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Ex)  symmetryU(1)

 charge:U(1) Q = ∫ ddxj0 = ∫Md

j

d
dt

Q = ∫ ddx∂0 j0 = − ∫ ddx∇i ji = 0Time independence: 

Charged object :φ(x)
Charged object :Ug(Md)φ(x)U−1

g (Md) = e−iαφ(x) = R(g)φ(x)

Ug(Md) = eiαQ (g = eiα)Unitary operator:

Ordinary symmetry in ( ) dimensionsd + 1

Ug(Md)U′ g(Md) = Ugg′ 
(Md)Group law:



x
<latexit sha1_base64="Ve2xZWddrWl2ilzbf+ijTfAxlw4="></latexit>

t

Time independence

Graphical representation

<latexit sha1_base64="Kcq/ofQ6NjfbyIE2Q0qUaIYIVRI="></latexit>

Ug(M
d)
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=
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Graphical representation
Symmetry generator is topological

<latexit sha1_base64="sW/y3XkNBHtFiLVLFnOy/VJoKQc="></latexit>gMd
<latexit sha1_base64="sW/y3XkNBHtFiLVLFnOy/VJoKQc="></latexit>g

= ∫Md

j + ∫∂X
j∫Md+∂X

j = ∫Md

j + ∫X
dj

=

= ∫Md

j

<latexit sha1_base64="VB3/O5TyYiJEQaMBTQVK77MxbSk="></latexit>

Xd+1

= +
<latexit sha1_base64="CjXqlyUW1liApct8lMeCBBYveoA="></latexit>

Md
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@Xd+1
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Md + @Xd+1



Charged object

<latexit sha1_base64="sW/y3XkNBHtFiLVLFnOy/VJoKQc="></latexit>g
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g�1
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representation  
matrix

Graphical representation

= = =
<latexit sha1_base64="BjOq030NXvqBe0rLcBf5xx8eLD8="></latexit>

R(g)'

<latexit sha1_base64="N59e7QUUi05Y0YNeOv40Cmr4JMU="></latexit>

Ug'(x)Ug�1 = R(g)'(x)



Brief summary

Ug(Md)

Symmetry generators 
=  dimensional topological objects 

labeled by group elements
d

Charged objects  
= 0-dimensional objects 

labeled by representation 
 of  G

Md

φρ(x)

Rρ(g)=
Charged object transforms under G



-form symmetryp

Symmetry generators: 
 dimensional topological objects labeled by group 

elements.
(d − p)

d − p = 1 d − p = 0

Ex) In 2+1 dimensions
0-form symm. 1-form symm. 2-form symm.

symmetry 
generator

charged 
object

d − p = 2

Charged object:  dimensional objectp



-form symmetry0

=R(g)=
g g′ 

gg′ 

=
g g′ gg′ 

=R(g)

charged object 
p-dimensional

Link

-form symmetryp



-form symmetry( ) is abelianp p ≥ 1

=
g g′ gg′ 

g

=

g′ 

=
gg′ gg′ 

= =
g′ g

=



Ex) U(1) gauge theory
S = − ∫ d4x

1
4e2

fμν fμν = − ∫
1

2e2
f ∧ ⋆f

d ⋆ f = 0
df = 0

Maxwell equations

ϵμνρσ∂μ fνρ = 0

∂μ fμν = 0 ⇒
⇒

Conservation of electric and magnetic fluxes
 symmetriesU(1)[1]

E × U(1)[1]
M

UE = ei θE
e2 ∫S ⋆f UM = ei θM

2π ∫S f

W = ei ∫C a H = ei ∫C ã

where f = da



Let’s choose

t

z
and

z

x
y

t = 0

t = 0At 

Test charge

Electric flux 1-form symmetry 
= flux conservation,

which is broken  
if there is a dynamical  

electric field  
because of screening 



Ex) Superfluid

S = − ∫ d4x
v2

2
(∂μϕ)2 = − ∫

v2

2
dϕ ⋆ dϕ

 symmetriesU(1)[0]
E × U(1)[2]

M

d ⋆ dϕ = 0
conservation law

d(dϕ) = 0

ϕ ∼ ϕ + 2πCompact scalar: 

UE = eiθv2 ∫V ⋆dϕ UM = ei θM
2π ∫C dϕ

eiϕ V world surface of  
vortex

ϕ

V(φ)



Non-invertible symmetry
(Categorical symmetry)

Komargodski, Ohmori, Roumpedakis, Seifnashri (2020), Nguyen, Tanizaki, Ünsal (2021),  Koide,  Nagoya, Yamaguchi ('21)
Bhardwaj, Tachikawa( 2017), Chang, Lin, Shao, Wang, Yin (2018), Ji, Wen (2019),



O(2) ≃ U(1) ⋊ ℤ2
( cos θ sin θ

−sin θ cos θ) (1 0
0 −1)

Three types of representation, 1, det, 2q

Corresponding Wilson-loops
Wdet(C) = trdetei ∫C a

W2q
(C) = eiq ∫C a + e−iq ∫C a

Ex) O(2) gauge theory
cf. Heidenreich, McNamara, Montero, Reece, Rudelius, Valenzuela, 2104.07036

rotation charge conjugation



Corresponding symmetry generator

Tθ(S) = eiθ 1
e2 ∫S ⋆f + e−iθ 1

e2 ∫S ⋆f

Tπ(S) = eiπ 1
e2 ∫S ⋆f

These are topological, but not invertible

Tθ(S)T−θ(S) ≈ 1 + T2θ(S)
Tθ(S)Tθ′ 

(S) = Tθ+θ′ 
(S) + Tθ−θ′ 

(S)

Ta(S)Tb(S) = ∑
c

N c
ab Tc(S)Fusion rule:

cf. Product-to-sum identity

2 cos(θ)cos(θ′ ) = cos(θ + θ′ ) + cos(θ − θ′ )



Link between  and T W
Tθ(S) = eiθ 1

e2 ∫S ⋆f + e−iθ 1
e2 ∫S ⋆f

W2q
(C) = eiq ∫C a + e−iq ∫C a

eiθ 1
e2 ∫S ⋆feiq ∫C a = eiqθeiq ∫C a

Tθ(S)W2q
(C) = (eiqθ + e−iqθ)W2q

(C)
not a phase

Tθ(S)W2q
(C) = B2q

(θ)W2q
(C)Linking law:

B2q
(θ) = 2 cos qθ



Noninvertible symmetry 
in  dimensions(d + 1)

 dimensional 
topological object 
labelled by something 
e.g., a simple object of 
 fusion category

(d − p)

Ta(Md−p)

 dimensional object 
labeled by  
representation 

p

ρ

Wρ(Cp)

symmetry generator charged object



Ta(M)Tb(M) = ∑
c

N c
ab Tc(M)Fusion rule :

Ta(M)Wρ(C) = Bρ(a)Wρ(C)Link:

= Bρ(a)

Ta(M)(Tb(M)Tc(M)) = (Ta(M)Tb(M))Tc(M)Associativity:

Noninvertible symmetry 
in  dimensions(d + 1)



Application
●Spontaneous symmetry breaking

●QCD phase diagram



⟨ϕ†(x)ϕ(0)⟩ ≃ ⟨ϕ†(x)⟩⟨ϕ(0)⟩ ≠ 0lim
x→∞

Spontanous symmetry breaking
0 form symmetry

=
⟨eiθϕ†(x)ϕ(y)⟩ = ⟨ϕ†(x)eiθϕ(y)⟩

long range correlation

Off diagonal long range order 
two points = boundary of a line

Nambu-Goldstone Bosons



⟨ϕ†(x)ϕ(0)⟩ ≠ 0lim
x→∞

0-form symmetry breaking

1-form symmetry breaking
⟨W(C)⟩ ≠ 0lim

C→∞

p-form symmetry breaking
⟨W(Mp)⟩ ≠ 0lim

Mp→∞

Order parameter



Nambu-Goldstone theorem

When a continuous  form symmetry is 
spontaneously broken,  

a gapless mode appears.

p

Gaiotto, Kapustin, Seiberg, Willett (’14), Lake (’18), Hofman, Iqbal (’18)

 form symmetry versionp



Example) Photons
 Gaiotto et al. (’15)

cf.  Ferrari, Picasso (’71), Hata (’82), Kugo, Terao, Uehara (’85)

面演算子

Symmetry generator

Wilson (’t Hooft) ループ

Charged objects

Surface operatorWilson (’t Hooft) loop

Electric:

Conservation of electric and magnetic flux

W = exp i∫ a

H = exp i∫ ã

Uθ = exp
iθ
e2 ∫ ⋆ f

Uη = exp
iη
2π ∫ fMagnetic:



Example) Photons
 Gaiotto et al. (’15)

cf.  Ferrari, Picasso (’71), Hata (’82), Kugo, Terao, Uehara (’85)

⟨ ⟩ {Area law: unbroken

Coulomb law: broken

Photons=NG bosons

Three electric fields 
but two photons  

What is the counting rule?



For  form symmetry,0
there are two types of NG modes

Watanabe, Murayama (’12)

Type-B
oscillation 歳差運動

ex) superfluid phonon ex)magnon

Type-A Type-B
precession

Typically, ω ∼ k ω ∼ k2

NA = NBS − rank⟨i[Qa, Qb]⟩ NB =
1
2

rank⟨i[Qa, Qb]⟩

http://prl.aps.org/abstract/PRL/v108/i25/e251602


Type-B Kelvon Type-B Ripplon-Magnon

Ex.) Nonrelativistic modelℂP1

1 form symm.y translationx translation z translation 2 form symm.U(1)

Kobayashi, Nitta, 1403.4031 Kobayashi, Nitta, 1402.6826
c.f. Watanabe, Murayama 1401.8139

[Px, Py] ∝ N [Pz, Q] ∝ N

http://arxiv.org/abs/arXiv:1402.6826
http://arxiv.org/abs/1401.8139


Ex.)Non-relativistic photons
Yamamoto (’15)

Consider a system of interacting photons and domain walls.

π

Type-B
<latexit sha1_base64="sDfXiTZ4cXQM9gxdgEyEmVEfyj4="></latexit>

h[Qe(Mxz), Qe(Myz)]i ⇠
Z

dz@z⇡

If
<latexit sha1_base64="eJyfffaTeyfL5L2lIWWYSRwVIT0="></latexit>

@z⇡ = const
<latexit sha1_base64="4HB/8Z640IElBScN8JbUAUthNqM="></latexit>

!k ⇠ k2 single photon

cf. Sogabe Yamamoto (’19)

x, y z

<latexit sha1_base64="eKsTwergJ/0ve71Vx312EhHDdVo="></latexit>

S = � 1

2e2

Z
d4x

⇣
E2 �B2

⌘
+ C

Z
d4x⇡E ·B



Generalization to non-relativistic systems
Y. Hidaka, Y. Hirono, R. Yokokura 2007.15901

No translational symmetry breaking 
Existence of low-energy effective theory describe by 
Maurer-Cartan form

Write down possible terms
Counting degrees of freedom 

using the equations of motion

Method:

Assumptions:



For 0-form symmetry breaking  G → H

ℒ = tr Ω ∧ j + tr F2j ∧ ⋆j + ⋯
Effective Lagrangian 

ξ(P) = eiπ(P) ∈ G/HDOF:

Maurer-Cartan 1 form : j = ξ†dξ
π(P) → π(P) + 2π“Gauge symmetry ”:



 form symmetryp

ℒ =
1
2

fA ∧ aBΩAB −
F2

AB

2
fA ∧ ⋆fB + ⋯

Effective Lagrangian

DOF: W(M) = ei ∫M aA ∈ G/H

Maurer-Cartan  form  (pA + 1) fA

dimensional submanifold,  :  formM :pA aA pA

ei ∫X fi = W(M′ )†W(M) ∂X = M̄′ ∪ M

aA → aA + dλ(pA−1)Gauge symmetry :



Ex:U(1) gauge theory ( )Ω = 0

df = 0Maxwell equations : d ⋆ f = 0

Two constraint :∇ ⋅ B = 0 ∇ ⋅ E = 0

 :  six componentsf E, B

6 - 2 = 4 ⇒ 2 modes

In general  dimension,  form:D = (d + 1) p
 :  componentsf DCp+1

Constraint: D−2Cp+1, D−2Cp−1

𝒩D,p =
1
2

(DCp+1 −D−2 Cp+1 −D−2 Cp−1) =D−2 Cp# of modes:



Degree of freedom changes due to Ω ≠ 0

Similar to 0-form symmetry,  
the first-order derivative is 

 determined by .ΩAB ∝ ⟨[iQA, QB]⟩ = MAB

# of NG modes change



Relation between broken symmetry and # of NG modes 
for 0-form symmetries

Watanabe, Murayama (’12), YH (’12)

NNG = NBS −
1
2

rank ⟨[iQa, Qb]⟩

Generalization to higher form symmetries
Hidaka, Hirono, Yokokura (’20)

NNG = ∑
A

d−1CpA
−

1
2

rank ⟨[iQa, Qb]⟩

For a non relativistic system



Classification of phases of matter

●Coulomb phase of QED (vacuum)

●Super conductor

●fractional quantum Hall system

 symmetryU(1)[1]
E × U(1)[1]

M

 symmetryℤ[1]
2 × ℤ[2]

2

 symmetryℤ[1]
q

If the symmetry is different, the phase is different



The phase diagram of dense QCD 5
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Figure 1. Conjectured QCD phase diagram with boundaries that define various
states of QCD matter based on S�B patterns.

The chiral transition is a notion independent of the deconfinement transition. In
section 3.2 we classify the chiral transition according to the S�B pattern.

2.2. Conjectured QCD phase diagram

Figure 1 summarizes our state-of-the-art understanding on the phase structure of QCD
matter including conjectures which are not fully established. At present, relatively firm
statements can be made only in limited cases – phase structure at finite T with small
baryon density (µB ⌧ T ) and that at asymptotically high density (µB � ⇤QCD).
Below we will take a closer look at figure 1 from a smaller to larger value of µB in
order.

Hadron-quark phase transition at µB = 0: The QCD phase transition at finite
temperature with zero chemical potential has been studied extensively in the numerical
simulation on the lattice. Results depend on the number of colours and flavours as
expected from the analysis of e↵ective theories on the basis of the renormalization
group together with the universality [35, 36]. A first-order deconfinement transition
for Nc = 3 and Nf = 0 has been established from the finite size scaling analysis
on the lattice [37], and the critical temperature is found to be Tc ' 270MeV. For
Nf > 0 light flavours it is appropriate to address more on the chiral phase transition.
Recent analyses on the basis of the staggered fermion and Wilson fermion indicate a
crossover from the hadronic phase to the quark-gluon plasma for realistic u, d and s

quark masses [38, 39]. The pseudo-critical temperature Tpc, which characterizes the
crossover location, is likely to be within the range 150MeV� 200MeV as summarized
in section 4.2.

Even for the temperature above Tpc the system may be strongly correlated and
show non-perturbative phenomena such as the existence of hadronic modes or pre-
formed hadrons in the quark-gluon plasma at µB = 0 [28, 40] as well as at µB 6= 0
[41, 42, 43]. Similar phenomena can be seen in other strong coupling systems such as

QCD phase diagram
Fukushima, Hatsuda, Rept. Prog. Phys. 74 (2011) 014001 

The high-density phase is not well understood.



What we know?

High density:
Color flavor locking phase (CFL phase)

Superfluid phase of nuclear matter

For 3-flavor QCD : G = SU(3)L × SU(3)R × U(1)B

Low density:



Hadronic superfluid phase
di-baryons condense

Λ ∼ udsΔ = ⟨ΛΛ⟩ ≠ 0

SU(3)L × SU(3)R × U(1)B → SU(3)V

Symmetry breaking pattern



CFL phase 

μq

u d s

Φ := ΦL = − ΦR =
ΔCFL 0 0

0 ΔCFL 0
0 0 ΔCFL

Chiral symmetry breaking

SU(3)L × SU(3)R × U(1)B → SU(3)V

Symmetry breaking pattern of global symmetry

(ΦR)i
a = ϵijkϵabc⟨(qR)b

j (CqR)c
k⟩(ΦL)i

a = ϵijkϵabc⟨(qL)b
j (CqL)c

k⟩

u s
d

quark pair



What characterizes the CFL phase? 
Fradkin-Shenker theorem: 

Confined and Higgs phases are the same phase

Hadron phase CFL phase

μB

quark-hadron continuity (hypothesis)
Schafer and Wilczek, PRL 82 , 3956(1999) Hatsuda, Tachibana, Yamamoto, Baym, PRL 97 122001 (2006)



Topological excitations

U(1) vortex
Φ := ΔCFL

eiθf(r) 0 0
0 eiθf(r) 0
0 0 eiθf(r)

G/H ≃
SU(3) × U(1)B

ℤ3
≃ U(3)order parameter space

cf. Eto, Hirono, Nitta & Yasui, PTEP 2014, 012D01 (2014)

Non-abelian vortex
Balachandran, Digal,  Matsuura, PRD73, 074009 (2006)

Φ := ΔCFL

eiθf(r) 0 0
0 g(r) 0
0 0 g(r)

= ΔCFLei θ
3

ei 2θ
3 f(r) 0 0

0 e−i θ
3 g(r) 0

0 0 e−i θ
3 g(r)

Ai = −
ϵijxj

g2
s r2

(1 − h(r))diag(−
2
3

,
1
3

,
1
3 )



If no this symmetry in the hadronic phase  
⇒ phase transition 

cf. Hiono-Tanizaki: unbroken  -2 form symmetry 
⇒ not a topological ordered phase

ℤ3

cf. Boojum scenario: Chatterjee, Nitta, Yasui (’19)
Cherman, Jacobson, Sen, Yaffe, Phys. Rev. D 102, 105021 (2020)

ALFORD, MALLAVARAPU, VACHASPATI, AND WINDISCH PHYSICAL REVIEW C 93, 045801 (2016)

(a) (b)

(c) (d)

FIG. 1. Plots of the total energy density in position space for (a) a superfluid vortex before decay, (b) fission of a superfluid vortex, (c)
formation of well-separated semi-superfluid vortices, and (d) semi-superfluid vortices repelling each other.

To probe the stability of the equilibrated vortex we add a
small perturbation |δ"(p)〉 to the superfluid vortex and evolve
it forward in time. The exact form of the perturbation is not
important, as long as it has some overlap with the unstable
mode (if any). If the vortex is unstable then even a tiny
initial perturbation with some component along the unstable
direction will grow exponentially as we evolve forward in
time. It quickly dominates the other components of the initial
perturbation. We tried three different perturbations for the "
field (initial gauge links put to unity without perturbation):

(a) A random configuration
Here we used 8 complex random numbers (uniformly
distributed between zero and 10−16) as entries for the
3 × 3 " matrices at each lattice site.

(b) The analytically obtained unstable mode for g = 0

This mode is constructed using (25), which is con-
trolled by two parameters, the direction n̂ and mag-
nitude of the displacement ε. Using the set {13×3,Tα}
as a complete basis, the radial profile serves as the
position-dependent coefficient of one or more of the
basis elements {Tα}, since 13×3 is a stable direction. We
usually used T8 only, but one can equally well choose
any other basis element or combinations thereof.

(c) The numerically obtained unstable mode (see below)

During an initial transient period tmin (which lasts longest
for the random initial perturbation) the unstable mode grows
to become the dominant component. After tmin the overlap
of the growing mode with the original perturbation grows
exponentially in time, following (29),

A(t) ≡ 〈δ"(p)|(|"〉t − |"sf〉) ∝ eγ t , tmin < t < tmax. (30)

045801-4

U(1) vortex non-abelian vortices

ALFORD, MALLAVARAPU, VACHASPATI, AND WINDISCH PHYSICAL REVIEW C 93, 045801 (2016)

(a) (b)

(c) (d)

FIG. 1. Plots of the total energy density in position space for (a) a superfluid vortex before decay, (b) fission of a superfluid vortex, (c)
formation of well-separated semi-superfluid vortices, and (d) semi-superfluid vortices repelling each other.

To probe the stability of the equilibrated vortex we add a
small perturbation |δ"(p)〉 to the superfluid vortex and evolve
it forward in time. The exact form of the perturbation is not
important, as long as it has some overlap with the unstable
mode (if any). If the vortex is unstable then even a tiny
initial perturbation with some component along the unstable
direction will grow exponentially as we evolve forward in
time. It quickly dominates the other components of the initial
perturbation. We tried three different perturbations for the "
field (initial gauge links put to unity without perturbation):

(a) A random configuration
Here we used 8 complex random numbers (uniformly
distributed between zero and 10−16) as entries for the
3 × 3 " matrices at each lattice site.

(b) The analytically obtained unstable mode for g = 0

This mode is constructed using (25), which is con-
trolled by two parameters, the direction n̂ and mag-
nitude of the displacement ε. Using the set {13×3,Tα}
as a complete basis, the radial profile serves as the
position-dependent coefficient of one or more of the
basis elements {Tα}, since 13×3 is a stable direction. We
usually used T8 only, but one can equally well choose
any other basis element or combinations thereof.

(c) The numerically obtained unstable mode (see below)

During an initial transient period tmin (which lasts longest
for the random initial perturbation) the unstable mode grows
to become the dominant component. After tmin the overlap
of the growing mode with the original perturbation grows
exponentially in time, following (29),

A(t) ≡ 〈δ"(p)|(|"〉t − |"sf〉) ∝ eγ t , tmin < t < tmax. (30)

045801-4

Alford, Mallavarapu, Vachaspati, Windisch, PRC 93, 045801 (2016)

CFL = emergence of  -2 symmetryℤ3
Hirono, Tanizaki, Phys. Rev. Lett. 122, 212001 (2019)

cf. Cherman,  Sen, Yaffe, Phys. Rev. D 100, 034015 (2019)



2 flavor QCD

As a vortices “Alice string”

Dense phase:siglet (ud) +  (dd) diquark condensate3P2

Fujimoto, Nitta, Phys. Rev.D 103 (2021), 114003; 054002; 2103.15185

Fujimoto,  Fukushima, Weise Phys. Rev. D 101 (2020) 094009

Hadronic phase :  superfluid3P2

⇒Emergent 2-form  or  symmetry? 

or non-invertible symmetry?

ℤ3 ℤ6

If no this symmetry in the hadronic phase 
 ⇒ phase transition 

GQCD ⊃ SU(3)C × U(1)B → SO(3) ⋊ (ℤ6)C+B → (ℤ3)C+B

⟨dd⟩ ⟨ud⟩

SO(2)C × (ℤ6)C+Bor



Summary
Symmetry: Topological object labeled with something.

As useful as ordinary symmetry

In particular, useful for classification 
of gauge theory


