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What is TT?

In 2D QFT, the TT operator is defined by

OTT — TT o (")2

Tz T=T;;, 0=T,;

z = x1 + ix?

T

Various other expressions:

1 i i)
Orr = g(T" Ty —TiT})
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What is TT?

. i [Zamolodchikov 2004]
Nice properties:

lim [T (2)T(z") — 0(2)0(z")] = Or7(2z") + (derivatives)

(O77) = (TYT) — (B)? € Notjust for |0) but for |n)



TT deformation

Sdeformed = ScFT T .uf Or7 (roughly)

» Non-renormalizable ([u] = mass™% = length?).

» Still, surprisingly predictable

non-
unitary
Energy spectrum of a theory on a circle of radius R Va
__ TR B _ 2Cn _ Ap+Ap—c/12
En(Ruu) o u <1 \/ TTR2 M) ) Cn T R

Integrable
Thermodynamics (¢ < 0: Hagedorn)
Deformed theory with (g, T) ~ undeformed theory with (g',T")



Holography

» TT: irrelevant in IR, relevant in UV
— Non-normalizable in AdS
—> Change AdS asymptotics?

deform
Boundary —_| Ads ‘

“Undo decoupling™?



Holography: moving field theory into bulk

The deformed theory corresponds to placing Deformed
: theory
the field theory at p. ~ u of the bulk N lives here
(p: radial coordinate in Fefferman-Graham coordinates) N
» TT deformation makes the bndy cond be CT;:Z’GS\’
naturally given at p,
.. P : ’ P~ U
» CFT living at p = 0 is “equivalent” to p=0 P

deformed theory at p. ~ u

SCFT — Sdeformed + Sannular

» Valid only in pure gravity without matter (so
far)



TT and width of particles

Deformation makes particles have “width” u

. 0

» TT deformation dynamically changes the metric

» TT deforming free scalars = Nambu-Goto with tension —u

SR

A lot more to explore about TT deformation!



“Random geometry” by Cardy

Idea: rewrite TT using Hubbard-Stratonovich transformation

exp[—uf T2] ~ [ [dh] exp [i [ n?— Hfr_;ET]
deformation of backgnd geometry

(because TY ~

This talk: 091

» Apply this to compute TT-deformed T correlators

)

Previous results: 2pt func at O (u?), 3pt func at O (u)

» Develop a new method to compute T-correlators

We computed 4pt func at O (u)

» Result is applicable to any deformed CFT



What we do:

» Compute O(u) correction to Liouville-Polyakov anomaly
action

C

— 2 |:|—1
Silsl = 5= [ PoVGROR

=S,-0lgl - S.lg]

» Vary backgnd metric g - g + h to compute T-correlators
(explicit computations at O(u))
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TT deformation as
random geometries



TT deformation
» TT-deformed theory is defined incrementally by:

Slu-+ 8] = Sl) = % [ d2xyg 0,7 = 5

_ 1 .
OT’_Z_’ =TT — (“)2 — —géikﬁleUTkl

7-[2

T;j :stress-energy tensor of the u-deformed theory

1 y
* Our convention for Tj;:  §,5 = EITU(SQU

» TT-deformed theory with finite u is obtained by iteration

» We will often suppress d*x\/g



TT = random geometries

» HS transformation:

_ e87r2fd xygeixejTUTH

o 1 .
/ [dh] exp [—— / d*z\/g €* e hijhy, — y / d2w\/§hijT”]

J X J
Y Y
Gaussian integral Change in backgnd metric
over h g—>g+h

Su

Saddle point: h;‘j = Eikelekl = 0(ou)

> “Master formula”

1 g
(- Vpropg =N / [dh] exp[ 85n / /g €* hijhrr| () gin



“Master formula”

1

(oD propg = N/[dh exp[ 50

Can be used to reproduce various results

» Energy spectrum

R 2Cp, Ap+Ay—c/12
En(Ruu):%<1_\/ —_‘U> ) Cn: R C/

» Cylinder partition function

» Matter correlation function



1

5u/d256 gEikEjlhijhkl <"'>u,g+h

s —N/[dh exp [

In saddle-pt approximation,

TT-deformed Undeformed
theory with g, T theory with g', T"

(up to the HS action)

g, T

CFT deformed

/

/ > U

Equivalent theories Cf. bulk picture



Parametrizing h;;

In 2D, any h;; = diff + Weyl
-

x—>x+a ds?- e?Pds?

I:> hlj — Viaj + Vjai + Zgl]CD

Useful to write ® = ¢ — %Vkak

> Another form of the master formula

o disng =N / (da][dd] exp [—% / P1r/G (ai (EIV + g) o + 4¢2)] (Yo J




Summary so far

» TT = random geometries
1
hij — viij + Vjai + Zglj ((,b —EV : C()

» “Master formula”

o dsng =N / (ded][dg] exp [-% / 2,/7 (ai (DV + g) o + 4¢2)] Yo



TT deformed
Liouville action



Liouville-Polyakov action (1)

» Dependence of CFT, on backgnd metric g;;(x) is determined by
conformal anomaly

Zolg) = e~ Zyg]

= 1 for flat R?
Solg] = % /d%\/gle_lR Liouville (-Polyakov) action
T
ﬂ Conformal gauge ds? = e?'dz dz
Z[e28] = 6_50[6295], Sole2%] = — c conformal-gauge

Liouville action

2. 8§49 9. .
oi- | Fa (’M)@QJ

Cf. For general fiducial metric g,
Sole??g] = — 5= [ d*x,/3(§" 9;00,0 + RQ) + So[4]

But note that we are not doing Liouville field theory



Liouville-Polyakov action (2)

2 Dl
Solg] = 5o /dwfR R

So[e*?8] = — Y /d2 579;00;Q

» Valid for any CFT,

» We can compute correlators (TT ...) by varying g = g + h and taking
derivatives of Sy with respect to h

» The conformal form Sy[e?5] contains the same information as S,[g]

Can also use S, [6295] to compute (TT ...)

(We will come back to this point later)

20



TT-deforming Liouville action (1)

» Let’s consider how Liouville action Sy[g] is TT-deformed (at O (5u))

1
o~ (Solg1+685[g]) j[da] [d¢]e—mfeehh—50[g+h]

From the deformed action 6S[g], we can compute any (TT ...)
for any TT-deformed CFT

Need to evaluate Sy[g + h]
Possible approaches:

» We could expand Sy[g + h] in h

» But we take a different approach

21



TT-deforming Liouville action (2)

Our approach:

» In 2D, we can bring g + h back to original metric via diff, up to
Weyl rescaling (we have already discussed this):

(gif(x) T hij(x))dxidxj = ezlp(f)gij(f)dfidfj
52'1 f— Xl + AL(X) For- some AL(X), ‘P(f)
This is possible even for finite hl-j = Via; + Vja; + 2g;;

Al(z) = o (z) + Aly) (z) + Algy () + -+,
U(z) = D(2) + W) (T) + V5(T) + - -

> Solg) + h(0)] = So[e2¥* P g(X)] > easy to evaluate

22



TT-deforming Liouville action (3)

For e2¥® g,.(%) = g, (%),

Solg(z) + h(z)] —50

= 967 / ¢°z\/ ¢ (&) Ry Ry ()
96 d’E/g(%) (Ry(%) — 20,%(%)) O, (Ry(%) — 20,%(%))
967r/d23’ 9(x ) — 20,9(2)) O, (Ry(z) — 20,%(x))

= 56- 6 d’z/g (RO'R — 4RV + 40007)
™

—> Using the master formula and carrying out
Gaussian integration, we can get §S

23



TT-deforming Liouville action (4)

55[9] = 0Ssaddle [g] + 5Sﬂuct[g]

C

- 1
555addle[g] = — (48—71') 5u/d2$\/§R (1 - Vklzl n R/QVk) R

» Exactat O(6u)
» Nonlocal (expected of TT-deformed theory, but so was original LP action...)

» O0Sfyct is fluctuation term coming from Gaussian integral.

Contains contribution from ¥(,. Very complicated and divergent. Depends on measure.

Vanishes after regularization (this can be shown using conformal pert theory)
Non-vanishing at O (6u?)
Can be dropped at large ¢ (6Ssaqq1e ~ ¢™16u™), which is relevant for holography

24



TT-deforming Liouville action (5)

0S is very simple in conformal gauge:

6Ssadarelg] = f;r‘; / &z €722 —2(002) (592) (809) + (60)(89)?]

» “Local” in () but it’s really nonlocal (just like the CFT
Liouville action)

» We will use this to compute T correlators

25



Higher order

» The same procedure gives a differential equation to determine the
effective action S, [e2€25] at finite deformation p:

0 1 2 05 20 529 1 o292 1 022529 20l 20l 205 20 05y
— - - — 92| =H
P Su = 16/d 50 © e 3¢ 8 de =" 4 0e™" =e € Oe 50

» We ignored fluctuation (i.e., it’s valid at large ¢)

» Recursive relation:

_ 1 —~ (n 2 5Sn k o—20 20l o0l 204 20 20l 20l 208 20 Sk
Sn+1—16 2 (k)/d 50 0e? 3¢ 56 Oe™“" 4+ Oe 56 5¢ Oe 2 50

where S, = zn%sn

» No longer “local” in Q at O (u?)

% - 1222 e [(82"‘) - (3w)2) (52&2 — (50.))2) — (35w)2]

26



Summary so far

Polyakov-Liouville
action

Deformed action

Solg] = / 2,/ RO'R

So[e*0] = Gy / d*z 690, 0;Q

i

c \?2 9 k 1
5SSaddle[g]=—(E) 6u | Pay/gR(1-Vh= +R/2V’“ R

4

at 0(6
(Ok) 5 Sumaels] = & 5‘2‘ / &2z =20 [—2(89)(59)(659)+(89)2(59)2]
721w
Was useful: hl] = Vi(xj ~+ VjO(L' + Zgl](b
N v ) \ )
diff Weyl

27



Stress-tensor correlators
(technical!)



Getting T correlators (1)

» We can get (TT ...) by varying g - g + h,
expanding Z[g + h] = e Seftld+h] jn p,

and reading off coefficients.

1 ..
Seff[g + h] T Seff[g] - E / dziE\/g h'i.7'<Tw>g,c

1 g
/ - 2(47)? // d'z\/g d2x,\/?hij h;cl<TZJT,kl>g,c +

We know this.
CFT: Liouville action S,
deformed: 65 we just computed (g

(' . ')g,connected part/<1>g

29



Getting T correlators (2)

» Flat background: g =6, ds® =dzdz.  h;j = 0;0 + 0ja; + 2g;;P

|:> hzz = 28&, hgg = 25@, hzg = ¢, b = ¢ — (5& + 854)

0=0, 0=0;, a=ao, a=da;s

Se[0 + h] = %/d% (0aT +0aT+¢©),

B %(%)2 //dzxdzx/<(aaT+5@T+¢9)(0’a’T’+c’§’a’T’+¢’@’)>C+

Coeffof da &= T =T e.g.

_ da(x)oa(x’
Coeffof da == T =T, Sersl6 -+ b o ff 22220
Coeffof p == O =T, = (TT') ~

30



Using conformal-gauge action

» Can use conformal-gauge action Seff[em6] instead of 5.¢| g| to compute
T correlators

|, Start with flat backgnd, ds* = dz dz

2. Vary§>8+h ds?=dzdz+2(0adz?+dadz?+ ¢dzdz).
(Here o, ¢ are finite.)

3. Find diff x — ¥ = x + A(x) that brings metric into conformal gauge:

ds'? = e?¥@2qz dZ
4. Compute Seff[eztpél = Seff[5 + h]

5. Read off correlator from expansion

Similar to what we did when we computed deformed Liouville action. But
here we need A, ¥ to higher order to compute higher correlator (TTT ...).

31



Check: the case of CFT

To check that this method works, let’s apply it to some CFT correlators.

Conformal-gauge undeformed Liouville action:

C _
Seff = SO [8295] = —E dZZ d) Q)

Let’s reproduce the known expressions

X T . T,) =
2pt:  (11T5) 222
(T, T, Ts) :
3pt: 11213) =
P Z12221232223

32



CFT 2pt func (1)

To see how it goes, let’s carry out this procedure for CFT.

=z+ Al + Al +- (1) =a’
LP:\IJ(l)+LIJ(2)+---, Lp(l)ZCDIQb—(aC_(-Fa_CZ)
Varied action:
So[e2¥@Ds| = ——— [ a2z 0,9 0;w
121

_ 2
=~ 175 fd z 0¥ 0¥ + (higher)

_ 2

_ de za ¢ (0 + aa)) (qb (0 + aa)) + (higher)

Want (TT) = Extract coeff of da o

33



CFT 2pt func (2)

127w 12
— LJ d?z 631_6_5( Jda  (“created” 0a)
12w d

2w ) z—2z T
Therefore
—cC da(z)oa(z") ,
(above) = Ej d*z =2 — (TT") = 2(Z—2)° v
Also, (0(z,2)0(0) = —%3552(2) . (T (2,2)T(0)) = —%6552@) , )

(6(2,2)T(0)) = %00252(@ . (6(z,2)T(0)) = %05252@) .



CFT 3pt func

Conformal-gauge action S,[e2%!8] is quadratic. How can we get (TTT)?

. Need to rewrite Z,Z in Sy[e2¥ &2 8] in terms of z, Z

2. LP=LP(1)+LP(2)+”'
' ' x + A(x)

OCh) 0O(h?)
/N

=D 5 |e?¥0Ds| = - [d?2 9,%(%) ;¥ (®)
_\6 0z

9(Z,2) 0z 0Z _
%25+ Zo+2Zs5
ot ? 929150 0z° " 9z

d*z(0a) [32(&1)2 0*(ad’a) — &° (ada) — 0% (0a)* + 63/1(2) 4 ...

67r

Cc

» By similar manipulations, can check (T1T,T3) = 55—
212273233

» All contributions are needed to reproduce the correct result

35



Explicit forms of second-order terms:

Uy = —¢° — 2(ad¢ + adp) + (0a)* + 200’ + (0a)” + 2ad°a

+ 2a00a + 2a00a — 20ada + 2% ((¢ — da)oa) + 2% ((¢ — Ba)0ar).

Amy = Az Aw) = Az

36



Deformed T-correlators (1)

We just reproduced CFT correlators.
Now consider deformed ones.

2 ou

5S[e?%s] = o3

[ 2 [~2(00)09)(269) + (007 (02"

What’s known in the literature at O(6u):

» 3pt functions (based on conformal pert theory
and random geom and WT id )

» No 4pt functions

37



Deformed 3pt functions

Deformed 3pt func is just like CFT 2pt func;
Simply set Q > W ~ ® = ¢ — (0@ + da) and also ¥ ~ x

2
55[e26] o — oK /d2z 00D 0D HP ®=¢— (8a + da)

3672

Straightforward to read off

(O()T ()T (z9)) = ~Z2 Z%;%
<T(Z1)T(22)T(Z3)> = —025'u L 5 + (22 > 23)

3 —_—
3T 279233

Reproduces known results

38



Deformed 4pt functions

Deformed 4pt func is similar to CFT 3pt func.

We have to take into account ¥ = x + A(x) and correction ¥ ;).
Also, 5S has quartic terms 0(Q%) as well.

2o 1

2 .2 .2 -4
2T 2§11 249219234

2o 1 1 1
6 | 22,23.22 + 23,2222, | Z3 + perm(z1, 22, 23)
12213223 12213233 | 214

(T(21)T (22)T(23)0(24)) = —

(T(21)T (22)T (23)T (24)) =

+ 211’1 |213|2

+ (21 ¢ 29,23 <> 24)

— _ 2 25 _
(T'(21)T (22)T(23)T (24)) = C5 _"; “12 | Z34
TZ19%34

231 213

All contributions are needed for final results

39



Deformed OPEs



Detformed OPEs?

(0T ()T () =~ L
T 2192213
<T(21)T(22)T(Z3) = —@L + (22 <~ 23)
3T 23,75,
2o 1

(T(21)T(22)T(23)0(24)) =

o z21z22z%2234
%6 1 1 1
(o ]

—— + perm(zy, 29, 23)
2 .3 .2 3.2 .2 | 33 1225
67 | 212213233  212213%33

(T(21)T (22)T (23)T (24)) = 214

_ 2c%6 2
cou [zu 234 + (21 > 29, 23 z4)

T(2)T(25)T(23)T = 22422491 2
(T'(21)T (22)T (23)T'(24)) = z31+213+ n |23

Can understand these from deformed OPEs?

41



OPEs from 3pt funcs (1)

_ _ Pop 1
(O(21)T(22)T (23)) = — I
_cop T(z) _ _cop T(2)
O()T(w) ~ ~Gr it OET(w) ~ =G
» 3pt func is reproduced
» Consistent with the flow equation © = —S—:TT_’

42



OPEs from 3pt funcs (2)

More interesting:

()T T () = -2 o)
T(2)T (w) ~ —c:f € _121_))5 /d2z’ In(z — 2)0'T(Z) + (2 <> w) + - - -

=_2c5,u fdz T(Z)+ (z o w)

T (Z—W)5

» Can be regarded as coming from field-dependent diff

- o S (7
T(2) >T(z+6) =T+9Te, é= ?’" j dz'T(2")
X

2C —

Gws © e
» Non-local OPE X

T(DT (W) - T(2)dT (W)E ~ —

43



OPEs from 3pt funcs (3)

Different pair in the same 3pt func:

op 1
—
3m 23,75, (2o )
cop OT (w) _cop O0T(2)
6r (z—w)? 67 (Z—w)3

(T(21)T (22)T(23)) = —

T(2)T(w) ~

» Again, comes from field-dependent diff

_ _ == ou (?
T(Z)>T(z+¢é) =T+ 0dT¢, € = ?,uJ dz'T(z")
X

TTW) - T(2) €T(W) ~ 2T(2) [ dz' T(z)3T(W) — (above)

44



Consistency check with 4pt funcs

Check OPEs derived above using 4pt funcs:

(T(21)T (22) T(23)T (24)) ~ %(T(zl)T(@)T(zzt)) + 2%)454<T(21)T(22)T(24)> < TT OPE at 0(6u°)

OPE

2c6p (%3 , _
- [ ar T ETEIT ) + (s o 7)€ TT OPE ac 0(61)
34 JXx
B cééu 2 3 2c25 212234 231
o 3z, [521534 - 5211534] " T27923, [_231241 2 21 oo )

Agrees with the z;, — 0 expansion of the 4pt func
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Discussions



Summary:

>

47

Studied the stress-energy sector of TT-deformed theories using random
geometry approach

» Found TT-deformed Liouville-Polyakov action exactly at O (5u)
» Derived equation to determine deformed action for finite u
» Developed technique to compute T-correlators

Correlators at O(6u) is computable also by conformal perturbation theory.
Random geometry approach seems to allow straightforward generalization to
higher order, at least formally

Deformed OPEs show sign of non-locality



Future directions:

» Go to higher order in du

» Solve the differential equation for S,[g]? Large c (dual to classical gravity)?

» All-order correlators, such as Gg(|z1,]) = (0(2,)0(z,)) ?
Expectation: Gg < 0 at short distances (negative norm)

» Better understand the fluctuation part Syt
»  Why does it vanish at O(6u), as indicated by conf pert theory?
» Use vanishing of it at O(6u) to regularize Sqyct
» More
» Compute physically interesting quantities
» Inclusion of matter = modify the TT operator?

» Position-dependent coupling

48



