBp = (0 Parity-even system
Symmetry property

Non-dissipative constitutive relation

A ) 2 5 » ”

(TH () S = =5 VN = T R@I A T @), VA@I -
- L 2 5 — L m

(JP(2))EC = \/ngu(x)\If[t; Al = Tl @) 4 T [M@), VA@)] -+

=



P© : Order O(p°)
— Weyl fermion : £ = %§T (6#0mﬁu — ﬁuﬂm&rﬁ) § —

W[\ = log / DetDeeSIEE Al = W]
O(p°)

- Building blocks : A = {e°, a5, pr, A}

Bo
VO = [ dr [ dayrep(e.nm

— Pertfect fluid
) | (@D = (Pt 4

<j§(f’3)>%G = nru’




Y® : Order O(p)
— Weyl fermion : £ = %{f (6#0"’“3“ — ﬁu(fm&rﬁf) § —

W[\ = log / DeTDeeSe4" A = +oWIN, 9
O(p")

- Building blocks : A = {e°, a;, pr, A}
/ / KR 7 KL
determine

(:j
/ CQA,dCL » lm! c; and ¢,?

—Question —

How can we




’t Hooft

— ¢ Detf. of 't Hooft anomaly

Z[A + d6] = AV

A : Bkg. gauge field for global G-symmetry

(iA[A; 0] removed by gauge-inv. local counter term)

— ¢ 't Hooft anomaly matching
iA|A;0]is =P If present in UV, it restrict

Trivial is excluded!

- Classical Ex. : vacuum of massless QCD (would) break chiral symmetry
- Modern Ex. : Higher-form/discrete symmetry (topological phases/0=m QCD)

How we can apply this to transport??



Recipe for Masseiu-Planck fcn.
— Weyl fermion : £ = %5* (enﬁfamﬁu — %M(f e )f —

U] = 10g/D§TD§eS[§’€T’A’é] = WO\ 4+ wN 9] + 0(0%)
O@p")  O@p)

- Building blocks : A\ = {¢?, a3, pr, A%}
- Symmetry « Spatial diftfeo, Kaluza-Klein, U(1)r-gauge
A; ¢ not Kaluza-Klein inv. » Al = A; — pga;

- Power counting scheme : X\ = O(p°)

f5; = Oia; — Osa; = O(p') wulp ff =O(p



Anomaly and

— & Definition of ('t Hooft) anomaly
Z[A + df] = Z[A
A :Background gauge field

—System with the single right-handed Weyl fermion

- U(1)r symmetry: Perturbative

- U()rxU(1)kxk symmetry: Mixed

[See Golkar-Sethi arXiv:1512.02607, Chowdhury-David, arXiv:1604.05003]

=P 7[A,a] these anomaly!



A way to compute

[See Golkar-Sethi arXiv:1512.02607, Chowdhury-David, arXiv:1604.05003]

— Stepl.

Large KK gauge trans. : §uv — §,’W interpolates 1d-higher space

Go (@, y) = (1 = y) g (@) + yg,, (a*), 0<y <1
5

—Step2. Anomaly =
Z[g/u/? A/ ] Z[g,uv’ A,LL] with lDY¢ — )\kwv
— Step3. index theorem

For X(6d) with 0X(6d) = Y(5d), we can compute eta inv. from




for single Weyl femion
— & U(1)r symmetry: Perturbative —

Under U(1)r gauge trans. Ay — Ag, A; — A; + 0;0(x)

. 1
59\1}[)‘7j§t] — —g /dBCU@SOwkaL‘MR@jAk with ' = —

A2

— & U(DrxU(1)kxk symmetry: Mixed —

Under KK gauge trans. a; — a; + 2ify/L

. 1 , 1
51KK‘I’P\>J§75] — _ZU/ dA"  with T = 6 : eta invariant
SQ

[See Golkar-Sethi arXiv:1512.02607, Chowdhury-David, arXiv:1604.05003] —




Anomaly and

—System with the single right-handed Well fermion

- U(1)r symmetry: Perturbative

- U(rxU(1)kk symmetry: Mixed !

U B
108 Zone = 0650 / Ag <A’dA’ + §AOA’da>

Chiral anomaly Global anomaly




(Jp(@)

LG
(0,1) —

Derivation of CME/CVE

C

1 o)

V=9 0A;(x)

MR HR pi
42

i

pr T

6

2

42

12

P’ ALE .

)

Consistent with e.g.

P+Q
AM AI/

Q Q




Anomaly matching in

— ¢ 't Hooft anomaly matching

iA[A; 0] is =P If present in UV, it restrict
Trivial is excluded!
E Ex. massless QCD (T=0) Ex. Weyl fermion (local eq.)
W oD uarkgluon L ndary cond.
Hydrodynamics with

IR Chiral Lagrangian for pion
with

log Z|T:() 1S -local log Z‘T7g() S Il

(Fermion has y



Slogan
Local equilibrium P Theory on a S'compactified
quantum system curved background

[t 't Hooft anomaly is present in your model,

apply anomaly matching for thermodynamic potential!

— Quantum anomaly — —— Chiral transport

Anomaly
matching
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