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Physics in 2020s =
Major premise:    

 “He (=Nambu) is always 10 years ahead of us” (Zumino)

Minor premise:  

 “Recently, hydrodynamics is interesting” (Nambu, 2013)

Conclusion: 
  2020s must be Renaissance of hydrodynamics!!
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Two big developments thanks to hep-th (+α) friends! 

Field-theoretically speaking, they are

)

1. Generating functional (imaginary-time formalism)

Z[gµν , Aµ]

<latexit sha1_base64="1u5B95hT2q7iZsO3ZW4cLvpXAgg="></latexit>

“Hydrostatic” generating fcn.

hT̂µν(x)i = 2p�g

δ logZ

δgµν(x)
, · · ·

<latexit sha1_base64="iboEgLYabgNwZEp5XNqz4iaHDvI="></latexit>

Local eq. averaged current

)

2. Effective Lagrangian (real-time formalism)

(corresponds to a construction of chiral Lagrangian in QCD)

Z[gµν , Aµ] =

Z
Dπhydro exp (iSeff [πhydro])

<latexit sha1_base64="wRl8wT+oVgHtugft8IUC1ecs8rE="></latexit>
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[See Crossley et al. arXiv: 1511.03646 [hep-th], MH et al. ongoing work]

Xµ(σ0,σi)

<latexit sha1_base64="ZSEp5SNdp/btpy7mnSUDgyVCNHk="></latexit>

Hydrodynamics is low-energy EFT of 

a spacetime filling brane                        , 

enjoying emergent gauge symmetry:
(

σ
0
→ σ

0 + f(σ0,σi)

σ
i
→ σ

i + gi(σi)

<latexit sha1_base64="a4jurtHIJHV5BfUUumfe/+ySksw="></latexit>
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Hydrodynamics is

Hydro: {�(x), �v(x)}

' '

http://www.bnl.gov/rhic/news2/news.asp?a=1403&t=pr

Quark-Gluon Plasma

http://newsoffice.mjitugenn.edu/2012/model-bursting-star-0302

Neutron Star

10
−12

cm

T ∼ 10
12

K
ρ ∼ 1012 kg/cc

10 km

• Effective theory for macroscopic dynamics 

• Universal description, not depending on details 

• Only conserved quantity

• Effective theory for macroscopic dynamics 

• Universal description, not depending on details 

• Only conserved quantity ~ symmetry of system



Hydrodynamic equation?



�IF0RFT+DBL�STRUDTURF�0G�IX&R0
 Conservation laws 

�µ�T̂
µν(x)� = 0, �µ�Ĵ

µ(x)� = 0

Consider (3+1)d relativistic theory with U(1) symmetry:

does not form  

a closed set of  

equations!!}
To solve conservation laws, constitutive relations is needed; 
Spatial components needs to be expressed by temporal ones

T ij = T ij [T 0µ, J0], J i = J i[T 0µ, J0]

<latexit sha1_base64="j2BdVvXHgn1JABJtkyx7bL9GXWE="></latexit>

 # of EoM： 4 + 1 = 5

# of d.o.f.： 10 + 4 = 14

(Tµν)

<latexit sha1_base64="6sQFHrDc0N2j/oo81x4XWFd/kPA="></latexit>

(Jµ)

<latexit sha1_base64="A3zd7XQWSnc0fOziCROM9EosvCA="></latexit>
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Today’s main Question

Tµν = (e+ p)uµuν + pgµν + · · ·
<latexit sha1_base64="q+r48eVM2CLUQN427eTWyYjkxBE="></latexit><latexit sha1_base64="q+r48eVM2CLUQN427eTWyYjkxBE="></latexit><latexit sha1_base64="q+r48eVM2CLUQN427eTWyYjkxBE="></latexit><latexit sha1_base64="q+r48eVM2CLUQN427eTWyYjkxBE="></latexit>

Q. Why ?

Answer 1.

Answer2. My talk
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Symmetry breaking & Hydro
◆ Spontaneous symmetry breaking

◆ Symmetry breaking by quantum anomaly

https://en.wikipedia.org/wiki/Superfluidity#/
media/File:Liquid_helium_Rollin_film.jpg

Macro：SuperfluidMicro：Selecting vacuum

π
0

γ

γ

Micro：π0 decay

[Adller (1969), Bell-Jackiw (1969)]

NS

�j ∝ �B

µR 6= µL

Macro：Anomalous transport

[Erdmenger et al. (2008), Son-Surowka (2009)]



Anomaly-induced chiral transport

◆ Chiral Magnetic Effect (CME)

�j =
eµ5

2�2

�B NS

�j ∝ �B

µR 6= µL

[Fukushima et al.(2008), Vilenkin (1980)]

◆ Chiral Vortical Effect (CVE)

�j =
µµ5

2�2
��

µR 6= µL

�j ∝ ��

[Erdmenger et al. (2008), Son-Surowka (2009)]
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- Fluid/gravity (AdS/CFT) correspondence 

- Phenomenological entropy-current analysis 

- Linear response theory at one-loop order 

- Chiral kinetic theory with Berry phase 

- Anomaly matching for thermodynamic functional 

- Anomalous commutation relation in current algebra

[Erdmenger et al. 2008]

[Son-Surowka 2009]

[Landsteiner et al, 2011]

[Hongo-Sogabe-Yamamoto, ongoing]

[J-H Gao et al, 2012 
 Son-Yamamoto, 2012,  
 Stephanov-Yin, 2012, …]

[Jensen et al, 2012, Banerjee et al, 2012, (See Hongo-Hidaka, 2019 for a review)]
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Z[A+ dθ] = eiA[A;θ]
Z[A]

<latexit sha1_base64="G61/zi6zFAOi32fk8Gbd0UV4bRQ="></latexit>

A
<latexit sha1_base64="yQ4WC9Kn84ZgyfDIeUHZHuVFsYM="></latexit>

: Bkg. gauge field for global G-symmetry

◆ Def. of  ’t Hooft anomaly

◆ ’t Hooft anomaly matching

iA[A; θ]

<latexit sha1_base64="e1AXpwLk1Cr8tsNsvv2jFD3JHg0="></latexit>

is RG inv.

( iA[A; θ]

<latexit sha1_base64="e1AXpwLk1Cr8tsNsvv2jFD3JHg0="></latexit>

cannot be removed by gauge-inv. local counter term)

If present in UV, it restrict IR physics!!

Trivial (non-degenerate) vacuum is excluded!

- Classical Ex.：vacuum of massless QCD (would) break chiral symmetry

( )

�0W�WF�DB/�BPPLX�TI+S�T0�TRB/SP0RT--

- Modern Ex. ：Higher-form/discrete symmetry (topological phases/θ=π QCD)
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Local thermal equilibrium

Determined only by local temperature, local velocity… at that time

(　　　　　is assumed to be smooth functions w.r.t.  x)�(x), ~v(x)

<latexit sha1_base64="2XwEPvBQ7mL1Qg4AjQgsq7+5yQI="></latexit>

�(x), ~v(x)

<latexit sha1_base64="2XwEPvBQ7mL1Qg4AjQgsq7+5yQI="></latexit>



Global thermal equilibrium:

Gibbs distribution: T = const.

ρ̂G = e
−βĤ−Ψ[β]

, Ψ[β] ≡ log Tre−βĤ

Local Gibbs (LG) distribution:

K̂ = −

�

d
3
x

�

βµ(x)T̂ 0

µ
(x) + ν(x)Ĵ0(x)

�

ρ̂LG = e
−K̂−Ψ[βµ(x),ν(x)]

How to describe local thermal equil.

T = const.

Local thermal equilibrium:

{�(x), �v(x)}

Localize



“Derivation” of LG distribution
Gibbs distribution Local Gibbs distribution

What is the state with maximizing 

information entropy: S(ρ̂) = −Trρ̂ log ρ̂

under constraints:under constraints:

What is the state with maximizing 

information entropy: S(ρ̂) = −Trρ̂ log ρ̂

hĤi = E = const., hN̂i = N = const. hT̂ 0

µ
(x)i = pµ(x), hĴ0(x)i = n(x)

 Answer: 

 Lagrange multipliers: 

ρ̂G = e
−βĤ−νN̂−Ψ[β,ν]

Λ
a

= {β, ν = βµ}

 Answer: 

ρ̂LG = e
−

R
dd−1x(βµT̂ 0

µ+νĴ0)−Ψ[βµ,ν]

 Lagrange multipliers: λa(x) = {βµ(x), ν(x)}



t

x

t = const.

K̂ = −

�

d
3
x

�

βµ(x)T̂ 0

µ
(x) + ν(x)Ĵ0(x)

�

 Flat spacetime 

Introducing background metric

① Formulation becomes manifestly covariant

{ ② Background metric plays a role as external field coupled to T
µν

t

x

t̄(x) = const.
Σt̄

K̂ = −

�

dΣt̄ν

�

βµ(x)T̂ ν

µ(x) + ν(x)Ĵν(x)
�

 Curved spacetime 

gµ̄ν̄

dΣµ ∝ ∂µt̄

ηµν

dΣµ ∝ (1,0)



Ψ[t̄;λ] ≡ log Tr exp

�
�

dΣt̄ν

�

βµ(x)T̂ ν

µ(x) + ν(x)Ĵν(x)
�

�

◆ Massieu-Planck fcn. (= log Z) as generating functional

t

x

Σt̄

t̄(x) = const.

LG distribution w/ λ = {βµ
, ν}

dΣµ ∝ ∂µt̄

60DBL�TIFRM0&X/BM+D�P0TF/T+BL

hT̂µν(x)iLGt̄ =
2

β0
p
γ

δΨ[t̄;λ]

δgµν(x)
, hĴµ(x)iLGt̄ =

1

β0
p
γ

δΨ[t̄;λ]

δAµ(x)
<latexit sha1_base64="vSjCqtrseLjuP8756jOdS1I1PHo="></latexit>

[ Banerjee et al.(2012), Jensen et al.(2012) , Haehl et al. (2015), MH(2017)] 



Variation formula for local equil.
 Variational formula in “hydrostatic gauge” 

hT̂µν(x)iLGt̄ =
2p�g

δ

δgµν(x)
Ψ[t̄;λ], hĴµ(x)iLGt̄ =

1p�g

δ

δAµ(x)
Ψ[t̄;λ]

[Banerjee et al.(2012), Jensen et al.(2012) , Haehl et al. (2015), MH(2017), …] 



Ψ[t̄;λ] ≡ log Tr exp

�
�

dΣt̄ν

�

βµ(x)T̂ ν

µ(x) + ν(x)Ĵν(x)
�

�

 Masseiu-Planck functional 

= logTr exp

�

−

�

d3x̄
√

−g
�

βµ̄(x̄)T̂ 0̄

µ̄
(x̄) + ν(x̄)Ĵ 0̄(x̄)

�

�

(Local) Thermodynamic Potential

t

x

Σt̄

t̄(x) = const.

LG distribution w/ λ = {βµ
, ν}

dΣµ ∝ ∂µt̄

t̄

t
µ
≡ ∂t̄x

µ



Hydrostatic gauge fixing

We can choose the time direction vector tµ(x) ≡ ∂t̄x
µ

Hydrostatic gauge fixing

Let us choose tµ(x) = βµ(x)/β0, A0̄(x) = ν(x)

Future time 
direction

Picture before gauge fixing

t̄(x) = t̄2

t̄(x) = t̄1

βµ(t̄1, x̄)

βµ(t̄2, x̄)

x̄
i
= const.

t
µ

t
µ

t
xj

xi

Gauge 

fixing
t
µ
= e

σ

u
µ

Picture in hydrostatic gauge
βµ̄(x) = β0δ

µ̄

0̄t̄

t̄2

t̄1
x̄i

x̄j

(eσ ≡ β/β0)



Variational formula for local equil.

Consider  time derivative of Ψ[λ]

=

Z

dd−1x̄
p�g

✓

1

2
(rµβν +rνβµ)hT̂µνiLGt̄ + (βνrνAµ +Aνrµβ

ν)hĴµit̄
◆

=

Z

dd−1x̄
p�g

✓

1

2
£βgµνhT̂µνiLGt̄ +£βAµhĴµit̄

◆

∂t̄Ψ[t̄;λ] =

Z

dd−1x̄
p�g

⇣

rµβνhT̂µνiLGt̄ + (rµν + Fνµβ
ν)hĴµit̄

⌘

∂t̄Ψ[t̄;λ] =

Z

dd−1x̄

✓

£βgµν
δΨ

δgµν
+£βAµ

δΨ

δAµ

◆

On the other hand, since t
µ
= βµ , we can express the LHS as

Matching them gives the above variation formula!

Proof. 

 Variational formula in “hydrostatic gauge” 

hT̂µν(x)iLGt̄ =
2p�g

δ

δgµν(x)
Ψ[t̄;λ], hĴµ(x)iLGt̄ =

1p�g

δ

δAµ(x)
Ψ[t̄;λ]

[Banerjee et al.(2012), Jensen et al.(2012) , Haehl et al. (2015), MH(2017), …] 



Q. How can we calculate Ψ ≡ logZ ?



Thermal QFT in a Nutshell 

Gibbs dist.: ρ̂G =
e
−β(Ĥ−µN̂)

Z
= e

−β(Ĥ−µN̂)−Ψ[β,ν]

 Thermodynamic potential with Euclidean action

Ψ[β, ν] = log Tr e−β(Ĥ−µN̂) = log

�
dϕ�±ϕ|e−β(Ĥ−µN̂)|ϕ�

SE [ϕ] =

� β

0

dτ

�
d3xLE(ϕ, ∂µϕ)= log

�
ϕ(β)=±ϕ(0)

Dϕ e
+SE [ϕ]

,

T = const.

Global equil. β0

x

β0dτ

β0

Thermal QFT (Matsubara formalism)

Path int.

[ Matsubara, 1955 ]

QFT in the 

flat spacetime 

           with size



Local Thermal QFT

Local equil. {�(x), �v(x)}

T = const.

Global equil. β0

x

β0dτ

β0

Thermal QFT (Matsubara formalism)

Path int.

[ Matsubara, 1955 ]

QFT in the 

flat spacetime 

           with size

Path int.

Local Thermal QFT



L = −

gµ̄ν̄

2
∂µ̄φ∂ν̄φ− V (φ)

Case study 1: Scalar field

=

� β0

0

dτ

�

d3x̄
�

−g̃

�

−

g̃µ̄ν̄

2
∂µ̄φ∂ν̄φ− V (φ)

�

= log

�
Dφ exp (SE [φ, g̃])

S[φ,βµ] =

� β0

0

dτ

�

d3x̄
√

−geσu0̄

�

−

e−2σ

2u0̄u0̄

(iφ̇)2 −
−e−σuī

u0̄u0̄

(iφ̇)∂īφ−

1

2

�

γ īj̄ +
uīuj̄

u0̄u0̄

�

∂īφ∂j̄φ− V (φ)

�

(eσ(x̄) ≡ β(x̄)/β0)

= log

�
Dφ exp (SE [φ,β

µ])

T̂µν ≡
2

√
−g

δS

δgµν
= ∂µφ̂∂ν φ̂+ gµνL(φ̂, ∂ρφ̂)

Ψ[t̄;λ] = log Tr exp



−

Z

dd−1x̄
√

−gβµ(x)T̂ 0̄

µ(x)

�



(eσ(x̄) ≡ β(x̄)/β0)

g̃µ̄ν̄ =

�

−e
2σ

e
σ
uj̄

e
σ
uī γīj̄

�

g̃
µ̄ν̄

=









e
−2σ

u0̄u0̄

−

e
−σ

u
j̄

u0̄u0̄

−

e
−σ

u
ī

u0̄u0̄

γ
īj̄ +

u
ī
u
j̄

u0̄u0̄









 Thermal metric 

Ψ in terms of thermal metric

 Inverse thermal metric 

Ψ[t̄;λ] = log

Z
Dφ exp (SE [φ, ; g̃])

(aī ≡ e�σuī, γ
�

īj̄
≡ γīj̄ + uīuj̄ , dt̃ = −idτ)

is described by QFT in ”curved spacetime” s. t.Ψ[t̄;λ]

 ◆ Interpretation of above result 

ds̃
2 = −e

2σ(dt̃+ aīdx
ī)2 + γ

0

īj̄
dx

ī
dx

j̄



Case study 2: Dirac field

Symmetric energy-momentum tensor

T
µ̄

ν̄
= −δ

µ̄

ν̄
L−

1

4
ψ̄(γµ̄

−→

D ν̄ + γν̄
−→

D
µ̄
−

←−

D ν̄γ
µ̄
−

←−

D
µ̄γν̄)ψ

 ◆ Result of path integral 

Ψ[t̄;λ] ≡ log Tr exp

�
�

dΣt̄ν

�

βµ(x)T̂ ν

µ(x) + ν(x)Ĵν(x)
�

�

= log

�

Dψ̄Dψ exp
�

SE [ψ, ψ̄; ẽ]
�

L = −

1

2
ψ̄
⇣

γa
e

µ̄

a

−→

D µ̄ −

←−

D µ̄γ
a
e

µ̄

a

⌘

ψ −mψ̄ψ



SE [ψ, ψ̄; ẽ] =

� β0

0

dτ

�

d3x̄ẽ

�

−

1

2
ψ̄
�

γaẽ µ̄
a

−→

D µ̄ −

←−

D µ̄γ
aẽ µ̄

a

�

ψ −mψ̄ψ

�

 ◆ Euclidean action with thermal vielbein 

Thermal vielbein： ẽ
a

0̄
= e

σ

u
a
, ẽ

a

ī
= e

a

ī
(eσ ≡ β(x)/β0)

ψ in terms of thermal vielbein

Ψ[t̄;λ] = log

Z

Dψ̄Dψ exp
�

SE [ψ, ψ̄; ẽ]
�

(aī ≡ e�σuī, γ
�

īj̄
≡ γīj̄ + uīuj̄ , dt̃ = −idτ)

 ◆ Interpretation of above result 

is described by QFT in ”curved spacetime” s. t.Ψ[t̄;λ]

ds̃
2 = ẽ

a
µ̄ ẽ

b
ν̄
ηabdx

µ̄
dx

ν̄ = −e
2σ(dt̃+ aīdx

ī)2 + γ
0

īj̄dx
ī
dx

j̄



Local Thermal QFT

Local equil. {�(x), �v(x)}

T = const.

Global equil. β0

x

β0dτ

β0

Thermal QFT (Matsubara formalism)

Path int.

[ Matsubara, 1955 ]

QFT in the 

flat spacetime 

           with size

β(x)

x

dτ

QFT in the 

“curved spacetime” 

 with “line element”
Path int.

Local Thermal QFT
[ Hayata-Hidaka-MH-Noumi PRD(2015) ] 

[ MH (2017) ]

ds̃2 = ds̃2(�,~v)



Two ways to construct

- Ψ is expressed by 

- Ψ is diffeo & gauge invariant!   

{g̃µν , Ãµ}
<latexit sha1_base64="WDRXOkHYFfPr8LlRksPGZDoBq1M="></latexit><latexit sha1_base64="WDRXOkHYFfPr8LlRksPGZDoBq1M="></latexit><latexit sha1_base64="WDRXOkHYFfPr8LlRksPGZDoBq1M="></latexit><latexit sha1_base64="WDRXOkHYFfPr8LlRksPGZDoBq1M="></latexit>{

Ψ ≡ logZ
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β(x)

x

dτ

- Ψ is spatial diffeomorphism invariant 

- Ψ is Kaluza-Klein gauge invariant!{
should respect these two symmetries!!Ψ ≡ logZ
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Ψ is expressed in terms of  R̃, F̃µν
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β =

I
ds̃, βµ =

I
Ã,
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[cf. Hydrostatic partition function method  Banerjee et al.(2012), Jensen et al.(2012)]

2. Use symmetry from imaginary-time nature!

1. Use diffeo & gauge invariance!



Two ways to construct

- Ψ is expressed by 

- Ψ is diffeo & gauge invariant!   

{g̃µν , Ãµ}
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Ψ ≡ logZ
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β(x)

x

dτ

- Ψ is spatial diffeomorphism invariant 

- Ψ is Kaluza-Klein gauge invariant!{
should respect these two symmetries!!Ψ ≡ logZ
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Ψ is expressed in terms of  R̃, F̃µν
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β =

I
ds̃, βµ =

I
Ã,

<latexit sha1_base64="OnRpdRoxQy6wAm8H/0xYPs2XjGQ="></latexit><latexit sha1_base64="OnRpdRoxQy6wAm8H/0xYPs2XjGQ="></latexit><latexit sha1_base64="OnRpdRoxQy6wAm8H/0xYPs2XjGQ="></latexit><latexit sha1_base64="OnRpdRoxQy6wAm8H/0xYPs2XjGQ="></latexit>

[cf. Hydrostatic partition function method  Banerjee et al.(2012), Jensen et al.(2012)]

2. Use symmetry from imaginary-time nature!

1. Use diffeo & gauge invariance!



Parameters　 don’t depend on 
imaginary time      .

λ

τ

�

aī, aīa
ī
, · · ·

f īj̄fīj̄ , · · ·

(fīj̄ ≡ ∂īaj̄ − ∂j̄aī)

β(x)

x

dτ

ẽ
µ

µ̄ (βµ)

Ψ[λ] = log

Z
Dψ̄DψeS[ψ,ψ̄,ẽ]

Kaluza-Klein gauge symmetry

(dt̃ = −idτ)

“Kaluza-Klein” gauge tr.










t̃ → t̃+ χ(x̄)

x̄ → x̄

aī(x̄) → aī(x̄)− ∂īχ(x̄)

ds̃
2 = −e

2σ(dt̃+ aīdx
ī)2 + γ

0

īj̄
dx

ī
dx

j̄



Short Summary: Local Thermal QFT

Ψ[t̄;λ] ≡ log Tr exp

�
�

dΣt̄ν

�

βµ(x)T̂ ν

µ(x) + ν(x)Ĵν(x)
�

�

Symmetry = Spatial diffeomorphism + Kaluza-Klein gauge

① plays a role as the generating functional:Ψ[λ] hT̂µν(x)iLG =
2p�g

δ

δgµν(x)
Ψ[λ]

is written in terms of QFT in curved spacetimeΨ[λ]②
ds̃

2 = −e
2σ(dt̃+ aīdx

ī)2 + γ
0

īj̄
dx

ī
dx

j̄

Local equil. {�(x), �v(x)}

β(x)

x

dτ

QFT in the 

“curved spacetime” 

 with “line element”
Path int.

Local Thermal QFT
[ Hayata-Hidaka-MH-Noumi PRD(2015) ] 

[ MH (2017) ]

ds̃2 = ds̃2(�,~v)



Q. How can we calculate Ψ ≡ logZ ?

A. Symmetry-based derivative exp.!
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Parity-even system= 0

Symmetry property

� βp

Derivative expansion of ψ
 Derivative expansion of ψ 

Ψ[βµ
, ν] = Ψ

(0)[βµ
, ν] +Ψ

(1)[βµ
, ν, ∂] +O(∂2) + · · ·

= T
µν

(0) [λ(x)] + T
µν

(1) [λ(x),�λ(x)] + · · ·

= J
µ

(0)[λ(x)] + J
µ

(1)[λ(x),�λ(x)] + · · ·

�T̂µν(x)�LGt̄ =
2��g

δ

δgµν(x)
Ψ[t̄;λ]

�Ĵµ(x)�LGt̄ =
2��g

δ

δAµ(x)
Ψ[t̄;λ]

 Non-dissipative constitutive relation 

= 0



Recipe for Masseiu-Planck fcn.
[ Banerjee et al.(2012), Jensen et al.(2012) ] 

 Masseiu-Planck functional 

= Ψ
(0)[λ] +Ψ

(1)[λ, ∂] +O(∂2)

O(p0) O(p1)

- Symmetry：Spatial diffeo，Kaluza-Klein，Gauge

- Power counting scheme： λ = O(p0)

fīj̄ ≡ ∂īaj̄ − ∂j̄aī = O(p1) ff = O(p2)

Ψ[λ] = log

�
DφeS[φ,g̃]

：not Kaluza-Klein inv.Aī

- Building blocks： λ = {eσ, aī, µ, Aī}

A0

ī
≡ Aī − µaī

<latexit sha1_base64="Ea8qzqi0W8vdVv962iIapQiHf2U="></latexit>



Ψ(0)：Order O(p0)

�T̂µν(x)�LGt̄ = (e+ p)uµuν + pηµν

�Ĵµ(x)�LGt̄ = nu
µ

 Perfect fluid 

Ψ
(0)[λ] =

� β0

0

dτ

�

d3x̄
�

γ�eσp(β, µ)

- Building blocks： λ = {eσ, aī, µ, A0

ī
}

<latexit sha1_base64="62svmUe7TA7MQi/QUx+GKB0VJwE="></latexit>

[ Banerjee et al.(2012), Jensen et al.(2012) ] 

 Masseiu-Planck functional 

= Ψ
(0)[λ] +Ψ

(1)[λ, ∂] +O(∂2)

O(p0) O(p1)

Ψ[λ] = log

�
DφeS[φ,g̃]
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= Ψ
(0)[λ] +Ψ

(1)[λ, ∂] +O(∂2)

O(p0) O(p1)

Weyl fermion：L =
i

2
ξ†

�

e
µ

m
σm

−→

Dµ −

←−

Dµσ
m
e

µ

m

�

ξ

Ψ[λ] = log

�
Dξ†DξeS[ξ,ξ†,A,ẽ]

- Symmetry：Spatial diffeo, Kaluza-Klein, U(1)R-gauge

- Power counting scheme： λ = O(p0)

fīj̄ ≡ ∂īaj̄ − ∂j̄aī = O(p1) ff = O(p2)

：not Kaluza-Klein inv.Aī

- Building blocks： 

A0

ī
≡ Aī − µRaī

<latexit sha1_base64="B/u2a+nLj+Oxj/4ZeLUGnhAbxmg="></latexit>

λ = {eσ, aī, µR, A0

ī
}

<latexit sha1_base64="kZmTpddKRTXF/XdXHMYW9P/X/wk="></latexit>

Recipe for Masseiu-Planck fcn.



Parity-even system= 0

Symmetry property

� βp

Derivative expansion of Ψ
 (2) Derivative expansion of ψ 

Ψ[βµ
, ν] = Ψ

(0)[βµ
, ν] +Ψ

(1)[βµ
, ν, ∂] +O(∂2) + · · ·

�T̂µν(x)�LGt̄ =
2��g

δ

δgµν(x)
Ψ[t̄;λ]= T

µν

(0) [λ(x)] + T
µν

(1) [λ(x),�λ(x)] + · · ·

= J
µ

(0)[λ(x)] + J
µ

(1)[λ(x),�λ(x)] + · · ·�Ĵµ(x)�LGt̄ =
2��g

δ

δAµ(x)
Ψ[t̄;λ]

 Non-dissipative constitutive relation 

�= 0 Parity-odd system

= 0 �= 0
−

1

24π2
ε
µνρσ

AνFρσ
<latexit sha1_base64="k7dazHtupd31E/wyjWkyY0JBnr8="></latexit>

Bardeen-Zumino current



= Ψ
(0)[λ] +Ψ

(1)[λ, ∂] +O(∂2)

O(p0) O(p1)

L =
i

2
ξ†

�

e
µ

m
σm

−→

Dµ −

←−

Dµσ
m
e

µ

m

�

ξWeyl fermion：

Ψ
(0)[λ] =

� β0

0

dτ

�

d3x̄
�

γ�eσp(β, µR)

�T̂µν(x)�LGt̄ = (e+ p)uµuν + pηµν
 Perfect fluid 

�Ĵµ
R(x)�

LG

t̄ = nRu
µ

Ψ[λ] = log

�
Dξ†DξeS[ξ,ξ†,A,ẽ]

ψ(0)：Order O(p0)

- Building blocks： λ = {eσ, aī, µR, A0

ī
}

<latexit sha1_base64="kZmTpddKRTXF/XdXHMYW9P/X/wk="></latexit>



= Ψ
(0)[λ] +Ψ

(1)[λ, ∂] +O(∂2)

O(p0) O(p1)

NS

�j ∝ �B

µR 6= µL

µR 6= µL

�j ∝ ��

Ψ[λ] = log

�
Dξ†DξeS[ξ,ξ†,A,ẽ]

L =
i

2
ξ†

�

e
µ

m
σm

−→

Dµ −

←−

Dµσ
m
e

µ

m

�

ξWeyl fermion：

ψ(1)：Order O(p)

Z
c1A

0
dA

0

<latexit sha1_base64="v99YCdGH21w+K0Np1mjlDo6a/xk="></latexit>Z
c2A

0
da

<latexit sha1_base64="pYfMk718myLXjw7Wagmkv7sBNj0="></latexit>

} How can we 

determine  

c1 and c2?

Question

- Building blocks： λ = {eσ, aī, µR, A0

ī
}

<latexit sha1_base64="kZmTpddKRTXF/XdXHMYW9P/X/wk="></latexit>
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Z[A+ dθ] = eiA[A;θ]
Z[A]

<latexit sha1_base64="G61/zi6zFAOi32fk8Gbd0UV4bRQ="></latexit>

A
<latexit sha1_base64="yQ4WC9Kn84ZgyfDIeUHZHuVFsYM="></latexit>

: Bkg. gauge field for global G-symmetry

◆ Def. of  ’t Hooft anomaly

◆ ’t Hooft anomaly matching

iA[A; θ]

<latexit sha1_base64="e1AXpwLk1Cr8tsNsvv2jFD3JHg0="></latexit>

is RG inv.

( iA[A; θ]

<latexit sha1_base64="e1AXpwLk1Cr8tsNsvv2jFD3JHg0="></latexit>

cannot be removed by gauge-inv. local counter term)

If present in UV, it restrict IR physics!!

Trivial (non-degenerate) vacuum is excluded!

- Classical Ex.：vacuum of massless QCD (would) break chiral symmetry

( )

�0W�WF�DB/�BPPLX�TI+S�T0�TRB/SP0RT--

- Modern Ex. ：Higher-form/discrete symmetry (topological phases/θ=π QCD)



= Ψ
(0)[λ] +Ψ

(1)[λ, ∂] +O(∂2)

O(p0) O(p1)

Weyl fermion：L =
i

2
ξ†

�

e
µ

m
σm

−→

Dµ −

←−

Dµσ
m
e

µ

m

�

ξ

Ψ[λ] = log

�
Dξ†DξeS[ξ,ξ†,A,ẽ]

- Symmetry：Spatial diffeo, Kaluza-Klein, U(1)R-gauge

- Power counting scheme： λ = O(p0)

fīj̄ ≡ ∂īaj̄ − ∂j̄aī = O(p1) ff = O(p2)

：not Kaluza-Klein inv.Aī

- Building blocks： 

A0

ī
≡ Aī − µRaī

<latexit sha1_base64="B/u2a+nLj+Oxj/4ZeLUGnhAbxmg="></latexit>

λ = {eσ, aī, µR, A0

ī
}

<latexit sha1_base64="kZmTpddKRTXF/XdXHMYW9P/X/wk="></latexit>

Recipe for Masseiu-Planck fcn.

Anomalous!!
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Z[A+ dθ] = eiA[A;θ]
Z[A]

<latexit sha1_base64="G61/zi6zFAOi32fk8Gbd0UV4bRQ="></latexit>

A
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: Background gauge field

Z[A,a] needs to reproduce these anomaly!

- U(1)R symmetry: Perturbative chiral anomaly

System with the single right-handed Weyl fermion

◆ Definition of  (’t Hooft) anomaly

- U(1)R×U(1)KK symmetry: Mixed global anomaly
[See Golkar-Sethi arXiv:1512.02607, Chowdhury-David, arXiv:1604.05003]
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Large KK gauge trans.：　　　　　interpolates 1d-higher space Yg̃µν → g̃
0

µν

<latexit sha1_base64="/vBFGbDmuaVHc7qLx/y4aia4RRE="></latexit>

Step1. Mapping torus

g̃
5d
µν(x

µ
, y) = (1− y)g̃µν(x

µ) + yg̃
0

µν(x
µ), 0 ≤ y ≤ 1

<latexit sha1_base64="RUqV8WodYNhkjn9qdCykqvunPfA="></latexit>

Y (5d)4d 4d

[See Golkar-Sethi arXiv:1512.02607, Chowdhury-David, arXiv:1604.05003]

Step3. Atiyah-Patodi-Singer index theorem

For X(6d)  with ∂X(6d) = Y(5d), we can compute eta inv. from

ind /DX =

Z
X

Â(R)ch(F )−
η

2

<latexit sha1_base64="olmeUUmD5rPDyKY9wY4myz2AmZw="></latexit>

Step2. Anomaly = η invariant

with /DY ψ = λkψ, η ≡

X

k

sign(λk)

<latexit sha1_base64="hPCQkHgKRMawpPp010ON6MM6nPs="></latexit>

Z[g̃0
µν
, Ã0

µ
] = e�iπηZ[g̃µν , Ãµ]

<latexit sha1_base64="GrknQpxBKr3riy/w4QRuuGR4Lns="></latexit>
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◆ U(1)R symmetry: Perturbative chiral anomaly

δθΨ[λ, j; t] = −

C

3

Z
d3xθε0ijk∂iµR∂jAk with C =

1

4π2
<latexit sha1_base64="mkW8q0Vd6YDAz9FDbK5/mrTkwwQ="></latexit>

◆ U(1)R×U(1)KK symmetry: Mixed global anomaly

[See Golkar-Sethi arXiv:1512.02607, Chowdhury-David, arXiv:1604.05003]

Under U(1)R gauge trans. A0 → A0, Ai → Ai + ∂iθ(x)
<latexit sha1_base64="MOkpoq4cEqHmTEoraEkBkz8Ebe4="></latexit>

Under large KK gauge trans. ai → ai + 2iβ0/L
<latexit sha1_base64="VKYDCGsBmsjR0NeXHcIU0DoT5F4="></latexit>

δlKKΨ[λ, j; t] = −

iη

4

Z
S2

dA0 with η =
1

6
<latexit sha1_base64="WK+XWiOUOyrRPjzq3/Ggzp0HLUg="></latexit>

: eta invariant
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- U(1)R symmetry: Perturbative chiral anomaly

- U(1)R×U(1)KK symmetry: Mixed global anomaly!

System with the single right-handed Well fermion

◆ Anomalous part of log Z fro Weyl fermion

logZano =
Cβ0

6

Z

Ã0

✓

Ã
0dÃ0 +

1

2
Ã0Ã

0da

◆

−

C1

β0

Z

Ã
0da

<latexit sha1_base64="bHIwe49jV8fwgf2p/a4S2obsKtA="></latexit>

Consistency:

0I+RBL�B/0MBLX

C =
1

4π2

<latexit sha1_base64="WMsMZK+ZeOqRPfADKyER2lTAjwk="></latexit>

�L0CBL�B/0MBLX

C1 =
η

2
=

1

12

<latexit sha1_base64="PbvLb7T92uA7Wl51MUaKOENiYPg="></latexit>



Derivation of CME/CVE

NS

�j ∝ �B

µR 6= µL

µR 6= µL

�j ∝ ��

�Ĵ i
V (x)�

LG
(0,1) =

µ5

2π2
Bi +

µµ5

2π2
ω
i

�Ĵ i
A(x)�

LG
(0,1) =

µ

2π2
Bi +

�

µ2 + µ2
5

4π2
+

T 2

12

�

ω
i

hĴ i
R(xiLG(0,1) =

1p�g

�Ψ
(1)

�Ai(x)
� C

6
✏
iνρσAνFρσ

<latexit sha1_base64="f39lEuK67RziEPO0lYcmc21jwK0="></latexit>

=
µR

4π2
Bi

+

✓

µ2

R

4π2
+

T 2

12

◆

ω
i

<latexit sha1_base64="f921Q3mFHIpj4NFXzTwgltXuGRY="></latexit>

P +Q

P

Q Q

Aµ Aν

Consistent with e.g.
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QCD (quark, gluon)

Ex. massless QCD (T=0)

[Chiral symmetry breaking] 

Chiral Lagrangian for pion 

with Wess-Zumino term

E

UV

IR

Ex. Weyl fermion (local eq.)

Weyl fermion (+interaction)

is non-locallogZ|T=0

<latexit sha1_base64="baa09wg9JlaBZNhFQyFdyPtOEHc="></latexit>

is local!!logZ|T 6=0

<latexit sha1_base64="MdLcAlsXRc8IKKrSFVE1VkQaYYE="></latexit>

Hydrodynamics with  

chiral transport phenomena

(Fermion has KK mass gap!!)

with anti-periodic boundary cond.

◆ ’t Hooft anomaly matching

iA[A; θ]

<latexit sha1_base64="e1AXpwLk1Cr8tsNsvv2jFD3JHg0="></latexit>

is RG inv. If present in UV, it restrict IR physics!!

Trivial (non-degenerate) vacuum is excluded!
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Quantum anomaly

NS

�j ∝ �B

µR 6= µL

Chiral transport

)

Local equilibrium 

quantum system
⇔ Theory on a S1 compactified 

curved background

�L0HB/

If ’t Hooft anomaly is present in your model,  

apply anomaly matching for thermodynamic potential!
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