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My work

“SU(N)-natural inflation” 
   T. Fujita, H. Nakatsuka, K. Mukaida, KM [arXiv: 2110.03228]

■ Axion-gauge dynamics in inflation

Today’s talk

“Statistically-Anisotropic Tensor Bispectrum from Inflation”

“Gravitational wave trispectrum in the axion-SU(2) model”
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My work

“Formation of supermassive primordial black holes by Affleck-Dine mechanism”

■ Other papers (Self-introduction)

• Primordial black hole

• Rotation of the CMB polarization (= CMB Birefringence)

• Big Bang Nucleosynthesis

“Strong clustering of primordial black holes from Affleck-Dine mechanism”

“Probing axionlike particles via cosmic microwave background polarization”
“Detection of isotropic cosmic birefringence  
 and its implications for axionlike particles including dark energy”

“Big Bang Nucleosynthesis constraints on sterile neutrino  
 and lepton asymmetry of the universe”

“Big-bang nucleosynthesis with sub-GeV massive decaying particles”
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■ Slow-roll inflation

Introduction

Inflation explains the origin of the cosmological fluctuations: 

,   

,  

Slow-roll inflation requires a flat potential. 
Considering radiative corrections, a fine-tuning problem arises.

𝒫ζ ∼
V

ϵM4
Pl

∼ 10−9 ns ∼ 1 − 2ϵ − η ∼ 0.96

ϵ ≡ −
·H

H2
∼

M2
Pl

2 ( V′ 

V )
2

η ≡
·ϵ

Hϵ
∼ M2

Pl
V′ ′ 

V

`“Natural inflation”
[K. Freese, J. A. Frieman, and A. V. Olinto (1990)]

[D. Baumann (2011)]
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■ Natural inflation

Pseudo Nambu-Goldstone boson such as an axion 
    The shift symmetry protects the flatness of the potential. 
　　 

　　　　　　　　　  

The success of natural inflation requires 

                     ,   

Axion inflation with a sub-Planckian decay constant? 
One of the possibilities is  

“Chromo-natural inflation”

V(ϕ) = Λ4 [1 + cos ( ϕ
f )]

f ≳ 3MPl Λ ∼ mGUT ∼ 1015 GeV

[K. Freese, J. A. Frieman, and A. V. Olinto (1990)]

[K. Freese and W. H. Kinney (2004)]

[P. Adshead and M. Wyman (2012)]

Introduction
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ℒ =
1
2

∂μϕ∂μϕ − V(ϕ) −
1
4

Fa
μνFaμν +

ϕ
4f

Fa
μνF̃aμν

SU(2) gauge fieldsaxion/inflaton Axion-gauge fields coupling

Homogeneous isotropic 
SU(2) gauge fieldsSlow-rolling axion

Effective potential

Source gauge fields

Aa
i ∝ δa

i

SU(2) gauge fields induce the effective potential of inflaton. 
    More slow-roll inflation 

We can obtain  and  compatible with Planck with .𝒫ζ ns f < MPl

■ Chromo-natural inflation (CNI) [P. Adshead and M. Wyman (2012)]

Introduction
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ℒ =
1
2

∂μϕ∂μϕ − V(ϕ) −
1
4

Fa
μνFaμν +

ϕ
4f

Fa
μνF̃aμν

SU(2) gauge fieldsaxion/inflaton Axion-gauge fields coupling

Due to SU(2) gauge field background, 
“tensor” perturbations of gauge fields are amplified. 

    Gravitational waves are overproduced. 
    Chromo-natural inflation fails…

If the axion is a spectator, this model can predict observable GWs.

■ Chromo-natural inflation (CNI) [P. Adshead and M. Wyman (2012)]

Introduction

[E. Dimastrogiovanni, M. Fastello, T. Fujita (2016)]
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■ Extend Chromo-natural inflation

SU(2) group is the minimal choice for nonzero gauge field VEV. 

     How about other groups?

“SU(N) gauge natural inflation”

In this talk, I will mainly discuss the background solution. 

     There are multiple isotropic solutions.

First, let us see the details of CNI.

Introduction
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■ Equations of motion

Chromo-natural inflation

ℒ =
1
2

∂μϕ∂μϕ − V(ϕ) −
1
4

Fa
μνFaμν +

ϕ
4f

Fa
μνF̃aμν

Using the temporal gauge  and an ansatz  
we obtain the background EoMs:

Aa
0 = 0 Aa

i (t) = δa
i a(t)Q(t),

··ϕ + 3H ·ϕ + ∂ϕV(ϕ) = −
3g
f

Q2 ( ·Q + HQ),

··Q + 3H ·Q + ( ·H + 2H2) Q + 2g2Q3 =
g
f

Q2 ·ϕ

The motion of  sources the gauge field .ϕ Q
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■ Equations of motion

Chromo-natural inflation

mQ ≡
gQ
H

≃ (
−g2 f∂ϕV

3H4 )
1/3

,

ξ ≡
·ϕ

2fH
≃ mQ + m−1

Q

··ϕ + 3H ·ϕ + ∂ϕV(ϕ) = −
3g
f

Q2 ( ·Q + HQ),

··Q + 3H ·Q + ( ·H + 2H2) Q + 2g2Q3 =
g
f

Q2 ·ϕ

In the slow-roll limit, the background solution is
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■ Points of the BG solution

mQ ≡
gQ
H

≃ (
−g2 f∂ϕV

3H4 )
1/3

,

ξ ≡
·ϕ

2fH
≃ mQ + m−1

Q .

Aa
i (t) = δa

i a(t)Q(t),

• The gauge fields have a rotationally invariant configuration: 

• The motion of  is balanced with the back reaction from .  

• This solution is an attractor solution. 

•  can be achieved with .

ϕ Q

N ∼ 𝒪(60) Δϕ < MPl

[A. Maleknejad and E. Erfani (2013)]

Chromo-natural inflation

Tij
gauge ∝ δij
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Since  is invariant under the diagonal rotation of  and : 

we can consider  as a spatial tensor. 

Then,  linearly couple to the tensor metric perturbation .

Āa
i i a

δAa
j

δAa
j hij

■ Tensor perturbations

Chromo-natural inflation

gij = − a2(δij + hij), Aa
i = Āa

i + δAa
i = Āa

i + tia + ⋯,

Consider tensor perturbations to see the GW production:

Āa
i → UijUabĀb

j = Āa
i ,

∝ δb
j

( : rotation matrix )U



/4416

■ Tensor perturbations

The linear EoMs of the “tensor” perturbations are

ψ′ ′ ij − ∂k∂kψij −
2
τ2

ψij =
2 ϵB

mQτ
t′ ij +

2 ϵB

τ
ϵikl∂ltjk +

2 ϵBmQ

τ2
tij,

t′ ′ ij − ∂k∂ktij +
2(2mQ + m−1

Q )
τ

ϵikl∂ltjk +
2(m2

Q + 1)
τ2

tij = 𝒪(ψij) .

ψij ≡
aMPl

2
hij, δAa

i = tai + ⋯, adτ = dt,

small

Chromo-natural inflation

τ ≃ −
1

aH
, ϵB ≡

g2Q4

M2
PlH2

,
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■ Tensor perturbations

∂2
τΨR/L + [k2 −

2
τ2 ] ΨR/L =

2 ϵB

mQτ
∂τTR/L ±

2k ϵB

τ
TR/L +

2 ϵBmQ

τ2
TR/L,

∂2
τTR/L + [k2 ±

2k(2mQ + m−1
Q )

τ
+

2(m2
Q + 1)
τ2 ] TR/L = 𝒪 (ΨR/L) .

tij(τ, x) = ∫
d3k

(2π)3
eik⋅x [eR

ij (k̂)TR
k (τ) + eL

ij(k̂)TL
k(τ)],

 experiences a tachyonic instabilitiy.TR

 is sourced by .ΨR TR

Chromo-natural inflation

iϵiklkleR/L
jk (k) = ± keR/L

ij (k)

ψij(τ, x) = ∫
d3k

(2π)3
eik⋅x [eR

ij (k̂)ΨR
k(τ) + eL

ij(k̂)ΨL
k(τ)],
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■ Tensor perturbations

∂2
τΨR/L

1 + [k2 −
2
τ2 ] ΨR/L

1 =
2 ϵB

mQτ
∂τTR/L

1 ±
2k ϵB

τ
TR/L

1 +
2 ϵBmQ

τ2
TR/L

1 ,

∂2
τTR/L

1 + [k2 ±
2k(2mQ + m−1

Q )
τ

+
2(m2

Q + 1)
τ2 ] TR/L

1 = 𝒪 (ΨR/L
1 ) .

TR
1 (τ, k) =

1

2k
eπ(2mQ+m−1

Q )/2Wβ,α(2ikτ),

ΨR
1(τ, k) = ∫

∞

−∞
dη Gψ(τ, η, k)𝒟(η, k)TR

1 (η, k),

Gψ(τ, η, k) ≡
Θ(τ − η)

k3τη [k(η − τ)cos (k(τ − η)) + (1 + k2τη)sin (k(τ − η))],

𝒟(η, k) ≡
2 ϵB

mQη
∂η +

2 ϵB

η2
(mQ + kη),α ≡ − i 2m2

Q + 7/4, β ≡ − i(2mQ + m−1
Q ),

Whittaker function

Chromo-natural inflation
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■ Tensor perturbations

[E. Dimastrogiovanni, M. Fasiello, and T. Fujita  (2016)]

Chromo-natural inflation

≡ − kτ

∝ e1.8mQ
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■ Constraints on CNI

(k = 0.05 h /Mpc)

 consistent with PlanckPζ

[P. Adshead, E. Martinec, and M. Wyman (2013)]

CNI is excluded by . 

For acceptable scalar spectra, the gravitational waves are overproduced.

(ns, r)

Contour of Planck

Chromo-natural inflation
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EoM of background gauge fields

■ Background gauge fields

ℒ = −
1
4

Fa
μνFaμν +

1
2

∂μϕ∂μϕ − V(ϕ) +
ϕ
4f

Fa
μνF̃aμν

SU(N)-natural inflation

Consider SU(N) gauge group:

Fa
μν = ∂μAa

ν − ∂νAa
μ − gf abcAb

μ Ac
ν,

F̃aμν =
1

2 −g̃
ϵμνρσFa

ρσ,

Assume  and  

Parametrize  by .

a ∝ eHt ξ ≡
·ϕ

2fH
= const .

Aa
i Ma

i (t) ≡
g

a(t)H
Aa

i (t)

··Ma
i

H2
+

3
H

·Ma
i + 2Ma

i + f bac f bdeMc
j Md

i Me
j − ξϵijk f abcMb

j Mc
k = 0,
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··Ma
i

H2
+

3
H

·Ma
i + 2Ma

i + f bac f bdeMc
j Md

i Me
j − ξϵijk f abcMb

j Mc
k = 0,

We have considered homogeneous and static solutions. 

But this is still difficult to solve… 

    We assume that “electromagnetic” fields are “parallel”.

■ Background gauge fields

SU(N)-natural inflation

ρA =
H4

4g2
f abc f adeMb

i Mc
j Md

i Me
j + 2 (

·Ma
i

H
+ Ma

i )
2

EoM of static background gauge fields
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On the other hand, for constant , Ma
i

Ea
i = −

aH2

g
Ma

i , Ba
i = −

a2H2

2g
ϵijk f abcMb

j Mc
k

Bi =
igϵijk

H2 [Ej, Ek]
Then,

 : SU(N) generatorsTa

Tr [TaTb] =
δab

2

Ei = Ea
i Ta, Bi = Ba

i Ta

SU(N)-natural inflation

 and  are coupled through the Chern-Simons term: 

 

　　  and  source each other. 
　　We assume 

Ei Bi

ϕFa
μνF̃aμν → ∝ ξEa

i Ba
i

Ei Bi

■ Parallelism of electromagnetic fields

Ea
i ∝ Ba

i (i = x, y, z)
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Using  ,  

            

Ei ∝ Bi ∝ Mi ∝ 𝒯i

Bi =
igϵijk

H2 [Ej, Ek] [𝒯i, 𝒯j] = iλϵijk𝒯k

 and  are coupled through the Chern-Simons term: 

 

　　  and  source each other. 
　　We assume 

Ei Bi

ϕFa
μνF̃aμν → ∝ ξEa

i Ba
i

Ei Bi

■ Parallelism of electromagnetic fields

Ea
i ∝ Ba

i

  generates an SU(2) subalgebra.{𝒯i}

(i = x, y, z)

 : SU(N) generators𝒯i

Tr [𝒯i 𝒯j] =
δij

2

SU(N)-natural inflation
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2σi + λ2σi ∑
l≠i

σ2
l − ξλ∑

j,k

|ϵijk |σj σk = 0 (i = x, y, z)

σ = σx = σy = σz = 0,
ξ ± ξ2 − 4

2λ

2Ma
i + f bac f bdeMc

j Md
i Me

j − ξϵijk f abcMb
j Mc

k = 0

Ma
i = σina

i , na
i na

j = δij, [ni, nj] = iλϵijknk

EoM

■ Consequence of parallelism

SU(N)-natural inflation

cf.)  for CNIσ = (ξ + ξ2 − 4)/2
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■ Isotropy
For an arbitrary spatial rotation , 
there is a corresponding gauge transformation  :

R
G

∀R,∃ G : RijMa
j = GabMb

i

The solutions we found:  

      

satisfies the isotropy condition. 

         

Ma
i = σ na

i , ∑
a

na
i na

j = δij, [ni, nj] = iλ∑
k

ϵijknk

∵ δMa
i,rotT

a = θϵijzσna
j Ta =

iθ
λ [nz, σnj] = δMa

i,gaugeT
a

Spatial rotation Gauge transformation

SSB: SO(3)  SU(2)  SO(3)× →

SU(N)-natural inflation

 SU(N)⊂
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Consider the effective potential for . 

　　  is stable.

σ
σ = σ+

■ Stability

σ± =
ξ ± ξ2 − 4

2

Veff[σ] =
1
2

σ2 −
1
3

ξλσ3 +
1
4

λ2σ4

-0.5 0.0 0.5 1.0 1.5 2.0 2.5
-0.3

-0.2

-0.1

0.0

0.1

0.2

σ+

σ−
0

λ = 1, ξ = 2.3

σ = 0,
σ±

λ

SU(N)-natural inflation
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■ Construction of the solutions :  N = 3

SU(3) ⊃ SU(2), 3 = 3

ni =
1

2 2 (
0 1 0
1 0 1
0 1 0),

1

2 2 (
0 −i 0
i 0 −i
0 i 0 ),

1
2 (

1 0 0
0 0 0
0 0 −1)

λ =
1
2

σ = 2σ+

Using the generators of the SU(2) subalgebra ,{ni}

Ma
i = σ ni

Amplitude  is determined by the commutation relation of  :σ {ni}

[nx, ny] =
i
2

nz

SU(N)-natural inflation

First, determine the SU(2) subgroup in SU(N):

σ± =
ξ ± ξ2 − 4

2
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■ Examples: N = 3
SU(3) ⊃ SU(2) × U(1)

SU(3) ⊃ SU(2)

3 = 2 + 1

3 = 3

ni =
1
2 (σi 0

0 0)

ni =
1

2 2 (
0 1 0
1 0 1
0 1 0),

1

2 2 (
0 −i 0
i 0 −i
0 i 0 ),

1
2 (

1 0 0
0 0 0
0 0 −1)

λ = 1 σ = σ+

λ =
1
2

σ = 2σ+

SU(N)-natural inflation
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■ Examples: N = 4
SU(4) ⊃ SU(2) × U(1)

SU(4) ⊃ SU(2)

4 = 3 + 1

nz =
1

10

3
2 0 0 0

0 1
2 0 0

0 0 − 1
2 0

0 0 0 − 3
2

λ =
1

10
σ = 10σ+

4 = 4

nz =
1
2

1 0 0 0
0 0 0 0
0 0 −1 0
0 0 0 0

λ =
1
2

σ = 2σ+

SU(N)-natural inflation
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■ Examples: N = 4
SU(4) ⊃ SU(2) × SU(2)

SU(4) ⊃ SU(2) × SU(2)

4 = (2, 1) + (1, 2)

nz =
1
2 (σi 0

0 0),
1
2 (0 0

0 σi)

nz =
1

2 2

1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1

,
1

2 2

1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 −1

λ = 1
σ = σ+, 2σ+

λ =
1

2

σ = 2σ+, 2σ+

4 = (2, 2)

SU(N)-natural inflation
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■ General N

SU(N) ⊃ SU(2) × ⋯ N = m + ⋯

nz = Λ(m) diag ( m − 1
2

,
m − 3

2
, ⋯, −

m − 1
2

,0,⋯,0)
λ = Λ(m) = ( m(m2 − 1)

6 )
−1/2

σ =
σ+

Λ(m)
∼

m(m2 − 1)
6

σ+

(m = 2,⋯, N)

SU(N)-natural inflation
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Numerical simulations

• Solve the EoM with time derivatives :
··Ma

i

H2
+

3
H

·Ma
i + 2Ma

i + f bac f bdeMc
j Md

i Me
j − ξϵijk f abcMb

j Mc
k = 0,

 

(a ∝ eHt, ξ ≡
·ϕ

2fH
= const . )

• Initial condition is random variables : 

　　 　 (Gaussian distribution)·Aa
i = 0, Ma

i (t0) =

• We characterize the results by the averaged amplitude:

σ̃2 =
1
3

Tr[MiMi]

■ Setting
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■ Background dynamics

0 2 4 6 8
0

2

4

6

8

10

Numerical simulations
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■ Background dynamics

0 2 4 6 8
0

2

4

6

8

10

12

Numerical simulations
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■ Stability

0 2 4 6
-2.5

-2.0

-1.5

-1.0

-0.5

0.0

0.5

1.0

Veff[σ] =
1
2

σ2 −
1
3

ξλσ3 +
1
4

λ2σ4
ξ = 2.3

Numerical simulations
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Perturbations in SU(N)

L2,h2 =
a2M2

Pl

8 (h′ ijh′ ij − ∂ihjk∂ihjk)
L2,hδA = −

σ+

gλτ2 [hijδAī′ 
j − σ+ϵijkhil∂kδAj̄

l −
σ+

τ
hijδAī

j]
L

2,(δAj̄
i)

2 =
1
2 [(δAj̄′ 

i )
2

− (∂iδAk̄
j )

2] −
σ+

τ
ϵil̄ k̄∂iδAk̄

j δAl̄
j +

ξ
τ

ϵijk (δAl̄
i ∂jδAl̄

k +
σ+

τ
ϵil̄m̄δAl̄

j δAm̄
k )

Ai = Āi + δAj̄
i 𝒯j̄ + δAA

i 𝒯A

■ GW production
Decompose the gauge fields as 

3 rep. the other reps.

The action is also decomposed at the 2nd order 
according to the representations:

L2,(δAA
i )2 = ⋯
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Perturbations in SU(N)

L2,h2 =
a2M2

Pl

8 (h′ ijh′ ij − ∂ihjk∂ihjk)
L2,hδA = −

σ+

gλτ2 [hijδAī′ 
j − σ+ϵijkhil∂kδAj̄

l −
σ+

τ
hijδAī

j]
L

2,(δAj̄
i)

2 =
1
2 [(δAj̄′ 

i )
2

− (∂iδAk̄
j )

2] −
σ+

τ
ϵil̄ k̄∂iδAk̄

j δAl̄
j +

ξ
τ

ϵijk (δAl̄
i ∂jδAl̄

k +
σ+

τ
ϵil̄m̄δAl̄

j δAm̄
k )

■ GW production
On the GW production, the only difference is  in . 
This difference can be canceled by . 

“Universality” of SU(2) dynamics!

λ−1 L2,hδA
g

L2,(δAA
i )2 = ⋯
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■ Transition of the multiple solutions

Perturbations in SU(N)

As we have seen, the solutions in SU(N) are the same 
up to the change of . 

However, if the transition of the solutions occurs, 
the SU(N) model can be distinguished from SU(2).

g

0 2 4 6 8
0

2

4

6

8

10

12

Veff[σ] =
1
2

σ2 −
1
3

ξλσ3 +
1
4

λ2σ4
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• Chromo-natural inflation (CNI) predicts  
    homogeneous and isotropic gauge fields. 

• But CNI can produce desirable scalar perturbations with  
    but suffers from the GW overproduction. 

• We study the SU(N) version of CNI. 

• We can construct homogeneous and isotropic solutions  
    by determining SU(2) subgroups. 

• The solutions have different amplitudes 
    corresponding to the choice of SU(2) subgroups. 

• We numerically check that the constructed solutions are attractor 
    solutions and explain all the solutions. 

• The difference of the solutions can be canceled by . 

• The gauge group can be distinguished by the transition?

f < MPl

g

Summary


