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Plan & Summary

= Entanglement Entropy for “Transition Matrix”Pseudo Entropy
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2. Gravity dual
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# of distillable EPR pairs 
under LOCC+ post-selection

1. Interpretation 3. Order parameter
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After introduction, I will introduce
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Take-home Message
String theory 

(Quantum Gravity, QG)

Brand-new measures for quantum information
→ Various application/implication to QG and other fields

“detect”

“Pseudo Entropy”  is just one of (interesting) examples!

This direction has just initiated quite recently.



Introduction 
Backgrounds and Motivations



Entropy and Area in Quantum Gravity

S =
A

4GN

Thermodynamical Entropy and Area

! Volume law in lower dimension (The idea of holographic principle)

[Bekenstein ’72] and [Hawking ’74]

= Many-body system 
in d-dim

Quantum Gravity 
in d+1-dim

[Maldacena ’97]A famous example: AdS/CFT correspondence
Left: QG in Asymptotically AdS, Right: certain CFT



Entropy and Area in Quantum Gravity

S =
A

4GN

Thermodynamical Entropy and Area

Entanglement Entropy and Area

S(ρA) ≡ − Tr(ρA log ρA)=
Area( )

4GN

ΓA A
ΓAΓA

[Ryu-Takayanagi ’06],…

[Bekenstein ’72] and [Hawking ’74]

↑ Microscopic entropy
Ac

! Volume law in lower dimension (The idea of holographic principle)

A “microscope” in quantum gravity! (next slide)



Entanglement Entropy ~ # of EPR pairs
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Take binary log → EE ~ # of EPR pair

A
ΓAΓA

# of EPR pairs! (microscopic structure!)

Entanglement Entropy as microscope of QG Area (structure of metric)

=
Area( )

4GN
S(ρA)

ΓA



This talk: boundary dual of area in Euclidean space?
New class of surfaces (Perhaps new) QI quantity?

Sometimes string theory tells us brand-new QI quantities:
e.g.) Odd entropy [KT ’18], Reflected entropy [Dutta-Faulkner ’19],…
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Left  : Minimal surfaces in Euclidean space
Right: Pseudo entropy

Many applications already! See also review in 日本物理学会誌 (2020年6月号) [KT-Umemoto’20]
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= Entanglement Entropy for“Transition Matrix”

Pseudo Entropy

A

⌧E
<latexit sha1_base64="XKRttwYY6bFMJqNZdcjFFCR46vM="></latexit><latexit sha1_base64="XKRttwYY6bFMJqNZdcjFFCR46vM="></latexit><latexit sha1_base64="XKRttwYY6bFMJqNZdcjFFCR46vM="></latexit><latexit sha1_base64="XKRttwYY6bFMJqNZdcjFFCR46vM="></latexit>

�1
<latexit sha1_base64="36yYB1+yWYq76fFqx+7hJ3yaBDk="></latexit><latexit sha1_base64="36yYB1+yWYq76fFqx+7hJ3yaBDk="></latexit><latexit sha1_base64="36yYB1+yWYq76fFqx+7hJ3yaBDk="></latexit><latexit sha1_base64="36yYB1+yWYq76fFqx+7hJ3yaBDk="></latexit>

0
<latexit sha1_base64="dBrN/z3sXmoySA0CMMSq2VsuuDs="></latexit><latexit sha1_base64="dBrN/z3sXmoySA0CMMSq2VsuuDs="></latexit><latexit sha1_base64="dBrN/z3sXmoySA0CMMSq2VsuuDs="></latexit><latexit sha1_base64="dBrN/z3sXmoySA0CMMSq2VsuuDs="></latexit>

+1
<latexit sha1_base64="3ahUSC7IrmMlI0m6KOKlL5d3GlU="></latexit><latexit sha1_base64="3ahUSC7IrmMlI0m6KOKlL5d3GlU="></latexit><latexit sha1_base64="3ahUSC7IrmMlI0m6KOKlL5d3GlU="></latexit><latexit sha1_base64="3ahUSC7IrmMlI0m6KOKlL5d3GlU="></latexit>

O1
<latexit sha1_base64="epMraeuGF7bPjDpRGrKY7nb2jwE="></latexit><latexit sha1_base64="epMraeuGF7bPjDpRGrKY7nb2jwE="></latexit><latexit sha1_base64="epMraeuGF7bPjDpRGrKY7nb2jwE="></latexit><latexit sha1_base64="epMraeuGF7bPjDpRGrKY7nb2jwE="></latexit>

O2
<latexit sha1_base64="Y7ea1nEoKM7LeEtexVtDL3ClB0g="></latexit><latexit sha1_base64="Y7ea1nEoKM7LeEtexVtDL3ClB0g="></latexit><latexit sha1_base64="Y7ea1nEoKM7LeEtexVtDL3ClB0g="></latexit><latexit sha1_base64="Y7ea1nEoKM7LeEtexVtDL3ClB0g="></latexit>

O3
<latexit sha1_base64="6TJf7uqPQmtWkf9kcgr1onT+iT8="></latexit><latexit sha1_base64="6TJf7uqPQmtWkf9kcgr1onT+iT8="></latexit><latexit sha1_base64="6TJf7uqPQmtWkf9kcgr1onT+iT8="></latexit><latexit sha1_base64="6TJf7uqPQmtWkf9kcgr1onT+iT8="></latexit>

O4
<latexit sha1_base64="JQCpyLr7QulGoYDWqi2byTM7S3M="></latexit><latexit sha1_base64="JQCpyLr7QulGoYDWqi2byTM7S3M="></latexit><latexit sha1_base64="JQCpyLr7QulGoYDWqi2byTM7S3M="></latexit><latexit sha1_base64="JQCpyLr7QulGoYDWqi2byTM7S3M="></latexit>

O5
<latexit sha1_base64="FUo30/KvSc5C0dt2HVzCil5cFIw="></latexit><latexit sha1_base64="FUo30/KvSc5C0dt2HVzCil5cFIw="></latexit><latexit sha1_base64="FUo30/KvSc5C0dt2HVzCil5cFIw="></latexit><latexit sha1_base64="FUo30/KvSc5C0dt2HVzCil5cFIw="></latexit>

ΓAh'| i
<latexit sha1_base64="VyC+nrvuax4sJ8F2N28mZU3RH2g="></latexit><latexit sha1_base64="VyC+nrvuax4sJ8F2N28mZU3RH2g="></latexit><latexit sha1_base64="VyC+nrvuax4sJ8F2N28mZU3RH2g="></latexit><latexit sha1_base64="VyC+nrvuax4sJ8F2N28mZU3RH2g="></latexit>

2. Gravity dual
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under LOCC+ post-selection

1. Interpretation 3. Order parameter
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Transition Matrix
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Weak value (next slide)

[Aharanov-Albert-Vaidman ’88]

hAi = Tr[A · ⇢ ] = h |A| i
h | i

<latexit sha1_base64="hCoj1sfi1wMWaerHTeEI4jqq0Q0="></latexit><latexit sha1_base64="hCoj1sfi1wMWaerHTeEI4jqq0Q0="></latexit><latexit sha1_base64="hCoj1sfi1wMWaerHTeEI4jqq0Q0="></latexit><latexit sha1_base64="hCoj1sfi1wMWaerHTeEI4jqq0Q0="></latexit>



X
<latexit sha1_base64="j1ya8tgj59tAhX9v9DoIZKGyEeM="></latexit><latexit sha1_base64="j1ya8tgj59tAhX9v9DoIZKGyEeM="></latexit><latexit sha1_base64="j1ya8tgj59tAhX9v9DoIZKGyEeM="></latexit><latexit sha1_base64="j1ya8tgj59tAhX9v9DoIZKGyEeM="></latexit>

=
h'|A| i
h'| i = Tr[A · T  |']

<latexit sha1_base64="Bb/Qu9DxVG3VDcoUgCC2Ty4Vd7A="></latexit>

Q. X=φ? 
  
YES→ Storage　　    NO→ Abandon!

initial state 
(pre-selection)

final state

post-selection

[Aharanov-Albert-Vaidman ’88]Weak value: complex value in general

Post-selection & Weak value



Pseudo (Entanglement) Entropy
[Nakata-Takayanagi-Taki-KT-Wei ’20]
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h
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Precise definition: defined via eigenvalues (Jordan normal form),

“Renyi entropy” :

Pseudo Entropy can be defined as n→1 limit
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PE inherits desired properties of entanglement

S(T  |'
A ) = (# of distillable EPR pairs)

<latexit sha1_base64="cMLc22prn/okoOh9rWocK4LaW+o="></latexit><latexit sha1_base64="cMLc22prn/okoOh9rWocK4LaW+o="></latexit><latexit sha1_base64="cMLc22prn/okoOh9rWocK4LaW+o="></latexit><latexit sha1_base64="cMLc22prn/okoOh9rWocK4LaW+o="></latexit>

under LOCC + post-selection process

・

・

・

We will discuss the 3rd property in detail!



Entanglement Entropy = # of Distillable EPR pairs under LOCC

HA
<latexit sha1_base64="cMGy1MB0P0VUev8ZJBturFYovkY="></latexit><latexit sha1_base64="cMGy1MB0P0VUev8ZJBturFYovkY="></latexit><latexit sha1_base64="cMGy1MB0P0VUev8ZJBturFYovkY="></latexit><latexit sha1_base64="cMGy1MB0P0VUev8ZJBturFYovkY="></latexit>
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complicated quantum correlations!

LOCC (Local Operation and Classical Communications)
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Bunch of maximally entangled states (EPR pairs)
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Pseudo Entropy = # of Distillable EPR pairs under LOCC + post-selection
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complicated quantum correlations!

LOCC (Local Operation and Classical Communications)

HA
<latexit sha1_base64="cMGy1MB0P0VUev8ZJBturFYovkY="></latexit><latexit sha1_base64="cMGy1MB0P0VUev8ZJBturFYovkY="></latexit><latexit sha1_base64="cMGy1MB0P0VUev8ZJBturFYovkY="></latexit><latexit sha1_base64="cMGy1MB0P0VUev8ZJBturFYovkY="></latexit>
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<latexit sha1_base64="c5Y+NFQ1CG3UqJ9TYXChtvQ0HFg="></latexit><latexit sha1_base64="c5Y+NFQ1CG3UqJ9TYXChtvQ0HFg="></latexit><latexit sha1_base64="c5Y+NFQ1CG3UqJ9TYXChtvQ0HFg="></latexit><latexit sha1_base64="c5Y+NFQ1CG3UqJ9TYXChtvQ0HFg="></latexit>

Bunch of maximally entangled states (EPR pairs)
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<latexit sha1_base64="yT+SQiNitp7ruaXeAWTZRuAT99A="></latexit><latexit sha1_base64="yT+SQiNitp7ruaXeAWTZRuAT99A="></latexit><latexit sha1_base64="yT+SQiNitp7ruaXeAWTZRuAT99A="></latexit><latexit sha1_base64="yT+SQiNitp7ruaXeAWTZRuAT99A="></latexit>
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<latexit sha1_base64="gNW/FmktmQoxfC44NfDD274GGD8="></latexit><latexit sha1_base64="gNW/FmktmQoxfC44NfDD274GGD8="></latexit><latexit sha1_base64="gNW/FmktmQoxfC44NfDD274GGD8="></latexit><latexit sha1_base64="gNW/FmktmQoxfC44NfDD274GGD8="></latexit>

|EPRi⌦N
<latexit sha1_base64="cOh0pMIKgCeu3xG83G9U2Wa901Q="></latexit><latexit sha1_base64="cOh0pMIKgCeu3xG83G9U2Wa901Q="></latexit><latexit sha1_base64="cOh0pMIKgCeu3xG83G9U2Wa901Q="></latexit><latexit sha1_base64="cOh0pMIKgCeu3xG83G9U2Wa901Q="></latexit>

post-selection

(⚠ Proven only in specific examples. General argument is still an open-problem!)

S(T  |'
A ) = lim

n!1

N

n
<latexit sha1_base64="Oo3AQauBzB+gyLwCzPWv6QX3Pnc="></latexit><latexit sha1_base64="Oo3AQauBzB+gyLwCzPWv6QX3Pnc="></latexit><latexit sha1_base64="Oo3AQauBzB+gyLwCzPWv6QX3Pnc="></latexit><latexit sha1_base64="Oo3AQauBzB+gyLwCzPWv6QX3Pnc="></latexit>



⇢ = | ih |
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Plan
= Entanglement Entropy for“Transition Matrix”

Pseudo Entropy

A
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2. Gravity dual

| i
<latexit sha1_base64="feKenxRimCUB6SqL4wI+XZVuArA="></latexit><latexit sha1_base64="feKenxRimCUB6SqL4wI+XZVuArA="></latexit><latexit sha1_base64="feKenxRimCUB6SqL4wI+XZVuArA="></latexit><latexit sha1_base64="feKenxRimCUB6SqL4wI+XZVuArA="></latexit>
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# of distillable EPR pairs 
under LOCC+ post-selection

1. Interpretation 3. Order parameter

| i
<latexit sha1_base64="feKenxRimCUB6SqL4wI+XZVuArA="></latexit><latexit sha1_base64="feKenxRimCUB6SqL4wI+XZVuArA="></latexit><latexit sha1_base64="feKenxRimCUB6SqL4wI+XZVuArA="></latexit><latexit sha1_base64="feKenxRimCUB6SqL4wI+XZVuArA="></latexit>
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<latexit sha1_base64="cXZgG4MSyWN57qvn+SIz/euCCHg="></latexit><latexit sha1_base64="cXZgG4MSyWN57qvn+SIz/euCCHg="></latexit><latexit sha1_base64="cXZgG4MSyWN57qvn+SIz/euCCHg="></latexit><latexit sha1_base64="cXZgG4MSyWN57qvn+SIz/euCCHg="></latexit>

&

Same quantum phase?
| i

<latexit sha1_base64="feKenxRimCUB6SqL4wI+XZVuArA="></latexit><latexit sha1_base64="feKenxRimCUB6SqL4wI+XZVuArA="></latexit><latexit sha1_base64="feKenxRimCUB6SqL4wI+XZVuArA="></latexit><latexit sha1_base64="feKenxRimCUB6SqL4wI+XZVuArA="></latexit>

|'i
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Initial Final



Holographic Pseudo Entropy (HPE)

S(T  |'
A ) = Min

@�A=@A
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Area(�A)

4GN

�

<latexit sha1_base64="/DsSqDqCASXG1Yyy+lA5JD1pCu0="></latexit><latexit sha1_base64="/DsSqDqCASXG1Yyy+lA5JD1pCu0="></latexit><latexit sha1_base64="/DsSqDqCASXG1Yyy+lA5JD1pCu0="></latexit><latexit sha1_base64="/DsSqDqCASXG1Yyy+lA5JD1pCu0="></latexit>

! Can prove by reusing [Lewkowycz-Maldacena’13] argument
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(Just use GKP-Witten relation to the replica manifold)
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HPE as Weak Value of Area Operator
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A single holographic state is rather special!

Can confirm linearity of PE in holographic CFT2 :

Heavy states

P
i b
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i ci
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A
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i b

⇤
i ci
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→ complex-valued
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Plan
= Entanglement Entropy for“Transition Matrix”

Pseudo Entropy
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More general QFTs?
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Constant-term: [Casini-Heurta ’04], subsystem size-correction: [Casini-Heurta’05]

e.g.)

[Mollabashi-Shiba-Takayanagi-KT-Wei ’20]
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Critical

If two states are in the different phases 
→ ΔS12 becomes positive

(Note: ΔS12 is finite)

! Given QFT vacua (Area law) + small deformations  
seem to satisfy this inequality
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Free QFTs, holographic CFT + deformations

PE as an order parameter
[Mollabashi-Shiba-Takayanagi-KT-Wei ’20]
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What I haven’t  discussed so far

・Classification of transition matrix and examples 

・How holographic states are special 

・Mixed state-generalizations of PE 

・Plateau effect of PE (Area law v.s. Volume law) 

・Detail of calculations/derivations etc.



Discussion

・More rigorous argument on the negativity of ΔS12 in QFTs?
(When ΔS12 becomes positive-valued?)

Mollabashi-Shiba-Takayanagi-KT-Wei  in progress

Need to pursue various things !

・Further study on mixed state generalizations (Not discussed today)

・Operational interpretation in general setup? 

・Real-time evolution? Goto-Nozaki-KT in progress

(Case studies would be also useful)
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O4
<latexit sha1_base64="JQCpyLr7QulGoYDWqi2byTM7S3M="></latexit><latexit sha1_base64="JQCpyLr7QulGoYDWqi2byTM7S3M="></latexit><latexit sha1_base64="JQCpyLr7QulGoYDWqi2byTM7S3M="></latexit><latexit sha1_base64="JQCpyLr7QulGoYDWqi2byTM7S3M="></latexit>

O5
<latexit sha1_base64="FUo30/KvSc5C0dt2HVzCil5cFIw="></latexit><latexit sha1_base64="FUo30/KvSc5C0dt2HVzCil5cFIw="></latexit><latexit sha1_base64="FUo30/KvSc5C0dt2HVzCil5cFIw="></latexit><latexit sha1_base64="FUo30/KvSc5C0dt2HVzCil5cFIw="></latexit>

ΓAh |'i
<latexit sha1_base64="3GRN41dNXtu/XBGMcJAUVgv3Z+o="></latexit><latexit sha1_base64="3GRN41dNXtu/XBGMcJAUVgv3Z+o="></latexit><latexit sha1_base64="3GRN41dNXtu/XBGMcJAUVgv3Z+o="></latexit><latexit sha1_base64="3GRN41dNXtu/XBGMcJAUVgv3Z+o="></latexit>

2. Gravity dual

| i
<latexit sha1_base64="feKenxRimCUB6SqL4wI+XZVuArA="></latexit><latexit sha1_base64="feKenxRimCUB6SqL4wI+XZVuArA="></latexit><latexit sha1_base64="feKenxRimCUB6SqL4wI+XZVuArA="></latexit><latexit sha1_base64="feKenxRimCUB6SqL4wI+XZVuArA="></latexit>

|'i
<latexit sha1_base64="cXZgG4MSyWN57qvn+SIz/euCCHg="></latexit><latexit sha1_base64="cXZgG4MSyWN57qvn+SIz/euCCHg="></latexit><latexit sha1_base64="cXZgG4MSyWN57qvn+SIz/euCCHg="></latexit><latexit sha1_base64="cXZgG4MSyWN57qvn+SIz/euCCHg="></latexit>

# of distillable EPR pairs 
under LOCC+ post-selection

1. Interpretation 3. Order parameter

| i
<latexit sha1_base64="feKenxRimCUB6SqL4wI+XZVuArA="></latexit><latexit sha1_base64="feKenxRimCUB6SqL4wI+XZVuArA="></latexit><latexit sha1_base64="feKenxRimCUB6SqL4wI+XZVuArA="></latexit><latexit sha1_base64="feKenxRimCUB6SqL4wI+XZVuArA="></latexit>

|'i
<latexit sha1_base64="cXZgG4MSyWN57qvn+SIz/euCCHg="></latexit><latexit sha1_base64="cXZgG4MSyWN57qvn+SIz/euCCHg="></latexit><latexit sha1_base64="cXZgG4MSyWN57qvn+SIz/euCCHg="></latexit><latexit sha1_base64="cXZgG4MSyWN57qvn+SIz/euCCHg="></latexit>

&

Same quantum phase?
| i

<latexit sha1_base64="feKenxRimCUB6SqL4wI+XZVuArA="></latexit><latexit sha1_base64="feKenxRimCUB6SqL4wI+XZVuArA="></latexit><latexit sha1_base64="feKenxRimCUB6SqL4wI+XZVuArA="></latexit><latexit sha1_base64="feKenxRimCUB6SqL4wI+XZVuArA="></latexit>

|'i
<latexit sha1_base64="cXZgG4MSyWN57qvn+SIz/euCCHg="></latexit><latexit sha1_base64="cXZgG4MSyWN57qvn+SIz/euCCHg="></latexit><latexit sha1_base64="cXZgG4MSyWN57qvn+SIz/euCCHg="></latexit><latexit sha1_base64="cXZgG4MSyWN57qvn+SIz/euCCHg="></latexit>

Initial Final



Backup slides



Classifications and examples



Some special classes of TA

S(n)(T  |'
A ) : n-th Rényi PE

<latexit sha1_base64="3FA3xuKrTVEzqsFXopVrrw+DKPM="></latexit><latexit sha1_base64="3FA3xuKrTVEzqsFXopVrrw+DKPM="></latexit><latexit sha1_base64="3FA3xuKrTVEzqsFXopVrrw+DKPM="></latexit><latexit sha1_base64="3FA3xuKrTVEzqsFXopVrrw+DKPM="></latexit>

S(n)(T  |'
A ) � 0, (n > 0)

<latexit sha1_base64="Vu+Rkf9AOiOCLGxepXIcOPFhEyo="></latexit><latexit sha1_base64="Vu+Rkf9AOiOCLGxepXIcOPFhEyo="></latexit><latexit sha1_base64="Vu+Rkf9AOiOCLGxepXIcOPFhEyo="></latexit><latexit sha1_base64="Vu+Rkf9AOiOCLGxepXIcOPFhEyo="></latexit>

Tr[(T  |'
A )n]⇤ = Tr[(T  |'

A )n]
<latexit sha1_base64="dD9y8VdRpzrfH1JhdSJC01fTlmM="></latexit><latexit sha1_base64="dD9y8VdRpzrfH1JhdSJC01fTlmM="></latexit><latexit sha1_base64="dD9y8VdRpzrfH1JhdSJC01fTlmM="></latexit><latexit sha1_base64="dD9y8VdRpzrfH1JhdSJC01fTlmM="></latexit>

T  |'
A � 0

<latexit sha1_base64="OYSeIVnkyhFereLzcnbBS8F/ayw="></latexit><latexit sha1_base64="OYSeIVnkyhFereLzcnbBS8F/ayw="></latexit><latexit sha1_base64="OYSeIVnkyhFereLzcnbBS8F/ayw="></latexit><latexit sha1_base64="OYSeIVnkyhFereLzcnbBS8F/ayw="></latexit>

T  |'
A � 0 and (T  |'

A )† = T  |'
A

<latexit sha1_base64="7eNBUIreOSqqVZIQndA85sPN97k="></latexit><latexit sha1_base64="7eNBUIreOSqqVZIQndA85sPN97k="></latexit><latexit sha1_base64="7eNBUIreOSqqVZIQndA85sPN97k="></latexit><latexit sha1_base64="7eNBUIreOSqqVZIQndA85sPN97k="></latexit>

The same is also true for T  |'
B

<latexit sha1_base64="s9BHcMmZ3YLkGH+IDwade7vd08g="></latexit><latexit sha1_base64="s9BHcMmZ3YLkGH+IDwade7vd08g="></latexit><latexit sha1_base64="s9BHcMmZ3YLkGH+IDwade7vd08g="></latexit><latexit sha1_base64="s9BHcMmZ3YLkGH+IDwade7vd08g="></latexit>

A

B

C

D

E

Stronger condition



x

x

Particularly interesting classes:

S(n)(T  |'
A ) : n-th Rényi PE

<latexit sha1_base64="3FA3xuKrTVEzqsFXopVrrw+DKPM="></latexit><latexit sha1_base64="3FA3xuKrTVEzqsFXopVrrw+DKPM="></latexit><latexit sha1_base64="3FA3xuKrTVEzqsFXopVrrw+DKPM="></latexit><latexit sha1_base64="3FA3xuKrTVEzqsFXopVrrw+DKPM="></latexit>

S(n)(T  |'
A ) � 0, (n > 0)

<latexit sha1_base64="Vu+Rkf9AOiOCLGxepXIcOPFhEyo="></latexit><latexit sha1_base64="Vu+Rkf9AOiOCLGxepXIcOPFhEyo="></latexit><latexit sha1_base64="Vu+Rkf9AOiOCLGxepXIcOPFhEyo="></latexit><latexit sha1_base64="Vu+Rkf9AOiOCLGxepXIcOPFhEyo="></latexit>

Tr[(T  |'
A )n]⇤ = Tr[(T  |'

A )n]
<latexit sha1_base64="dD9y8VdRpzrfH1JhdSJC01fTlmM="></latexit><latexit sha1_base64="dD9y8VdRpzrfH1JhdSJC01fTlmM="></latexit><latexit sha1_base64="dD9y8VdRpzrfH1JhdSJC01fTlmM="></latexit><latexit sha1_base64="dD9y8VdRpzrfH1JhdSJC01fTlmM="></latexit>

T  |'
A � 0

<latexit sha1_base64="OYSeIVnkyhFereLzcnbBS8F/ayw="></latexit><latexit sha1_base64="OYSeIVnkyhFereLzcnbBS8F/ayw="></latexit><latexit sha1_base64="OYSeIVnkyhFereLzcnbBS8F/ayw="></latexit><latexit sha1_base64="OYSeIVnkyhFereLzcnbBS8F/ayw="></latexit>

T  |'
A � 0 and (T  |'

A )† = T  |'
A

<latexit sha1_base64="7eNBUIreOSqqVZIQndA85sPN97k="></latexit><latexit sha1_base64="7eNBUIreOSqqVZIQndA85sPN97k="></latexit><latexit sha1_base64="7eNBUIreOSqqVZIQndA85sPN97k="></latexit><latexit sha1_base64="7eNBUIreOSqqVZIQndA85sPN97k="></latexit>

The same is also true for T  |'
B

<latexit sha1_base64="s9BHcMmZ3YLkGH+IDwade7vd08g="></latexit><latexit sha1_base64="s9BHcMmZ3YLkGH+IDwade7vd08g="></latexit><latexit sha1_base64="s9BHcMmZ3YLkGH+IDwade7vd08g="></latexit><latexit sha1_base64="s9BHcMmZ3YLkGH+IDwade7vd08g="></latexit>

A

B

C

D

E

“Holographic states”

Nice Operational Interpretation

Stronger condition
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PE for (Haar) Random States (out of class A)

dimHA = 8
<latexit sha1_base64="udntBZkxY/4iSVychA9IGTEvLJU="></latexit><latexit sha1_base64="udntBZkxY/4iSVychA9IGTEvLJU="></latexit><latexit sha1_base64="udntBZkxY/4iSVychA9IGTEvLJU="></latexit><latexit sha1_base64="udntBZkxY/4iSVychA9IGTEvLJU="></latexit>

dimHAc = 32
<latexit sha1_base64="CMANMWcy/wTzOK2AQp6J2GyFhmA="></latexit><latexit sha1_base64="CMANMWcy/wTzOK2AQp6J2GyFhmA="></latexit><latexit sha1_base64="CMANMWcy/wTzOK2AQp6J2GyFhmA="></latexit><latexit sha1_base64="CMANMWcy/wTzOK2AQp6J2GyFhmA="></latexit>

# of sampling : 655360



・∃ Re[S(TA)]<0, but quite rare!

・Average of Im[S(TA)]=0!

・Average of Re[S(TA)] > Max[SEE]=log(dimHA)

Observations from random states

PE behaves “very-well” for random states!



An example of class-A
| i = 1p

2
(|00i+ |11i)

<latexit sha1_base64="+vTeOP4cnZ9IpNF4RIqc9seZS8o="></latexit><latexit sha1_base64="+vTeOP4cnZ9IpNF4RIqc9seZS8o="></latexit><latexit sha1_base64="+vTeOP4cnZ9IpNF4RIqc9seZS8o="></latexit><latexit sha1_base64="+vTeOP4cnZ9IpNF4RIqc9seZS8o="></latexit>

|'i = 1p
2
(|00i+ ei✓ |11i)

<latexit sha1_base64="WkNqxK2yptQT18ZvsrszKyDextU="></latexit><latexit sha1_base64="WkNqxK2yptQT18ZvsrszKyDextU="></latexit><latexit sha1_base64="WkNqxK2yptQT18ZvsrszKyDextU="></latexit><latexit sha1_base64="WkNqxK2yptQT18ZvsrszKyDextU="></latexit>

Spec(T  |'
A ) =

⇢
ei✓/2

2 cos(✓/2)
,

e�i✓/2

2 cos(✓/2)

�

<latexit sha1_base64="dwYfQ83mtbzA57tP5g7UsbKYhAo="></latexit><latexit sha1_base64="dwYfQ83mtbzA57tP5g7UsbKYhAo="></latexit><latexit sha1_base64="dwYfQ83mtbzA57tP5g7UsbKYhAo="></latexit><latexit sha1_base64="dwYfQ83mtbzA57tP5g7UsbKYhAo="></latexit>

Tr(T  |'
A )n =

cos(n✓/2)

2n�1 cosn(✓/2)
<latexit sha1_base64="iJn5OkDNVYg0NQTKQJx+pBDzdUo="></latexit><latexit sha1_base64="iJn5OkDNVYg0NQTKQJx+pBDzdUo="></latexit><latexit sha1_base64="iJn5OkDNVYg0NQTKQJx+pBDzdUo="></latexit><latexit sha1_base64="iJn5OkDNVYg0NQTKQJx+pBDzdUo="></latexit>

Always real-valued, but can be negative



An example of class-E

T  |' =
| ih'|
h'| i

<latexit sha1_base64="IPP0/zEfhBJ8NHxGCexBTsLEtyQ="></latexit><latexit sha1_base64="IPP0/zEfhBJ8NHxGCexBTsLEtyQ="></latexit><latexit sha1_base64="IPP0/zEfhBJ8NHxGCexBTsLEtyQ="></latexit><latexit sha1_base64="IPP0/zEfhBJ8NHxGCexBTsLEtyQ="></latexit>

with

log 2

θ1 = θ2



Pseudo Entropy as distillable EPR pairs

maximally entangled states with　　　　entropy

A first step : prepare n-copy of initial states

| i⌦n = (cos ✓1 |00i+ sin ✓1 |11i)⌦n

=
nX

k=0

(cos ✓1)
n�k(sin ✓1)

k
nCkX

a=1

|P (k), aAi |P (k), aBi
<latexit sha1_base64="1nwsFCoW7ZCiAQBnL3ykqhFWalw="></latexit><latexit sha1_base64="1nwsFCoW7ZCiAQBnL3ykqhFWalw="></latexit><latexit sha1_base64="1nwsFCoW7ZCiAQBnL3ykqhFWalw="></latexit><latexit sha1_base64="1nwsFCoW7ZCiAQBnL3ykqhFWalw="></latexit>

= # of distillable EPR pairs

nCk =
n!

(n� k)!k!
<latexit sha1_base64="ViC+sqoJ5UWyqv9RkQHo3+FKRPo="></latexit><latexit sha1_base64="ViC+sqoJ5UWyqv9RkQHo3+FKRPo="></latexit><latexit sha1_base64="ViC+sqoJ5UWyqv9RkQHo3+FKRPo="></latexit><latexit sha1_base64="s32SzHUKLXTLVudp0gyeRV35ABc="></latexit><latexit sha1_base64="hlj60sf7bpcRVQYLGeMXl3FiRko="></latexit><latexit sha1_base64="hlj60sf7bpcRVQYLGeMXl3FiRko="></latexit><latexit sha1_base64="vPg39EZRWJRnZC4OicMaU8FDqWE="></latexit><latexit sha1_base64="ViC+sqoJ5UWyqv9RkQHo3+FKRPo="></latexit><latexit sha1_base64="ViC+sqoJ5UWyqv9RkQHo3+FKRPo="></latexit><latexit sha1_base64="ViC+sqoJ5UWyqv9RkQHo3+FKRPo="></latexit><latexit sha1_base64="ViC+sqoJ5UWyqv9RkQHo3+FKRPo="></latexit><latexit sha1_base64="ViC+sqoJ5UWyqv9RkQHo3+FKRPo="></latexit><latexit sha1_base64="ViC+sqoJ5UWyqv9RkQHo3+FKRPo="></latexit>



probability:

Perform a projection measurement on A:

maximally entangled states with　　　　entropy

Pseudo Entropy as distillable EPR pairs

Averaged number:



| i = 1p
2
(|0000i+ |0110i)

<latexit sha1_base64="0GNCWuGB1MKrlv81gXNeArhTKEg="></latexit><latexit sha1_base64="0GNCWuGB1MKrlv81gXNeArhTKEg="></latexit><latexit sha1_base64="0GNCWuGB1MKrlv81gXNeArhTKEg="></latexit><latexit sha1_base64="0GNCWuGB1MKrlv81gXNeArhTKEg="></latexit>

|'i = 1p
2
(|0000i+ |1001i)

<latexit sha1_base64="djskA1EuDBb1RBQz/DGloxJrO9E="></latexit><latexit sha1_base64="djskA1EuDBb1RBQz/DGloxJrO9E="></latexit><latexit sha1_base64="djskA1EuDBb1RBQz/DGloxJrO9E="></latexit><latexit sha1_base64="djskA1EuDBb1RBQz/DGloxJrO9E="></latexit>

PE<EE from Entanglement Swapping

A Ac
S(n)(T  |'

A ) = 0
<latexit sha1_base64="sgtPi5Nm/BOVM4av6S0yx3BH5eM="></latexit><latexit sha1_base64="sgtPi5Nm/BOVM4av6S0yx3BH5eM="></latexit><latexit sha1_base64="sgtPi5Nm/BOVM4av6S0yx3BH5eM="></latexit><latexit sha1_base64="sgtPi5Nm/BOVM4av6S0yx3BH5eM="></latexit>

S(n)(⇢ A) = S(n)(⇢'A) = log 2
<latexit sha1_base64="HcAUNj6zBMF4tVJloKpqrEWQvpE="></latexit><latexit sha1_base64="HcAUNj6zBMF4tVJloKpqrEWQvpE="></latexit><latexit sha1_base64="HcAUNj6zBMF4tVJloKpqrEWQvpE="></latexit><latexit sha1_base64="HcAUNj6zBMF4tVJloKpqrEWQvpE="></latexit>

<
! We can also see the similar effects in free scalar CFT

(Can make EPR pair-like excitations:                                          )Nozaki-Numasawa-Takayanagi '14



Replica trick 



Replica trick

S(⇢A) = � @

@n
log Tr⇢nA

����
n!1

<latexit sha1_base64="yZP01GxDC+RHD/caCQmQ8M3rvQM="></latexit><latexit sha1_base64="yZP01GxDC+RHD/caCQmQ8M3rvQM="></latexit><latexit sha1_base64="yZP01GxDC+RHD/caCQmQ8M3rvQM="></latexit><latexit sha1_base64="yZP01GxDC+RHD/caCQmQ8M3rvQM="></latexit>

A kind of partition function: easier! (in many cases)

A way to compute EE in quantum field theories

S(⇢A) = �Tr
A
⇢A log ⇢A = lim

n!1
S(n)(⇢A)

<latexit sha1_base64="m0O5G/96UOvZGY//E0EoTOANV4c="></latexit><latexit sha1_base64="m0O5G/96UOvZGY//E0EoTOANV4c="></latexit><latexit sha1_base64="m0O5G/96UOvZGY//E0EoTOANV4c="></latexit><latexit sha1_base64="m0O5G/96UOvZGY//E0EoTOANV4c="></latexit>

Difficult to compute it directly (in many cases)



For concreteness, let us consider

S(⇢A) = � @

@n
log Tr⇢nA

����
n!1

<latexit sha1_base64="yZP01GxDC+RHD/caCQmQ8M3rvQM="></latexit><latexit sha1_base64="yZP01GxDC+RHD/caCQmQ8M3rvQM="></latexit><latexit sha1_base64="yZP01GxDC+RHD/caCQmQ8M3rvQM="></latexit><latexit sha1_base64="yZP01GxDC+RHD/caCQmQ8M3rvQM="></latexit>

⇢A = TrB |0ih0|
AB B

We will take partial trace

Time slice t=0

vacuum state in two-dimensional CFT
(May have 2d massless free fields in mind)



i
<latexit sha1_base64="Ea2/tVXQeV4VMkSpaAQOUmQJzzs="></latexit><latexit sha1_base64="Ea2/tVXQeV4VMkSpaAQOUmQJzzs="></latexit><latexit sha1_base64="Ea2/tVXQeV4VMkSpaAQOUmQJzzs="></latexit><latexit sha1_base64="Ea2/tVXQeV4VMkSpaAQOUmQJzzs="></latexit>

j
<latexit sha1_base64="CESdpRA0FUzCX2SPT3EL6mr7eQQ="></latexit><latexit sha1_base64="CESdpRA0FUzCX2SPT3EL6mr7eQQ="></latexit><latexit sha1_base64="CESdpRA0FUzCX2SPT3EL6mr7eQQ="></latexit><latexit sha1_base64="CESdpRA0FUzCX2SPT3EL6mr7eQQ="></latexit>

x
<latexit sha1_base64="oW+V93f1V5cMMcBHERqgc9d7f4A="></latexit><latexit sha1_base64="oW+V93f1V5cMMcBHERqgc9d7f4A="></latexit><latexit sha1_base64="oW+V93f1V5cMMcBHERqgc9d7f4A="></latexit><latexit sha1_base64="oW+V93f1V5cMMcBHERqgc9d7f4A="></latexit>

⌧E<latexit sha1_base64="2JjLpCODvt2iRMviXrGSFb+45yE="></latexit><latexit sha1_base64="2JjLpCODvt2iRMviXrGSFb+45yE="></latexit><latexit sha1_base64="2JjLpCODvt2iRMviXrGSFb+45yE="></latexit><latexit sha1_base64="2JjLpCODvt2iRMviXrGSFb+45yE="></latexit>

hiAB |0i =
Z

D�

 
Y

x2A[B

�(�(�✏, x)� �i(x))

!
exp


�
Z �✏

�1
d⌧E

Z

A[B
dxL

�

<latexit sha1_base64="NBFHvjpcQ7TW0d+f3YKTc1fsRCY="></latexit><latexit sha1_base64="NBFHvjpcQ7TW0d+f3YKTc1fsRCY="></latexit><latexit sha1_base64="NBFHvjpcQ7TW0d+f3YKTc1fsRCY="></latexit><latexit sha1_base64="NBFHvjpcQ7TW0d+f3YKTc1fsRCY="></latexit>

�✏
<latexit sha1_base64="LZLU/o6lQAuI3W9jFa+piqPQD7M="></latexit><latexit sha1_base64="LZLU/o6lQAuI3W9jFa+piqPQD7M="></latexit><latexit sha1_base64="LZLU/o6lQAuI3W9jFa+piqPQD7M="></latexit><latexit sha1_base64="LZLU/o6lQAuI3W9jFa+piqPQD7M="></latexit>

✏
<latexit sha1_base64="c7zUFGJ8Svrxk7vb3cS2yzMsO7Y="></latexit><latexit sha1_base64="c7zUFGJ8Svrxk7vb3cS2yzMsO7Y="></latexit><latexit sha1_base64="c7zUFGJ8Svrxk7vb3cS2yzMsO7Y="></latexit><latexit sha1_base64="c7zUFGJ8Svrxk7vb3cS2yzMsO7Y="></latexit>

h0|jABi =
Z

D�

 
Y

x2A[B

�(�(+✏, x)� �i(x))

!
exp


�
Z +1

+✏
d⌧E

Z

A[B
dxL

�

<latexit sha1_base64="QzQVIb8+DnqDu7ElU75TFxVmDh8="></latexit><latexit sha1_base64="QzQVIb8+DnqDu7ElU75TFxVmDh8="></latexit><latexit sha1_base64="QzQVIb8+DnqDu7ElU75TFxVmDh8="></latexit><latexit sha1_base64="QzQVIb8+DnqDu7ElU75TFxVmDh8="></latexit>

AB B

We will take partial trace

Time slice t=0

Reduced density matrix from Euclidean path integral



x
<latexit sha1_base64="oW+V93f1V5cMMcBHERqgc9d7f4A="></latexit><latexit sha1_base64="oW+V93f1V5cMMcBHERqgc9d7f4A="></latexit><latexit sha1_base64="oW+V93f1V5cMMcBHERqgc9d7f4A="></latexit><latexit sha1_base64="oW+V93f1V5cMMcBHERqgc9d7f4A="></latexit>

i
<latexit sha1_base64="Ea2/tVXQeV4VMkSpaAQOUmQJzzs="></latexit><latexit sha1_base64="Ea2/tVXQeV4VMkSpaAQOUmQJzzs="></latexit><latexit sha1_base64="Ea2/tVXQeV4VMkSpaAQOUmQJzzs="></latexit><latexit sha1_base64="Ea2/tVXQeV4VMkSpaAQOUmQJzzs="></latexit>

j
<latexit sha1_base64="CESdpRA0FUzCX2SPT3EL6mr7eQQ="></latexit><latexit sha1_base64="CESdpRA0FUzCX2SPT3EL6mr7eQQ="></latexit><latexit sha1_base64="CESdpRA0FUzCX2SPT3EL6mr7eQQ="></latexit><latexit sha1_base64="CESdpRA0FUzCX2SPT3EL6mr7eQQ="></latexit>

i
<latexit sha1_base64="Ea2/tVXQeV4VMkSpaAQOUmQJzzs="></latexit><latexit sha1_base64="Ea2/tVXQeV4VMkSpaAQOUmQJzzs="></latexit><latexit sha1_base64="Ea2/tVXQeV4VMkSpaAQOUmQJzzs="></latexit><latexit sha1_base64="Ea2/tVXQeV4VMkSpaAQOUmQJzzs="></latexit>

j
<latexit sha1_base64="CESdpRA0FUzCX2SPT3EL6mr7eQQ="></latexit><latexit sha1_base64="CESdpRA0FUzCX2SPT3EL6mr7eQQ="></latexit><latexit sha1_base64="CESdpRA0FUzCX2SPT3EL6mr7eQQ="></latexit><latexit sha1_base64="CESdpRA0FUzCX2SPT3EL6mr7eQQ="></latexit>

x
<latexit sha1_base64="oW+V93f1V5cMMcBHERqgc9d7f4A="></latexit><latexit sha1_base64="oW+V93f1V5cMMcBHERqgc9d7f4A="></latexit><latexit sha1_base64="oW+V93f1V5cMMcBHERqgc9d7f4A="></latexit><latexit sha1_base64="oW+V93f1V5cMMcBHERqgc9d7f4A="></latexit>

⌧E<latexit sha1_base64="2JjLpCODvt2iRMviXrGSFb+45yE="></latexit><latexit sha1_base64="2JjLpCODvt2iRMviXrGSFb+45yE="></latexit><latexit sha1_base64="2JjLpCODvt2iRMviXrGSFb+45yE="></latexit><latexit sha1_base64="2JjLpCODvt2iRMviXrGSFb+45yE="></latexit>

�✏
<latexit sha1_base64="LZLU/o6lQAuI3W9jFa+piqPQD7M="></latexit><latexit sha1_base64="LZLU/o6lQAuI3W9jFa+piqPQD7M="></latexit><latexit sha1_base64="LZLU/o6lQAuI3W9jFa+piqPQD7M="></latexit><latexit sha1_base64="LZLU/o6lQAuI3W9jFa+piqPQD7M="></latexit>

✏
<latexit sha1_base64="c7zUFGJ8Svrxk7vb3cS2yzMsO7Y="></latexit><latexit sha1_base64="c7zUFGJ8Svrxk7vb3cS2yzMsO7Y="></latexit><latexit sha1_base64="c7zUFGJ8Svrxk7vb3cS2yzMsO7Y="></latexit><latexit sha1_base64="c7zUFGJ8Svrxk7vb3cS2yzMsO7Y="></latexit>

A
<latexit sha1_base64="Z5UP276YWRipv9jh/huqx/UYH/0="></latexit><latexit sha1_base64="Z5UP276YWRipv9jh/huqx/UYH/0="></latexit><latexit sha1_base64="Z5UP276YWRipv9jh/huqx/UYH/0="></latexit><latexit sha1_base64="Z5UP276YWRipv9jh/huqx/UYH/0="></latexit>�✏

<latexit sha1_base64="LZLU/o6lQAuI3W9jFa+piqPQD7M="></latexit><latexit sha1_base64="LZLU/o6lQAuI3W9jFa+piqPQD7M="></latexit><latexit sha1_base64="LZLU/o6lQAuI3W9jFa+piqPQD7M="></latexit><latexit sha1_base64="LZLU/o6lQAuI3W9jFa+piqPQD7M="></latexit>

✏
<latexit sha1_base64="c7zUFGJ8Svrxk7vb3cS2yzMsO7Y="></latexit><latexit sha1_base64="c7zUFGJ8Svrxk7vb3cS2yzMsO7Y="></latexit><latexit sha1_base64="c7zUFGJ8Svrxk7vb3cS2yzMsO7Y="></latexit><latexit sha1_base64="c7zUFGJ8Svrxk7vb3cS2yzMsO7Y="></latexit>

⌧E<latexit sha1_base64="2JjLpCODvt2iRMviXrGSFb+45yE="></latexit><latexit sha1_base64="2JjLpCODvt2iRMviXrGSFb+45yE="></latexit><latexit sha1_base64="2JjLpCODvt2iRMviXrGSFb+45yE="></latexit><latexit sha1_base64="2JjLpCODvt2iRMviXrGSFb+45yE="></latexit>

hiA|⇢A|jAi =
X

k

hiAkB |0ih0|jAkBi
<latexit sha1_base64="YFCDxLzc9l1kfIU6KpBKi2RkjcI="></latexit><latexit sha1_base64="YFCDxLzc9l1kfIU6KpBKi2RkjcI="></latexit><latexit sha1_base64="YFCDxLzc9l1kfIU6KpBKi2RkjcI="></latexit><latexit sha1_base64="YFCDxLzc9l1kfIU6KpBKi2RkjcI="></latexit>

Reduced density matrix from Euclidean path integral

Partial trace



i
<latexit sha1_base64="Ea2/tVXQeV4VMkSpaAQOUmQJzzs="></latexit><latexit sha1_base64="Ea2/tVXQeV4VMkSpaAQOUmQJzzs="></latexit><latexit sha1_base64="Ea2/tVXQeV4VMkSpaAQOUmQJzzs="></latexit><latexit sha1_base64="Ea2/tVXQeV4VMkSpaAQOUmQJzzs="></latexit>

j
<latexit sha1_base64="CESdpRA0FUzCX2SPT3EL6mr7eQQ="></latexit><latexit sha1_base64="CESdpRA0FUzCX2SPT3EL6mr7eQQ="></latexit><latexit sha1_base64="CESdpRA0FUzCX2SPT3EL6mr7eQQ="></latexit><latexit sha1_base64="CESdpRA0FUzCX2SPT3EL6mr7eQQ="></latexit>

A
<latexit sha1_base64="Z5UP276YWRipv9jh/huqx/UYH/0="></latexit><latexit sha1_base64="Z5UP276YWRipv9jh/huqx/UYH/0="></latexit><latexit sha1_base64="Z5UP276YWRipv9jh/huqx/UYH/0="></latexit><latexit sha1_base64="Z5UP276YWRipv9jh/huqx/UYH/0="></latexit>�✏

<latexit sha1_base64="LZLU/o6lQAuI3W9jFa+piqPQD7M="></latexit><latexit sha1_base64="LZLU/o6lQAuI3W9jFa+piqPQD7M="></latexit><latexit sha1_base64="LZLU/o6lQAuI3W9jFa+piqPQD7M="></latexit><latexit sha1_base64="LZLU/o6lQAuI3W9jFa+piqPQD7M="></latexit>

✏
<latexit sha1_base64="c7zUFGJ8Svrxk7vb3cS2yzMsO7Y="></latexit><latexit sha1_base64="c7zUFGJ8Svrxk7vb3cS2yzMsO7Y="></latexit><latexit sha1_base64="c7zUFGJ8Svrxk7vb3cS2yzMsO7Y="></latexit><latexit sha1_base64="c7zUFGJ8Svrxk7vb3cS2yzMsO7Y="></latexit>

⌧E<latexit sha1_base64="2JjLpCODvt2iRMviXrGSFb+45yE="></latexit><latexit sha1_base64="2JjLpCODvt2iRMviXrGSFb+45yE="></latexit><latexit sha1_base64="2JjLpCODvt2iRMviXrGSFb+45yE="></latexit><latexit sha1_base64="2JjLpCODvt2iRMviXrGSFb+45yE="></latexit>

x
<latexit sha1_base64="oW+V93f1V5cMMcBHERqgc9d7f4A="></latexit><latexit sha1_base64="oW+V93f1V5cMMcBHERqgc9d7f4A="></latexit><latexit sha1_base64="oW+V93f1V5cMMcBHERqgc9d7f4A="></latexit><latexit sha1_base64="oW+V93f1V5cMMcBHERqgc9d7f4A="></latexit>

A Remark for Later Convenience
The braket can be regarded as Euclidean path integral with …

Reflection symmetry
since bra and ket are the same!

In AdS/CFT, this symmetry persists on the gravity side as well

↑Related to the hermicity of  
our density matrix



i
<latexit sha1_base64="Ea2/tVXQeV4VMkSpaAQOUmQJzzs="></latexit><latexit sha1_base64="Ea2/tVXQeV4VMkSpaAQOUmQJzzs="></latexit><latexit sha1_base64="Ea2/tVXQeV4VMkSpaAQOUmQJzzs="></latexit><latexit sha1_base64="Ea2/tVXQeV4VMkSpaAQOUmQJzzs="></latexit>

j
<latexit sha1_base64="CESdpRA0FUzCX2SPT3EL6mr7eQQ="></latexit><latexit sha1_base64="CESdpRA0FUzCX2SPT3EL6mr7eQQ="></latexit><latexit sha1_base64="CESdpRA0FUzCX2SPT3EL6mr7eQQ="></latexit><latexit sha1_base64="CESdpRA0FUzCX2SPT3EL6mr7eQQ="></latexit>

j
<latexit sha1_base64="CESdpRA0FUzCX2SPT3EL6mr7eQQ="></latexit><latexit sha1_base64="CESdpRA0FUzCX2SPT3EL6mr7eQQ="></latexit><latexit sha1_base64="CESdpRA0FUzCX2SPT3EL6mr7eQQ="></latexit><latexit sha1_base64="CESdpRA0FUzCX2SPT3EL6mr7eQQ="></latexit>

i
<latexit sha1_base64="Ea2/tVXQeV4VMkSpaAQOUmQJzzs="></latexit><latexit sha1_base64="Ea2/tVXQeV4VMkSpaAQOUmQJzzs="></latexit><latexit sha1_base64="Ea2/tVXQeV4VMkSpaAQOUmQJzzs="></latexit><latexit sha1_base64="Ea2/tVXQeV4VMkSpaAQOUmQJzzs="></latexit>

k
<latexit sha1_base64="7ZKqbOdMXEh/yWj1QkRkGKb4+hw="></latexit><latexit sha1_base64="7ZKqbOdMXEh/yWj1QkRkGKb4+hw="></latexit><latexit sha1_base64="7ZKqbOdMXEh/yWj1QkRkGKb4+hw="></latexit><latexit sha1_base64="7ZKqbOdMXEh/yWj1QkRkGKb4+hw="></latexit>

k
<latexit sha1_base64="7ZKqbOdMXEh/yWj1QkRkGKb4+hw="></latexit><latexit sha1_base64="7ZKqbOdMXEh/yWj1QkRkGKb4+hw="></latexit><latexit sha1_base64="7ZKqbOdMXEh/yWj1QkRkGKb4+hw="></latexit><latexit sha1_base64="7ZKqbOdMXEh/yWj1QkRkGKb4+hw="></latexit>

Tr
A
(⇢A)

3

<latexit sha1_base64="YGbf5pK3LwfQQTy5SJvRuAT0ZeQ="></latexit><latexit sha1_base64="YGbf5pK3LwfQQTy5SJvRuAT0ZeQ="></latexit><latexit sha1_base64="YGbf5pK3LwfQQTy5SJvRuAT0ZeQ="></latexit><latexit sha1_base64="YGbf5pK3LwfQQTy5SJvRuAT0ZeQ="></latexit>

9Z3-symmetry
<latexit sha1_base64="FK+T5fn07RmAGtz9cG4bXlemQWc="></latexit><latexit sha1_base64="FK+T5fn07RmAGtz9cG4bXlemQWc="></latexit><latexit sha1_base64="FK+T5fn07RmAGtz9cG4bXlemQWc="></latexit><latexit sha1_base64="FK+T5fn07RmAGtz9cG4bXlemQWc="></latexit>

3⇥ 2⇡ periodicity around branch cut
<latexit sha1_base64="vDmGWY7UyQgce3eFrYq40PTJtxg="></latexit><latexit sha1_base64="vDmGWY7UyQgce3eFrYq40PTJtxg="></latexit><latexit sha1_base64="vDmGWY7UyQgce3eFrYq40PTJtxg="></latexit><latexit sha1_base64="vDmGWY7UyQgce3eFrYq40PTJtxg="></latexit>

“Temperature” of partition function:



hiAB | i
<latexit sha1_base64="V2cSyeNx17k/5q+CDHy4xTOCT3M="></latexit><latexit sha1_base64="V2cSyeNx17k/5q+CDHy4xTOCT3M="></latexit><latexit sha1_base64="V2cSyeNx17k/5q+CDHy4xTOCT3M="></latexit><latexit sha1_base64="V2cSyeNx17k/5q+CDHy4xTOCT3M="></latexit>

h'|jABi
<latexit sha1_base64="XUfJn+HE0Y/ujIL1TISWPqrAwXg="></latexit><latexit sha1_base64="XUfJn+HE0Y/ujIL1TISWPqrAwXg="></latexit><latexit sha1_base64="XUfJn+HE0Y/ujIL1TISWPqrAwXg="></latexit><latexit sha1_base64="XUfJn+HE0Y/ujIL1TISWPqrAwXg="></latexit>

i
<latexit sha1_base64="Ea2/tVXQeV4VMkSpaAQOUmQJzzs="></latexit><latexit sha1_base64="Ea2/tVXQeV4VMkSpaAQOUmQJzzs="></latexit><latexit sha1_base64="Ea2/tVXQeV4VMkSpaAQOUmQJzzs="></latexit><latexit sha1_base64="Ea2/tVXQeV4VMkSpaAQOUmQJzzs="></latexit>

j
<latexit sha1_base64="CESdpRA0FUzCX2SPT3EL6mr7eQQ="></latexit><latexit sha1_base64="CESdpRA0FUzCX2SPT3EL6mr7eQQ="></latexit><latexit sha1_base64="CESdpRA0FUzCX2SPT3EL6mr7eQQ="></latexit><latexit sha1_base64="CESdpRA0FUzCX2SPT3EL6mr7eQQ="></latexit>

i
<latexit sha1_base64="Ea2/tVXQeV4VMkSpaAQOUmQJzzs="></latexit><latexit sha1_base64="Ea2/tVXQeV4VMkSpaAQOUmQJzzs="></latexit><latexit sha1_base64="Ea2/tVXQeV4VMkSpaAQOUmQJzzs="></latexit><latexit sha1_base64="Ea2/tVXQeV4VMkSpaAQOUmQJzzs="></latexit>

j
<latexit sha1_base64="CESdpRA0FUzCX2SPT3EL6mr7eQQ="></latexit><latexit sha1_base64="CESdpRA0FUzCX2SPT3EL6mr7eQQ="></latexit><latexit sha1_base64="CESdpRA0FUzCX2SPT3EL6mr7eQQ="></latexit><latexit sha1_base64="CESdpRA0FUzCX2SPT3EL6mr7eQQ="></latexit>

hiA| T  |'
A |jAi = hiA|TrBT  |' |jAi

<latexit sha1_base64="bZI7FG/9QNJvL7BEd+qXPC/rcO8="></latexit><latexit sha1_base64="bZI7FG/9QNJvL7BEd+qXPC/rcO8="></latexit><latexit sha1_base64="bZI7FG/9QNJvL7BEd+qXPC/rcO8="></latexit><latexit sha1_base64="bZI7FG/9QNJvL7BEd+qXPC/rcO8="></latexit>

hiAB | T  |' |jABi
<latexit sha1_base64="ecmti/DVF9LrseauZxP/lquq2d8="></latexit><latexit sha1_base64="ecmti/DVF9LrseauZxP/lquq2d8="></latexit><latexit sha1_base64="ecmti/DVF9LrseauZxP/lquq2d8="></latexit><latexit sha1_base64="ecmti/DVF9LrseauZxP/lquq2d8="></latexit>

・For simplicity, we ignored the denominator of the transition matrix

States from Euclidian Path Integral

・Vacuum and operator excitations can be easily obtained from EPI



i
<latexit sha1_base64="Ea2/tVXQeV4VMkSpaAQOUmQJzzs="></latexit><latexit sha1_base64="Ea2/tVXQeV4VMkSpaAQOUmQJzzs="></latexit><latexit sha1_base64="Ea2/tVXQeV4VMkSpaAQOUmQJzzs="></latexit><latexit sha1_base64="Ea2/tVXQeV4VMkSpaAQOUmQJzzs="></latexit>

j
<latexit sha1_base64="CESdpRA0FUzCX2SPT3EL6mr7eQQ="></latexit><latexit sha1_base64="CESdpRA0FUzCX2SPT3EL6mr7eQQ="></latexit><latexit sha1_base64="CESdpRA0FUzCX2SPT3EL6mr7eQQ="></latexit><latexit sha1_base64="CESdpRA0FUzCX2SPT3EL6mr7eQQ="></latexit>

j
<latexit sha1_base64="CESdpRA0FUzCX2SPT3EL6mr7eQQ="></latexit><latexit sha1_base64="CESdpRA0FUzCX2SPT3EL6mr7eQQ="></latexit><latexit sha1_base64="CESdpRA0FUzCX2SPT3EL6mr7eQQ="></latexit><latexit sha1_base64="CESdpRA0FUzCX2SPT3EL6mr7eQQ="></latexit>

i
<latexit sha1_base64="Ea2/tVXQeV4VMkSpaAQOUmQJzzs="></latexit><latexit sha1_base64="Ea2/tVXQeV4VMkSpaAQOUmQJzzs="></latexit><latexit sha1_base64="Ea2/tVXQeV4VMkSpaAQOUmQJzzs="></latexit><latexit sha1_base64="Ea2/tVXQeV4VMkSpaAQOUmQJzzs="></latexit>

k
<latexit sha1_base64="7ZKqbOdMXEh/yWj1QkRkGKb4+hw="></latexit><latexit sha1_base64="7ZKqbOdMXEh/yWj1QkRkGKb4+hw="></latexit><latexit sha1_base64="7ZKqbOdMXEh/yWj1QkRkGKb4+hw="></latexit><latexit sha1_base64="7ZKqbOdMXEh/yWj1QkRkGKb4+hw="></latexit>

k
<latexit sha1_base64="7ZKqbOdMXEh/yWj1QkRkGKb4+hw="></latexit><latexit sha1_base64="7ZKqbOdMXEh/yWj1QkRkGKb4+hw="></latexit><latexit sha1_base64="7ZKqbOdMXEh/yWj1QkRkGKb4+hw="></latexit><latexit sha1_base64="7ZKqbOdMXEh/yWj1QkRkGKb4+hw="></latexit>

Tr(T  |'
A )3

<latexit sha1_base64="HDQwbU9quh3cA1uW+UxGiQ5YVd0="></latexit><latexit sha1_base64="HDQwbU9quh3cA1uW+UxGiQ5YVd0="></latexit><latexit sha1_base64="HDQwbU9quh3cA1uW+UxGiQ5YVd0="></latexit><latexit sha1_base64="HDQwbU9quh3cA1uW+UxGiQ5YVd0="></latexit>
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EE for vacuum in 2d CFT (single interval)

Fixed by the conformal symmetry



RT and LM



A
ΓA

= Min [ Area(ΓA)
4GN ]S(ρA)

∂ΓA = ∂A
ΓA ∼ A

Ryu-Takayanagi Formula 
Relation between Entanglement and Area in AdS/CFT

Ryu-Takayanagi ‘06 (static case)

Vacuum in CFT ↔ Empty AdS

We have discussed so far We will see in the next slide

EE for Min. Area fore.g.)



Holographic Entanglement Entropy

u v

ds2 =
dz2 � dt2 + dx2

z2
<latexit sha1_base64="lixlJx8CqAQwblNvSu0kzisZNkE="></latexit><latexit sha1_base64="lixlJx8CqAQwblNvSu0kzisZNkE="></latexit><latexit sha1_base64="lixlJx8CqAQwblNvSu0kzisZNkE="></latexit><latexit sha1_base64="lixlJx8CqAQwblNvSu0kzisZNkE="></latexit>

z
<latexit sha1_base64="qFdt79jKibkEMVqxOP4Yhb1jHNE="></latexit><latexit sha1_base64="qFdt79jKibkEMVqxOP4Yhb1jHNE="></latexit><latexit sha1_base64="qFdt79jKibkEMVqxOP4Yhb1jHNE="></latexit><latexit sha1_base64="qFdt79jKibkEMVqxOP4Yhb1jHNE="></latexit>

x
<latexit sha1_base64="AzVqLJ0cKazAy0xR5vkG8HdJ0M8="></latexit><latexit sha1_base64="AzVqLJ0cKazAy0xR5vkG8HdJ0M8="></latexit><latexit sha1_base64="AzVqLJ0cKazAy0xR5vkG8HdJ0M8="></latexit><latexit sha1_base64="AzVqLJ0cKazAy0xR5vkG8HdJ0M8="></latexit>

t = 0
<latexit sha1_base64="iICJ8AcQ2t1RUQiU9IqnId5rCf0="></latexit><latexit sha1_base64="iICJ8AcQ2t1RUQiU9IqnId5rCf0="></latexit><latexit sha1_base64="iICJ8AcQ2t1RUQiU9IqnId5rCf0="></latexit><latexit sha1_base64="iICJ8AcQ2t1RUQiU9IqnId5rCf0="></latexit>

(⌧E = 0)
<latexit sha1_base64="2cxGVPzBImpNjYpGJzVoEs7cN/A="></latexit><latexit sha1_base64="2cxGVPzBImpNjYpGJzVoEs7cN/A="></latexit><latexit sha1_base64="2cxGVPzBImpNjYpGJzVoEs7cN/A="></latexit><latexit sha1_base64="2cxGVPzBImpNjYpGJzVoEs7cN/A="></latexit>

Thanks to the reflection symmetry, the minimal area surface settles down to a canonical time slice!

Geodesics: semi-circle

z2 +
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<latexit sha1_base64="xDyOKsb8DMMNhH3S5Q8kPsssUCg="></latexit><latexit sha1_base64="xDyOKsb8DMMNhH3S5Q8kPsssUCg="></latexit><latexit sha1_base64="xDyOKsb8DMMNhH3S5Q8kPsssUCg="></latexit><latexit sha1_base64="xDyOKsb8DMMNhH3S5Q8kPsssUCg="></latexit>

A

4GN
=

1

2GN
log

|u� v|
✏

=
c

3
log

|u� v|
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<latexit sha1_base64="fuLzCJUNssxbp2ERgIciqXnhsFU="></latexit><latexit sha1_base64="fuLzCJUNssxbp2ERgIciqXnhsFU="></latexit><latexit sha1_base64="fuLzCJUNssxbp2ERgIciqXnhsFU="></latexit><latexit sha1_base64="fuLzCJUNssxbp2ERgIciqXnhsFU="></latexit>

A
<latexit sha1_base64="NldR9JYMQo/bPmKwP45/pvChRS4="></latexit><latexit sha1_base64="NldR9JYMQo/bPmKwP45/pvChRS4="></latexit><latexit sha1_base64="NldR9JYMQo/bPmKwP45/pvChRS4="></latexit><latexit sha1_base64="NldR9JYMQo/bPmKwP45/pvChRS4="></latexit>

✓
c =

3

2GN

◆

<latexit sha1_base64="Y+S+Y3/XRARMUfXmN0Cs1jYNWNw="></latexit><latexit sha1_base64="Y+S+Y3/XRARMUfXmN0Cs1jYNWNw="></latexit><latexit sha1_base64="Y+S+Y3/XRARMUfXmN0Cs1jYNWNw="></latexit><latexit sha1_base64="Y+S+Y3/XRARMUfXmN0Cs1jYNWNw="></latexit>

Brown-Henneaux ‘86

`AdS3 ⌘ 1
<latexit sha1_base64="ixc7AaL/XpVj2nM7FB8wFeCoP/k="></latexit><latexit sha1_base64="ixc7AaL/XpVj2nM7FB8wFeCoP/k="></latexit><latexit sha1_base64="ixc7AaL/XpVj2nM7FB8wFeCoP/k="></latexit><latexit sha1_base64="ixc7AaL/XpVj2nM7FB8wFeCoP/k="></latexit>

z = ✏
<latexit sha1_base64="OfUbE0fEDZeRaTg87F8VF8//CBg="></latexit><latexit sha1_base64="OfUbE0fEDZeRaTg87F8VF8//CBg="></latexit><latexit sha1_base64="OfUbE0fEDZeRaTg87F8VF8//CBg="></latexit><latexit sha1_base64="OfUbE0fEDZeRaTg87F8VF8//CBg="></latexit>

Ryu-Takayanagi ‘06
Poincare AdS



More general argument
Lewkowycz-Maldacena‘13

Just use the AdS/CFT for “partition function”

Z(n)
CFTd

⌘ Tr(⇢A)
n

<latexit sha1_base64="St7o3SvVmK4TFz+VogISdUlxBEc="></latexit><latexit sha1_base64="St7o3SvVmK4TFz+VogISdUlxBEc="></latexit><latexit sha1_base64="St7o3SvVmK4TFz+VogISdUlxBEc="></latexit><latexit sha1_base64="St7o3SvVmK4TFz+VogISdUlxBEc="></latexit>

=
On-shell action indeed picks up the minimal area!

Z(n)
AdSd+1

⇠ e�S(n)

⇠ e�
n�1
4Gn

A

<latexit sha1_base64="RXnkZjmgNv9OO6YLeuUAd1MZ1M0="></latexit><latexit sha1_base64="RXnkZjmgNv9OO6YLeuUAd1MZ1M0="></latexit><latexit sha1_base64="RXnkZjmgNv9OO6YLeuUAd1MZ1M0="></latexit><latexit sha1_base64="RXnkZjmgNv9OO6YLeuUAd1MZ1M0="></latexit>

large-N n→1
=

Singular parts (contribute to on-shell action)

CFT
AdS



A Famous Example: Monogamy relation

I(A : BC) � I(A : B) + I(A : C)
<latexit sha1_base64="Wu3mOfde3ZQ1iLdvqqvGy0Qry7o="></latexit>

I(A : B) = S(⇢A) + S(⇢B)� S(⇢AB)
<latexit sha1_base64="uIzF7dLZBso0DooPXsYjwntOKwQ="></latexit>

where

Hayden-Headrick-Maloney ‘11

It can be regarded as a constraint on states with semi-classical gravity dual

How holographic states are special?

A counterexample of this monogamy relation: 2d free scalar



A series of strong conditions from HPE

S(T  |'
A ) + S(T  |'

B ) � S(T  |'
AB )

<latexit sha1_base64="EbQpA92nA5P0yphdLTo7KH1udrQ="></latexit><latexit sha1_base64="EbQpA92nA5P0yphdLTo7KH1udrQ="></latexit><latexit sha1_base64="EbQpA92nA5P0yphdLTo7KH1udrQ="></latexit><latexit sha1_base64="EbQpA92nA5P0yphdLTo7KH1udrQ="></latexit>

∵) related to the area of geometrical objects

∵) follows from minimization of area

S(T  |'
AB ) + S(T  |'

BC )
?
� S(T  |'

ABC) + S(T  |'
B )

<latexit sha1_base64="/vImwJ6GEvNEhxVu9JQcCFjboHI="></latexit><latexit sha1_base64="/vImwJ6GEvNEhxVu9JQcCFjboHI="></latexit><latexit sha1_base64="/vImwJ6GEvNEhxVu9JQcCFjboHI="></latexit><latexit sha1_base64="/vImwJ6GEvNEhxVu9JQcCFjboHI="></latexit>

S(n)(T  |'
A ) � 0, (n > 0)

<latexit sha1_base64="x1OpQaQPqwK1h6ATMjzIwwKNPsc="></latexit><latexit sha1_base64="x1OpQaQPqwK1h6ATMjzIwwKNPsc="></latexit><latexit sha1_base64="x1OpQaQPqwK1h6ATMjzIwwKNPsc="></latexit><latexit sha1_base64="x1OpQaQPqwK1h6ATMjzIwwKNPsc="></latexit>

Not proven/disproven yet. Any counterexamples?

Dong '16

(Note: von-Neumann entropy always satisfies all of them) 
(By assuming a fixed time slice)



Example: Janus AdS3/CFT2

| ±i
<latexit sha1_base64="6ouZEcvljv9+Sj86DPizAJ1IDRw="></latexit><latexit sha1_base64="6ouZEcvljv9+Sj86DPizAJ1IDRw="></latexit><latexit sha1_base64="6ouZEcvljv9+Sj86DPizAJ1IDRw="></latexit><latexit sha1_base64="6ouZEcvljv9+Sj86DPizAJ1IDRw="></latexit>

Final/Initial states

are given by exactly marginal deformation:

on boundary

S = SCFT + J±

Z

±⌧E>0
d2x O(x)

<latexit sha1_base64="Z8LDHRuvwjvh2+KlaelWLwTscJQ="></latexit><latexit sha1_base64="Z8LDHRuvwjvh2+KlaelWLwTscJQ="></latexit><latexit sha1_base64="Z8LDHRuvwjvh2+KlaelWLwTscJQ="></latexit><latexit sha1_base64="Z8LDHRuvwjvh2+KlaelWLwTscJQ="></latexit>

the solution in Einstein + a massless scalar (dilaton)

f(⇢) =
1

2

⇣
1 +

p
1� 2�2 cosh(2⇢)

⌘

<latexit sha1_base64="7jReEFqrPdfFsR7nsaX4ihCneXg="></latexit><latexit sha1_base64="7jReEFqrPdfFsR7nsaX4ihCneXg="></latexit><latexit sha1_base64="7jReEFqrPdfFsR7nsaX4ihCneXg="></latexit><latexit sha1_base64="7jReEFqrPdfFsR7nsaX4ihCneXg="></latexit>

�(⇢) = �0 +
1p
2
log

 
1 +

p
1� 2�2 +

p
2� tanh ⇢

1 +
p
1� 2�2 �

p
2� tanh ⇢

!

<latexit sha1_base64="UzCSGygYrsy8biBj2pvzMCONVqE="></latexit><latexit sha1_base64="UzCSGygYrsy8biBj2pvzMCONVqE="></latexit><latexit sha1_base64="UzCSGygYrsy8biBj2pvzMCONVqE="></latexit><latexit sha1_base64="UzCSGygYrsy8biBj2pvzMCONVqE="></latexit>

Bak-Gutperle-Hirano ‘07

ds2 = d⇢2 + f(⇢)
dx2 + dy2

y2
<latexit sha1_base64="OYnQwb187rVn3Y0JQ15a2KD1q6o="></latexit><latexit sha1_base64="OYnQwb187rVn3Y0JQ15a2KD1q6o="></latexit><latexit sha1_base64="OYnQwb187rVn3Y0JQ15a2KD1q6o="></latexit><latexit sha1_base64="OYnQwb187rVn3Y0JQ15a2KD1q6o="></latexit>

where

�!
⇢!±1

J±
<latexit sha1_base64="K9O0btpCxots+mBXjjQ4dKdz1kY="></latexit><latexit sha1_base64="K9O0btpCxots+mBXjjQ4dKdz1kY="></latexit><latexit sha1_base64="K9O0btpCxots+mBXjjQ4dKdz1kY="></latexit><latexit sha1_base64="K9O0btpCxots+mBXjjQ4dKdz1kY="></latexit>

⌧E
<latexit sha1_base64="XKRttwYY6bFMJqNZdcjFFCR46vM="></latexit><latexit sha1_base64="XKRttwYY6bFMJqNZdcjFFCR46vM="></latexit><latexit sha1_base64="XKRttwYY6bFMJqNZdcjFFCR46vM="></latexit><latexit sha1_base64="XKRttwYY6bFMJqNZdcjFFCR46vM="></latexit>

y
<latexit sha1_base64="av8OjoW+19UTDxRihvEeq2LptjA="></latexit><latexit sha1_base64="av8OjoW+19UTDxRihvEeq2LptjA="></latexit><latexit sha1_base64="av8OjoW+19UTDxRihvEeq2LptjA="></latexit><latexit sha1_base64="av8OjoW+19UTDxRihvEeq2LptjA="></latexit>

y
<latexit sha1_base64="av8OjoW+19UTDxRihvEeq2LptjA="></latexit><latexit sha1_base64="av8OjoW+19UTDxRihvEeq2LptjA="></latexit><latexit sha1_base64="av8OjoW+19UTDxRihvEeq2LptjA="></latexit><latexit sha1_base64="av8OjoW+19UTDxRihvEeq2LptjA="></latexit>⇢

<latexit sha1_base64="NoH73pZjuyd/3bT8W67OkdYduMw="></latexit><latexit sha1_base64="NoH73pZjuyd/3bT8W67OkdYduMw="></latexit><latexit sha1_base64="NoH73pZjuyd/3bT8W67OkdYduMw="></latexit><latexit sha1_base64="NoH73pZjuyd/3bT8W67OkdYduMw="></latexit>

⇢ = 0
<latexit sha1_base64="6B0IRA02gjvV/nYhWBfmoKyHkZo="></latexit><latexit sha1_base64="6B0IRA02gjvV/nYhWBfmoKyHkZo="></latexit><latexit sha1_base64="6B0IRA02gjvV/nYhWBfmoKyHkZo="></latexit><latexit sha1_base64="6B0IRA02gjvV/nYhWBfmoKyHkZo="></latexit> (⌧E = 0)

<latexit sha1_base64="2cxGVPzBImpNjYpGJzVoEs7cN/A="></latexit><latexit sha1_base64="2cxGVPzBImpNjYpGJzVoEs7cN/A="></latexit><latexit sha1_base64="2cxGVPzBImpNjYpGJzVoEs7cN/A="></latexit><latexit sha1_base64="2cxGVPzBImpNjYpGJzVoEs7cN/A="></latexit>

J+
<latexit sha1_base64="ksGofrFu0EEOUbhBAtZ+i1Ns308="></latexit><latexit sha1_base64="ksGofrFu0EEOUbhBAtZ+i1Ns308="></latexit><latexit sha1_base64="ksGofrFu0EEOUbhBAtZ+i1Ns308="></latexit><latexit sha1_base64="ksGofrFu0EEOUbhBAtZ+i1Ns308="></latexit>

J�<latexit sha1_base64="YlmhOeKUp6j0XsPPf5Gaqi/Ws0Q="></latexit><latexit sha1_base64="YlmhOeKUp6j0XsPPf5Gaqi/Ws0Q="></latexit><latexit sha1_base64="YlmhOeKUp6j0XsPPf5Gaqi/Ws0Q="></latexit><latexit sha1_base64="YlmhOeKUp6j0XsPPf5Gaqi/Ws0Q="></latexit>

AdS/CFT



Example: Janus AdS3/CFT2

the solution in Einstein + a massless scalar (dilaton) Bak-Gutperle-Hirano ‘07

ds2 = d⇢2 + f(⇢)
dx2 + dy2

y2
<latexit sha1_base64="OYnQwb187rVn3Y0JQ15a2KD1q6o="></latexit><latexit sha1_base64="OYnQwb187rVn3Y0JQ15a2KD1q6o="></latexit><latexit sha1_base64="OYnQwb187rVn3Y0JQ15a2KD1q6o="></latexit><latexit sha1_base64="OYnQwb187rVn3Y0JQ15a2KD1q6o="></latexit>

⌧E
<latexit sha1_base64="XKRttwYY6bFMJqNZdcjFFCR46vM="></latexit><latexit sha1_base64="XKRttwYY6bFMJqNZdcjFFCR46vM="></latexit><latexit sha1_base64="XKRttwYY6bFMJqNZdcjFFCR46vM="></latexit><latexit sha1_base64="XKRttwYY6bFMJqNZdcjFFCR46vM="></latexit>

y
<latexit sha1_base64="av8OjoW+19UTDxRihvEeq2LptjA="></latexit><latexit sha1_base64="av8OjoW+19UTDxRihvEeq2LptjA="></latexit><latexit sha1_base64="av8OjoW+19UTDxRihvEeq2LptjA="></latexit><latexit sha1_base64="av8OjoW+19UTDxRihvEeq2LptjA="></latexit>

y
<latexit sha1_base64="av8OjoW+19UTDxRihvEeq2LptjA="></latexit><latexit sha1_base64="av8OjoW+19UTDxRihvEeq2LptjA="></latexit><latexit sha1_base64="av8OjoW+19UTDxRihvEeq2LptjA="></latexit><latexit sha1_base64="av8OjoW+19UTDxRihvEeq2LptjA="></latexit>⇢

<latexit sha1_base64="NoH73pZjuyd/3bT8W67OkdYduMw="></latexit><latexit sha1_base64="NoH73pZjuyd/3bT8W67OkdYduMw="></latexit><latexit sha1_base64="NoH73pZjuyd/3bT8W67OkdYduMw="></latexit><latexit sha1_base64="NoH73pZjuyd/3bT8W67OkdYduMw="></latexit>

⇢ = 0
<latexit sha1_base64="6B0IRA02gjvV/nYhWBfmoKyHkZo="></latexit><latexit sha1_base64="6B0IRA02gjvV/nYhWBfmoKyHkZo="></latexit><latexit sha1_base64="6B0IRA02gjvV/nYhWBfmoKyHkZo="></latexit><latexit sha1_base64="6B0IRA02gjvV/nYhWBfmoKyHkZo="></latexit> (⌧E = 0)

<latexit sha1_base64="2cxGVPzBImpNjYpGJzVoEs7cN/A="></latexit><latexit sha1_base64="2cxGVPzBImpNjYpGJzVoEs7cN/A="></latexit><latexit sha1_base64="2cxGVPzBImpNjYpGJzVoEs7cN/A="></latexit><latexit sha1_base64="2cxGVPzBImpNjYpGJzVoEs7cN/A="></latexit>

J+
<latexit sha1_base64="ksGofrFu0EEOUbhBAtZ+i1Ns308="></latexit><latexit sha1_base64="ksGofrFu0EEOUbhBAtZ+i1Ns308="></latexit><latexit sha1_base64="ksGofrFu0EEOUbhBAtZ+i1Ns308="></latexit><latexit sha1_base64="ksGofrFu0EEOUbhBAtZ+i1Ns308="></latexit>

J�<latexit sha1_base64="YlmhOeKUp6j0XsPPf5Gaqi/Ws0Q="></latexit><latexit sha1_base64="YlmhOeKUp6j0XsPPf5Gaqi/Ws0Q="></latexit><latexit sha1_base64="YlmhOeKUp6j0XsPPf5Gaqi/Ws0Q="></latexit><latexit sha1_base64="YlmhOeKUp6j0XsPPf5Gaqi/Ws0Q="></latexit>

the minimal geodesics (anchored on ∂A):

A = {(x, ⌧E) |x 2 [�`/2, `/2], ⌧E = 0}
<latexit sha1_base64="AuSpaMwsKS4wFsCHOmPK1vlRhi8="></latexit><latexit sha1_base64="AuSpaMwsKS4wFsCHOmPK1vlRhi8="></latexit><latexit sha1_base64="AuSpaMwsKS4wFsCHOmPK1vlRhi8="></latexit><latexit sha1_base64="AuSpaMwsKS4wFsCHOmPK1vlRhi8="></latexit>

where y
<latexit sha1_base64="av8OjoW+19UTDxRihvEeq2LptjA="></latexit><latexit sha1_base64="av8OjoW+19UTDxRihvEeq2LptjA="></latexit><latexit sha1_base64="av8OjoW+19UTDxRihvEeq2LptjA="></latexit><latexit sha1_base64="av8OjoW+19UTDxRihvEeq2LptjA="></latexit>

x
<latexit sha1_base64="AzVqLJ0cKazAy0xR5vkG8HdJ0M8="></latexit><latexit sha1_base64="AzVqLJ0cKazAy0xR5vkG8HdJ0M8="></latexit><latexit sha1_base64="AzVqLJ0cKazAy0xR5vkG8HdJ0M8="></latexit><latexit sha1_base64="AzVqLJ0cKazAy0xR5vkG8HdJ0M8="></latexit>

A
<latexit sha1_base64="22kbo3DNOILD5v3+XUH7YGrMry4="></latexit><latexit sha1_base64="22kbo3DNOILD5v3+XUH7YGrMry4="></latexit><latexit sha1_base64="22kbo3DNOILD5v3+XUH7YGrMry4="></latexit><latexit sha1_base64="22kbo3DNOILD5v3+XUH7YGrMry4="></latexit>⇢ = 0,

<latexit sha1_base64="cR9qWmiMr22pVYNNlDzMtdfFwq0="></latexit><latexit sha1_base64="cR9qWmiMr22pVYNNlDzMtdfFwq0="></latexit><latexit sha1_base64="cR9qWmiMr22pVYNNlDzMtdfFwq0="></latexit><latexit sha1_base64="cR9qWmiMr22pVYNNlDzMtdfFwq0="></latexit>

x2 + y2 = `2
<latexit sha1_base64="tsmLufB0k+ATpD99CEW8ws8n29s="></latexit><latexit sha1_base64="tsmLufB0k+ATpD99CEW8ws8n29s="></latexit><latexit sha1_base64="tsmLufB0k+ATpD99CEW8ws8n29s="></latexit><latexit sha1_base64="tsmLufB0k+ATpD99CEW8ws8n29s="></latexit>

f(0) < 1
<latexit sha1_base64="Xdpc1mzfdZvvCQx3wQW8soatix4="></latexit><latexit sha1_base64="Xdpc1mzfdZvvCQx3wQW8soatix4="></latexit><latexit sha1_base64="Xdpc1mzfdZvvCQx3wQW8soatix4="></latexit><latexit sha1_base64="Xdpc1mzfdZvvCQx3wQW8soatix4="></latexit>

The overall factor effectively reduces “the AdS radius”

and the cutoff scale in y-direction (x-direction is the ordinary one)

→ The Holographic Pseudo Entropy also reduces (natural!)



Mixed states generalizations



e.g.) ⇢AB = q | ih |+ (1� q)�A ⌦ �B

� =
1

2
|0ih0|+ 1

2
|1ih1|

| i = 1p
2
(|0A1Bi � |1A0Bi) Not entangled

“EPR pair” (entangled)

Need mixed states generalization (and holography)

Advertisement: I wrote a brief review in “日本物理学会誌”
For the detail, please take a look it!

https://www.jps.or.jp/books/gakkaishi/2020/06/75-06_335researches3.pdf


Entanglement Wedge Cross Section (EWCS)

EW
<latexit sha1_base64="Y5AqBL0s1s3lAD6iGwJMNtXKw6M="></latexit><latexit sha1_base64="Y5AqBL0s1s3lAD6iGwJMNtXKw6M="></latexit><latexit sha1_base64="Y5AqBL0s1s3lAD6iGwJMNtXKw6M="></latexit><latexit sha1_base64="Y5AqBL0s1s3lAD6iGwJMNtXKw6M="></latexit>

A B

Entanglement of Purification

Odd Entropy

Logarithmic Negativity

Reflected Entropy

Umemoto-Takayanagi ‘17

KT ‘18

Kulder-Flam—Ryu ‘18

Dutta-Faulkner ‘19

Entanglement wedge (blue shaded region) 

bulk subregion dual to  
reduced density matrix (mixed state)
Czech-Karczmarek-Nogueira-VanRaamsdonk, Wall ’12,  
Headrick, Hubeny-Lawrence-Rangamani ‘14

Candidates:

Q. Boundary dual of EWCS in Euclidian time-dependent background ?

EWCS: minimal cross section of the entanglement wedge



Generalizations to Mixed States ?

X̂ =
X

ij

Xij |iAi hjA|
<latexit sha1_base64="NmUwCuZ91oLxjQ3x5sbHQiZB7Fs="></latexit><latexit sha1_base64="NmUwCuZ91oLxjQ3x5sbHQiZB7Fs="></latexit><latexit sha1_base64="NmUwCuZ91oLxjQ3x5sbHQiZB7Fs="></latexit><latexit sha1_base64="NmUwCuZ91oLxjQ3x5sbHQiZB7Fs="></latexit>

|X̂AA⇤i =
X

ij

Xij |iAi |j⇤A⇤i
<latexit sha1_base64="glQq2L/gHLXFX0wTI9+hI5cyoiU="></latexit><latexit sha1_base64="glQq2L/gHLXFX0wTI9+hI5cyoiU="></latexit><latexit sha1_base64="glQq2L/gHLXFX0wTI9+hI5cyoiU="></latexit><latexit sha1_base64="glQq2L/gHLXFX0wTI9+hI5cyoiU="></latexit>

(for a physical state, it is just the similar procedure in purification)

If X = T '| 
A ,

<latexit sha1_base64="SofBRqU/DwN1KszEgvFD6xOq5do="></latexit><latexit sha1_base64="SofBRqU/DwN1KszEgvFD6xOq5do="></latexit><latexit sha1_base64="SofBRqU/DwN1KszEgvFD6xOq5do="></latexit><latexit sha1_base64="SofBRqU/DwN1KszEgvFD6xOq5do="></latexit>

m

2
<latexit sha1_base64="7ivOoS4taROknKaoY7IB/ovoVjQ="></latexit>

| i
<latexit sha1_base64="CDi3jaAJwzVu/r1B+zU8AH+9XIY="></latexit>

h'|
<latexit sha1_base64="GLAtq76ZootQ912VSL5stNg1xuY="></latexit>

h
(T  |'

A )
m
2

i

ij
<latexit sha1_base64="mMLpTftW6ffdk/5bHRE9E0jpmyQ="></latexit>

=
i

<latexit sha1_base64="XCPwGVw/fNwWY3wNFIqEDkRfG/Q="></latexit>

j
<latexit sha1_base64="R51KYE9OS/nARYNaDFJlUThs7DA="></latexit>

h
(T  |'

A )†
m
2

i

ij
<latexit sha1_base64="at/HuirNc68xohk2zcz+m/Rd2RI="></latexit>

m

2
<latexit sha1_base64="7ivOoS4taROknKaoY7IB/ovoVjQ="></latexit>

=
i

<latexit sha1_base64="XCPwGVw/fNwWY3wNFIqEDkRfG/Q="></latexit>

j
<latexit sha1_base64="R51KYE9OS/nARYNaDFJlUThs7DA="></latexit> h |

<latexit sha1_base64="UROt5Bvt3ZKEglBB+hXQDHgWRcY="></latexit>

|'i
<latexit sha1_base64="NAURIIM1XxUKGZZMevOZmEhDLo0="></latexit>

m: an even integer 

T  |'
AB

<latexit sha1_base64="99mp6duWQ6/H1R6m6XxRG03I3bc="></latexit><latexit sha1_base64="99mp6duWQ6/H1R6m6XxRG03I3bc="></latexit><latexit sha1_base64="99mp6duWQ6/H1R6m6XxRG03I3bc="></latexit><latexit sha1_base64="99mp6duWQ6/H1R6m6XxRG03I3bc="></latexit>

Can evaluate correlations for a given “mixed state” ?

Have a nice path-integral realization:

One way to answer it:



“Pseudo Reflected Entropy”

SR(T  |'
AB ) ⌘ S(T X|X†

AA⇤ ) = 2EW (T  |'
AB )

<latexit sha1_base64="CEZ1x4DChmji6BYEJRdxlvS7DiI="></latexit><latexit sha1_base64="CEZ1x4DChmji6BYEJRdxlvS7DiI="></latexit><latexit sha1_base64="CEZ1x4DChmji6BYEJRdxlvS7DiI="></latexit><latexit sha1_base64="CEZ1x4DChmji6BYEJRdxlvS7DiI="></latexit>

T X|X†

ABA⇤B⇤ =
|Xi hX†|
hX|X†i

<latexit sha1_base64="KZp9idHvwE6RLG2wVUe1WIGh0YQ="></latexit><latexit sha1_base64="KZp9idHvwE6RLG2wVUe1WIGh0YQ="></latexit><latexit sha1_base64="KZp9idHvwE6RLG2wVUe1WIGh0YQ="></latexit><latexit sha1_base64="KZp9idHvwE6RLG2wVUe1WIGh0YQ="></latexit>

X = lim
m!1

(T  |'
AB )

m
2

<latexit sha1_base64="OX9I+9MHYOebgNcENNSkyDS8F+U="></latexit><latexit sha1_base64="OX9I+9MHYOebgNcENNSkyDS8F+U="></latexit><latexit sha1_base64="OX9I+9MHYOebgNcENNSkyDS8F+U="></latexit><latexit sha1_base64="OX9I+9MHYOebgNcENNSkyDS8F+U="></latexit>

withwhere

EW
<latexit sha1_base64="Y5AqBL0s1s3lAD6iGwJMNtXKw6M="></latexit><latexit sha1_base64="Y5AqBL0s1s3lAD6iGwJMNtXKw6M="></latexit><latexit sha1_base64="Y5AqBL0s1s3lAD6iGwJMNtXKw6M="></latexit><latexit sha1_base64="Y5AqBL0s1s3lAD6iGwJMNtXKw6M="></latexit>

A B

・We can also introduce “pseudo odd entropy” in progress

X̂ =
X

ij

Xij |iAi hjA|
<latexit sha1_base64="NmUwCuZ91oLxjQ3x5sbHQiZB7Fs="></latexit><latexit sha1_base64="NmUwCuZ91oLxjQ3x5sbHQiZB7Fs="></latexit><latexit sha1_base64="NmUwCuZ91oLxjQ3x5sbHQiZB7Fs="></latexit><latexit sha1_base64="NmUwCuZ91oLxjQ3x5sbHQiZB7Fs="></latexit>

|X̂AA⇤i =
X

ij

Xij |iAi |j⇤A⇤i
<latexit sha1_base64="glQq2L/gHLXFX0wTI9+hI5cyoiU="></latexit><latexit sha1_base64="glQq2L/gHLXFX0wTI9+hI5cyoiU="></latexit><latexit sha1_base64="glQq2L/gHLXFX0wTI9+hI5cyoiU="></latexit><latexit sha1_base64="glQq2L/gHLXFX0wTI9+hI5cyoiU="></latexit>

(for a physical state, it is just the similar procedure in purification)


