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Stochastic computation of g-2 in QED



Feynman diagrams
it is the most powerful tool to calculate physical quantities

Taken from Aoyama, Kinoshita and Nio ‘19



Draw diagrams,  
multiply propagators and vertices, and  
integrate over loop momenta.

In QED, this diagram gives O(α) correction to the Dirac’s g=2.

g � 2 =
↵

⇡

<latexit sha1_base64="P6TwXZfOsiIq6LfxaRda104LlkU=">AAACAXicbVDLSgMxFM34rPU16kZwEyyCG8tMqehGKLpxWcE+oDOUTJppQzNJSDJCGerGX3HjQhG3/oU7/8a0nYW2HggczjmXm3siyag2nvftLC2vrK6tFzaKm1vbO7vu3n5Ti1Rh0sCCCdWOkCaMctIw1DDSloqgJGKkFQ1vJn7rgShNBb83I0nCBPU5jSlGxkpd97B/VoFXMAsQkwMEA2HDMJB03HVLXtmbAi4SPyclkKPedb+CnsBpQrjBDGnd8T1pwgwpQzEj42KQaiIRHqI+6VjKUUJ0mE0vGMMTq/RgLJR93MCp+nsiQ4nWoySyyQSZgZ73JuJ/Xic18WWYUS5TQzieLYpTBo2AkzpgjyqCDRtZgrCi9q8QD5BC2NjSirYEf/7kRdKslP1q+fyuWqpd53UUwBE4BqfABxegBm5BHTQABo/gGbyCN+fJeXHenY9ZdMnJZw7AHzifP7Qrlc0=</latexit>

(Homework)

[Schwinger ’48]



State-of-the-art computation:

12,672 diagrams!

[Aoyama, Hayakawa, Kinoshita, Nio..] 

A = (g-2)/2

agreed!

5-loop1 2 3 4

5-loops

[Harvard ’08]

[taken from Review: Aoyama, Kinoshita, Nio ’19]

1-loop 2-loop 3-loop ….

1 diagram

7 diagrams

72 diagrams

891 diagrams

12,672 diagrams

202,770 diagrams6-loop
electron g-2:

[Recent Rb update, 

Morel et al, ’20]



[Volkov ’19]

There seems to be a discrepancy in 5-loop computations between two groups…

Nice to have some independent methods to calculate this?



I’ll try to develop a numerical method to evaluate the 
perturbative coefficients in QED, which does not use 

the Feynman diagrams (because I’m lazy).

What I’m going to explain today is really just QED computations. 
Nothing fancy or deep. But, it’s fun!

It is going to be a lattice calculation. But don’t sleep now. It won’t be too technical.



Stochastic Numerical Perturbation Theory
[Di Renzo, Marchesini, Marenzoni, Onofri ’94, Di Renzo, Scorzato ’00, …]

Stochastic quantization:

h�(x)�(y)...i = h�(x, ⌧)�(y, ⌧)...istochastic

<latexit sha1_base64="vvxoSw7cyqUgqn+micnS3KNP2tc="></latexit>

@�(x, ⌧)

@⌧
= � �S

��(x, ⌧)
+ ⌘(x, ⌧)

<latexit sha1_base64="xT1jy5OujZXFXgcGpi4j/rvMI8Y="></latexit>

Gaussian noise

(Langevin equation)

[Parisi, Wu ’81]

Eq. of motion“time” evolution

Long “time” average

Equivalent!

Basically, the field value scans around the classical solutions.

Averaging them gives quantum correlators!

h�(x)�(y)...i =
Z
[d�]�(x)�(y)...e�S[�]

,Z
[d�]e�S[�]

<latexit sha1_base64="EIIfoVls2hGKQvGbNYt2PIogKXM="></latexit>

Path integral quantization:

average

τ

<F
F>



h�(x)�(y)...i(n) =
X

n1+n2+···=n

h�(n1)(x)�(n2)(y)...istochastic

<latexit sha1_base64="QxxyFuo/9GdBfEy5YHvuZVaGrqs="></latexit>

Random noise (only 
for the lowest order)

@�(n)(x, ⌧)

@⌧
= � �S

��(x)

�����

(n)

�=�(x,⌧)

+ ⌘(x, ⌧)�n,0

<latexit sha1_base64="1GQmFJiFaNP0xGNeWx3wIpjHrTk="></latexit>

Recipe:

h�(x)�(y)...i = h�(x)�(y)...i(0) + �h�(x)�(y)...i(1) + · · ·

<latexit sha1_base64="BQ65HdwW14CjuT93RmrzA4V1/qQ="></latexit>

We want to calculate these.

Expand fields by couplings

Solve the Langevin equations for each φ(n) numerically 

Combine

�(x, ⌧) = �(0)(x, ⌧) + ��(1)(x, ⌧) + · · ·

<latexit sha1_base64="YJI6uO+bHwjl2lkCBjijwx8UK9A=">AAACM3icbVDLSgMxFM3UV62vqks3wSK0KGVGKroRim7EVQX7gE4tmUzahmYeJHfEMvSf3PgjLgRxoYhb/8FMW1FbDwROzrn3Jvc4oeAKTPPZSM3NLywupZczK6tr6xvZza2aCiJJWZUGIpANhygmuM+qwEGwRigZ8RzB6k7/PPHrt0wqHvjXMAhZyyNdn3c4JaCldvbSDnsc5+8ObCBRAZ/i5H4T583C8Efdx7bQI13y7VpTLnUDUO1sziyaI+BZYk1IDk1QaWcfbTegkcd8oIIo1bTMEFoxkcCpYMOMHSkWEtonXdbU1CceU614tPMQ72nFxZ1A6uMDHqm/O2LiKTXwHF3pEeipaS8R//OaEXROWjH3wwiYT8cPdSKBIcBJgNjlklEQA00IlVz/FdMekYSCjjmjQ7CmV54ltcOiVSoeXZVy5bNJHGm0g3ZRHlnoGJXRBaqgKqLoHj2hV/RmPBgvxrvxMS5NGZOebfQHxucXC8Km9w==</latexit>

Now perturbative expansion:

0th

1st
2nd

τ

<F
F>

average

coupling constant



Yes, that’s it!

What we need to do is to solve a set of stochastic differential equations numerically. Very simple.

Indeed, in lattice QCD the expectation value of the Wilson loop has been calculated up to O(αS35)!
[Bali, Bauer, Pineda, ’14, Del Debbio, Renzo, Filaci ’18]

Maybe even simpler in QED?

The degrees of freedom can be made finite by putting the theory on the lattice.



Our Lattice QED action:

Non-compact QED action

Gauge fixing term

Photon mass (IR regulator)

Fermion determinant

Naive fermion

UV regulator

(Necessary. Otherwise Aμ random walks in 
the gauge direction.)

(Link variable U not used here. Simple.)

(Necessary. Otherwise zero mode part of 
Aμ random walks. Gauge invariance broken, 

but in a rather controlled way.)

(Fermions loops are all included)

(suppress log divergence)

(There are 16 doublers. Chiral symmetry is 
maintained on the lattice.)

This factor takes care of doublers.

Link variable, U, is used here for gauge invariance.

(a = 1)

<latexit sha1_base64="4J1shJPG2YH5n5WoxFHWSY32YoQ=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BItQL2VXKnoRil48VnDbQruUbJptQ7PZJckKZelv8OJBEa/+IG/+G9N2D9r6YODx3gwz84JEcG0c5xsV1tY3NreK26Wd3b39g/LhUUvHqaLMo7GIVScgmgkumWe4EayTKEaiQLB2ML6b+e0npjSP5aOZJMyPyFDykFNirORVyY173i9XnJozB14lbk4qkKPZL3/1BjFNIyYNFUTrruskxs+IMpwKNi31Us0SQsdkyLqWShIx7WfzY6f4zCoDHMbKljR4rv6eyEik9SQKbGdEzEgvezPxP6+bmvDaz7hMUsMkXSwKU4FNjGef4wFXjBoxsYRQxe2tmI6IItTYfEo2BHf55VXSuqi59drlQ73SuM3jKMIJnEIVXLiCBtxDEzygwOEZXuENSfSC3tHHorWA8plj+AP0+QN9mY3U</latexit>

Lattice unit:

Dirac operator:

Justified in perturbative calculations.

Anyway, let’s try.

kinetic term gets large for high virtuality k2 >> ΛUV2



16 fermions run in the loops. x 1/16 for each loop gives the correct answer.

Wow. That sounds a pretty rude idea.

But it is just true in the perturbative calculations as long as γ5 is not involved.

Momentum space propagator: 24 = 16 poles!

� ln detD ! � 1

16
ln detD

<latexit sha1_base64="S2Jv+QEqY/pZWNxSEgYWeCS99xk=">AAACEXicbVDLSgMxFM34rPU16tJNsAjdtMxIfSyLunBZwT6gM5RMJtOGZpIhyQhl6C+48VfcuFDErTt3/o1pO6C2HggczrmXm3OChFGlHefLWlpeWV1bL2wUN7e2d3btvf2WEqnEpIkFE7ITIEUY5aSpqWakk0iC4oCRdjC8mvjteyIVFfxOjxLix6jPaUQx0kbq2eWKxzj0QqLhNfS0gJXMhZ4wK9A9G8Mfs2eXnKozBVwkbk5KIEejZ396ocBpTLjGDCnVdZ1E+xmSmmJGxkUvVSRBeIj6pGsoRzFRfjZNNIbHRglhJKR5XMOp+nsjQ7FSozgwkzHSAzXvTcT/vG6qows/ozxJNeF4dihKGTTJJ/XAkEqCNRsZgrCk5q8QD5BEWJsSi6YEdz7yImmdVN1a9fS2Vqpf5nUUwCE4AmXggnNQBzegAZoAgwfwBF7Aq/VoPVtv1vtsdMnKdw7AH1gf30RImso=</latexit>

�i sin(pµ)�µ +m

sin2(pµ) +m2

<latexit sha1_base64="wL0HDLiZzKsrWi7HHQSwzOfTU58=">AAACJnicbVDLSgMxFM3UV62vqks3wSJUxDJTKroRim5cVrAP6LQlk2ba0CQzJBmhDP0aN/6KGxcVEXd+iul0EG09EDiccy4393gho0rb9qeVWVldW9/Ibua2tnd29/L7Bw0VRBKTOg5YIFseUoRRQeqaakZaoSSIe4w0vdHtzG8+EqloIB70OCQdjgaC+hQjbaRe/jqG5xS6igpYDHsuj06hO0CcoxmHZ5BDNzDzSaJb/skYo1uewF6+YJfsBHCZOCkpgBS1Xn7q9gMccSI0ZkiptmOHuhMjqSlmZJJzI0VChEdoQNqGCsSJ6sTJmRN4YpQ+9ANpntAwUX9PxIgrNeaeSXKkh2rRm4n/ee1I+1edmIow0kTg+SI/YlAHcNYZ7FNJsGZjQxCW1PwV4iGSCGvTbM6U4CyevEwa5ZJTKV3cVwrVm7SOLDgCx6AIHHAJquAO1EAdYPAEXsAUvFnP1qv1bn3MoxkrnTkEf2B9fQM+0aKP</latexit>

OK in QED

physical

doubler

momentum

si
n(

p)

Doublers?

16 fermions

16 fermions



Continuum limit:

Energy scale in question: mf

<latexit sha1_base64="cwXpbvBtw7IIoTbl7pk/UgXM8o8=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqexKRY9FLx4r2g9ol5JNs21okl2SrFCW/gQvHhTx6i/y5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61TJxqypo0FrHuhMQwwRVrWm4F6ySaERkK1g7HtzO//cS04bF6tJOEBZIMFY84JdZJD7If9csVr+rNgVeJn5MK5Gj0y1+9QUxTyZSlghjT9b3EBhnRllPBpqVealhC6JgMWddRRSQzQTY/dYrPnDLAUaxdKYvn6u+JjEhjJjJ0nZLYkVn2ZuJ/Xje10XWQcZWklim6WBSlAtsYz/7GA64ZtWLiCKGau1sxHRFNqHXplFwI/vLLq6R1UfVr1cv7WqV+k8dRhBM4hXPw4QrqcAcNaAKFITzDK7whgV7QO/pYtBZQPnMMf4A+fwBN2o3S</latexit>

(Fermion mass)

One should keep this finite while the lattice spacing to be zero. mfa ! 0

<latexit sha1_base64="BRfKUllGXWZi2hTPbzT8xmXyUgc=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjOi6LLoxmUF+4DpUDJppg3NY0juCGXoZ7hxoYhbv8adf2PazkJbDwQO59xL7jlxKrgF3//2SmvrG5tb5e3Kzu7e/kH18KhtdWYoa1EttOnGxDLBFWsBB8G6qWFExoJ14vHdzO88MWO5Vo8wSVkkyVDxhFMCTgplP8EE90Bjv1+t+XV/DrxKgoLUUIFmv/rVG2iaSaaACmJtGPgpRDkxwKlg00ovsywldEyGLHRUEclslM9PnuIzpwxwoo17CvBc/b2RE2ntRMZuUhIY2WVvJv7nhRkkN1HOVZoBU3TxUZIJ7CLO8uMBN4yCmDhCqOHuVkxHxBAKrqWKKyFYjrxK2hf14LJ+9XBZa9wWdZTRCTpF5yhA16iB7lETtRBFGj2jV/TmgffivXsfi9GSV+wcoz/wPn8A126QUg==</latexit>

Chiral symmetry is maintained on the lattice: mf / m

<latexit sha1_base64="ioFN73mgQBy1WMksI8fsFkQiLqc=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVRY9FLx4r2A9ol5JNs21oko1JtlCW/g4vHhTx6o/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx41TZJqQhsk4YluR9hQziRtWGY5bStNsYg4bUWju5nfGlNtWCIf7UTRUOCBZDEj2DopFL0YdZVOlE2Q6JUrftWfA62SICcVyFHvlb+6/YSkgkpLODamE/jKhhnWlhFOp6VuaqjCZIQHtOOoxIKaMJsfPUVnTumjONGupEVz9fdEhoUxExG5ToHt0Cx7M/E/r5Pa+CbMmFSppZIsFsUpR+7FWQKozzQllk8cwUQzdysiQ6wxsS6nkgshWH55lTQvqsFl9erhslK7zeMowgmcwjkEcA01uIc6NIDAEzzDK7x5Y+/Fe/c+Fq0FL585hj/wPn8AbdaR4w==</latexit>

Physical quantity

Parameter in the Lagrangian

ma ! 0

<latexit sha1_base64="bANy6/kSA4QKP+g+WrUEWMLegb0=">AAAB73icbVDLSgMxFL2pr1pfVZdugkVwVWakosuiG5cV7APaoWTSTBuaZMYkI5ShP+HGhSJu/R13/o1pOwttPRA4nHMvueeEieDGet43Kqytb2xuFbdLO7t7+wflw6OWiVNNWZPGItadkBgmuGJNy61gnUQzIkPB2uH4dua3n5g2PFYPdpKwQJKh4hGnxDqpIwnu2Rh7/XLFq3pz4FXi56QCORr98ldvENNUMmWpIMZ0fS+xQUa05VSwaamXGpYQOiZD1nVUEclMkM3vneIzpwxwFGv3lMVz9fdGRqQxExm6SUnsyCx7M/E/r5va6DrIuEpSyxRdfBSlAruIs/B4wDWjVkwcIVRzdyumI6IJta6ikivBX468SloXVb9WvbyvVeo3eR1FOIFTOAcfrqAOd9CAJlAQ8Ayv8IYe0Qt6Rx+L0QLKd47hD9DnDwTBj08=</latexit>

Continuum limit is realized by taking small ma in the Lagrangian.

m�/m ! 0

<latexit sha1_base64="HuzxuMvYV6jI5wxd0BKhiEQSykE=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCp5pIRY9FLx4r2A9oQthsN+3S3STsbsQS+le8eFDEq3/Em//GbZuDtj4YeLw3w8y8MOVMacf5tkpr6xubW+Xtys7u3v6BfVjtqCSThLZJwhPZC7GinMW0rZnmtJdKikXIaTcc38787iOViiXxg56k1Bd4GLOIEayNFNhVEXhDLARG50ggTyfICeyaU3fmQKvELUgNCrQC+8sbJCQTNNaEY6X6rpNqP8dSM8LptOJliqaYjPGQ9g2NsaDKz+e3T9GpUQYoSqSpWKO5+nsix0KpiQhNp8B6pJa9mfif1890dO3nLE4zTWOyWBRlHJkXZ0GgAZOUaD4xBBPJzK2IjLDERJu4KiYEd/nlVdK5qLuN+uV9o9a8KeIowzGcwBm4cAVNuIMWtIHAEzzDK7xZU+vFerc+Fq0lq5g5gj+wPn8A/NmTHQ==</latexit>

L ! 1

<latexit sha1_base64="Jqain7rEXTpPAOQ5Bcgo2mSxjLY=">AAAB83icbVA9SwNBEJ2LXzF+RS1tFoNgFe4komXQxsIigvmA3BH2NnvJkr29Y3dOCCF/w8ZCEVv/jJ3/xk1yhSY+GHi8N8PMvDCVwqDrfjuFtfWNza3idmlnd2//oHx41DJJphlvskQmuhNSw6VQvIkCJe+kmtM4lLwdjm5nfvuJayMS9YjjlAcxHSgRCUbRSv498TEhvlARjnvlilt15yCrxMtJBXI0euUvv5+wLOYKmaTGdD03xWBCNQom+bTkZ4anlI3ogHctVTTmJpjMb56SM6v0SZRoWwrJXP09MaGxMeM4tJ0xxaFZ9mbif143w+g6mAiVZsgVWyyKMknsn7MASF9ozlCOLaFMC3srYUOqKUMbU8mG4C2/vEpaF1WvVr18qFXqN3kcRTiBUzgHD66gDnfQgCYwSOEZXuHNyZwX5935WLQWnHzmGP7A+fwBaYqRSw==</latexit>

T ! 1

<latexit sha1_base64="ZZLotqAfMbOpT3Tov6iavbwsO+c=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKexKRI9BLx4j5AXZEGYns8mQ2dllpldYlvyGFw+KePVnvPk3Th4HTSxoKKq66e4KEikMuu63U9jY3NreKe6W9vYPDo/KxydtE6ea8RaLZay7ATVcCsVbKFDybqI5jQLJO8HkfuZ3nrg2IlZNzBLej+hIiVAwilbym8THmPhChZgNyhW36s5B1om3JBVYojEof/nDmKURV8gkNabnuQn2c6pRMMmnJT81PKFsQke8Z6miETf9fH7zlFxYZUjCWNtSSObq74mcRsZkUWA7I4pjs+rNxP+8XorhbT8XKkmRK7ZYFKaS2D9nAZCh0JyhzCyhTAt7K2FjqilDG1PJhuCtvrxO2ldVr1a9fqxV6nfLOIpwBudwCR7cQB0eoAEtYJDAM7zCm5M6L86787FoLTjLmVP4A+fzB3YCkVM=</latexit>

⇤UV/m ! 1

<latexit sha1_base64="fk5xq1JXMTllpYiNENa8VG+J85I=">AAACCHicbVC9TsMwGHTKXyl/AUYGLCokppKgIhgrWBgYikTaSk0UOa7TWrWdyHaQqqgjC6/CwgBCrDwCG2+D22aAlpMsne7u0+fvopRRpR3n2yotLa+srpXXKxubW9s79u5eSyWZxMTDCUtkJ0KKMCqIp6lmpJNKgnjESDsaXk/89gORiibiXo9SEnDUFzSmGGkjhfahf2vCPRTmvuTQa43hKeTQ1wn0qYj1KLSrTs2ZAi4StyBVUKAZ2l9+L8EZJ0JjhpTquk6qgxxJTTEj44qfKZIiPER90jVUIE5UkE8PGcNjo/RgnEjzhIZT9fdEjrhSIx6ZJEd6oOa9ifif1810fBnkVKSZJgLPFsUZg+bOSSuwRyXBmo0MQVhS81eIB0girE13FVOCO3/yImmd1dx67fyuXm1cFXWUwQE4AifABRegAW5AE3gAg0fwDF7Bm/VkvVjv1scsWrKKmX3wB9bnDxqomMQ=</latexit>

Also, one should take the limits of

Zero photon mass:

Infinite UV cutoff:

Large volume:

We’ll come back how those limits are taken.

a ⌧ m�1
f

<latexit sha1_base64="R8JPN6wN0EYeV9w0G/00MCR0xB8=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRbBi2VXWvRY9OKxgv2AdluyabYNTbJLklXK0v/hxYMiXv0v3vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHTR0litAGiXik2gHWlDNJG4YZTtuxolgEnLaC8e3Mbz1SpVkkH8wkpr7AQ8lCRrCxUg+jLudI9MNeeuFN+8WSW3bnQKvEy0gJMtT7xa/uICKJoNIQjrXueG5s/BQrwwin00I30TTGZIyHtGOpxIJqP51fPUVnVhmgMFK2pEFz9fdEioXWExHYToHNSC97M/E/r5OY8NpPmYwTQyVZLAoTjkyEZhGgAVOUGD6xBBPF7K2IjLDCxNigCjYEb/nlVdK8LHuVcvW+UqrdZHHk4QRO4Rw8uIIa3EEdGkBAwTO8wpvz5Lw4787HojXnZDPH8AfO5w9dIJHJ</latexit>

Coupling constant “e” is not a parameter. 
We formally expand everything in terms of 
“e”. There is nowhere we need an explicit 

value of “e”.

Compton wave length mf-1

Lattice spacing a

… …

Lattice size L

No additive renormalization

Note:



Langevin equation

We need to calculate the inverse of the Dirac operator for each Langevin step.

We update the gauge field Aμ according to the equation:

Noise

Discretize the τ direction.

That can be quite effectively done by using the following recursion formula and FFT: [Di Renzo, Scorzato ’00]

Perturbative expansion:

For example,

Pretty simple except for



Well, it’s essentially the same as the usual perturbative expansion:

D�1

<latexit sha1_base64="jvZw3i2KlilgQesHUPQeWpRkQKU=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBi2VXWvRY1IPHCvYD2rVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3srq2vpHfLGxt7+zuFfcPmlomitAGkVyqdoA15UzQhmGG03asKI4CTlvB6Hrqt56o0kyKezOOqR/hgWAhI9hYqXnzkJ55k16x5JbdGdAy8TJSggz1XvGr25ckiagwhGOtO54bGz/FyjDC6aTQTTSNMRnhAe1YKnBEtZ/Orp2gE6v0USiVLWHQTP09keJI63EU2M4Im6Fe9Kbif14nMeGlnzIRJ4YKMl8UJhwZiaavoz5TlBg+tgQTxeytiAyxwsTYgAo2BG/x5WXSPC97lXL1rlKqXWVx5OEIjuEUPLiAGtxCHRpA4BGe4RXeHOm8OO/Ox7w152Qzh/AHzucP7E6Otg==</latexit>

FFT
1

i/p+m

<latexit sha1_base64="2MFnbmnxCSJfr1Fi3dMToF3Lcmk=">AAACA3icbVBLSwMxGMz6rPW16k0v0SIIQt2Vih6LXjxWsA/oLiWbpm1oHkuSFcpS8OJf8eJBEa/+CW/+G7PtHrR1QmCYmY/kmyhmVBvP+3YWFpeWV1YLa8X1jc2tbXdnt6FlojCpY8mkakVIE0YFqRtqGGnFiiAeMdKMhjeZ33wgSlMp7s0oJiFHfUF7FCNjpY67n/owkDYBKTyDwWF2YAxPIR933JJX9iaA88TPSQnkqHXcr6ArccKJMJghrdu+F5swRcpQzMi4GCSaxAgPUZ+0LRWIEx2mkx3G8NgqXdiTyl5h4ET9PZEirvWIRzbJkRnoWS8T//PaieldhSkVcWKIwNOHegmDRsKsENilimDDRpYgrKj9K8QDpBA2traiLcGfXXmeNM7LfqV8cVcpVa/zOgrgAByBE+CDS1AFt6AG6gCDR/AMXsGb8+S8OO/OxzS64OQze+APnM8fmTSU7w==</latexit>

: propagator

1

i/p+m

<latexit sha1_base64="2MFnbmnxCSJfr1Fi3dMToF3Lcmk=">AAACA3icbVBLSwMxGMz6rPW16k0v0SIIQt2Vih6LXjxWsA/oLiWbpm1oHkuSFcpS8OJf8eJBEa/+CW/+G7PtHrR1QmCYmY/kmyhmVBvP+3YWFpeWV1YLa8X1jc2tbXdnt6FlojCpY8mkakVIE0YFqRtqGGnFiiAeMdKMhjeZ33wgSlMp7s0oJiFHfUF7FCNjpY67n/owkDYBKTyDwWF2YAxPIR933JJX9iaA88TPSQnkqHXcr6ArccKJMJghrdu+F5swRcpQzMi4GCSaxAgPUZ+0LRWIEx2mkx3G8NgqXdiTyl5h4ET9PZEirvWIRzbJkRnoWS8T//PaieldhSkVcWKIwNOHegmDRsKsENilimDDRpYgrKj9K8QDpBA2traiLcGfXXmeNM7LfqV8cVcpVa/zOgrgAByBE+CDS1AFt6AG6gCDR/AMXsGb8+S8OO/OxzS64OQze+APnM8fmTSU7w==</latexit>

FFTFFT
1

i/p+m

<latexit sha1_base64="2MFnbmnxCSJfr1Fi3dMToF3Lcmk=">AAACA3icbVBLSwMxGMz6rPW16k0v0SIIQt2Vih6LXjxWsA/oLiWbpm1oHkuSFcpS8OJf8eJBEa/+CW/+G7PtHrR1QmCYmY/kmyhmVBvP+3YWFpeWV1YLa8X1jc2tbXdnt6FlojCpY8mkakVIE0YFqRtqGGnFiiAeMdKMhjeZ33wgSlMp7s0oJiFHfUF7FCNjpY67n/owkDYBKTyDwWF2YAxPIR933JJX9iaA88TPSQnkqHXcr6ArccKJMJghrdu+F5swRcpQzMi4GCSaxAgPUZ+0LRWIEx2mkx3G8NgqXdiTyl5h4ET9PZEirvWIRzbJkRnoWS8T//PaieldhSkVcWKIwNOHegmDRsKsENilimDDRpYgrKj9K8QDpBA2traiLcGfXXmeNM7LfqV8cVcpVa/zOgrgAByBE+CDS1AFt6AG6gCDR/AMXsGb8+S8OO/OxzS64OQze+APnM8fmTSU7w==</latexit>

FFT …..

No integration or linear solver is necessary. Sequence of multiplying diagonal matrices.

Very effectively done on computers.

This is integration.

Yes. But, for this, one can use a stochastic trick.

We generate a random spinor, ζ(x), with the 
gaussian weight and take the inner product.

Over many Langevin steps, it averages to the trace.

diagonal in the position space.

diagonal in the momentum space

… Wait a minutes.

[Di Renzo, Scorzato ’00]

Do we need to repeat the calculation V=L3T times?
That’s practically not possible.

ieA/

<latexit sha1_base64="o+TRsNnMTYFCv49uldoclL531u4=">AAAB9XicbVDLTgJBEOzFF+IL9ehllJh4wl2D0SPqxSMm8khgJbNDL0yYfWRmVkM2/IcXDxrj1X/x5t84CxwUrE4nlaruTE95seBK2/a3lVtaXlldy68XNja3tneKu3sNFSWSYZ1FIpItjyoUPMS65lpgK5ZIA09g0xveZH7zEaXiUXivRzG6Ae2H3OeMaiM9cILkinQOsyKn3WLJLtsTkEXizEgJZqh1i1+dXsSSAEPNBFWq7dixdlMqNWcCx4VOojCmbEj72DY0pAEqN51cPSbHRukRP5KmQ00m6u+NlAZKjQLPTAZUD9S8l4n/ee1E+5duysM40Riy6UN+IoiOSBYB6XGJTIuRIZRJbm4lbEAlZdoEVTAhOPNfXiSNs7JTKZ/fVUrV61kceTiAIzgBBy6gCrdQgzowkPAMr/BmPVkv1rv1MR3NWbOdffgD6/MHBqOQQw==</latexit>

ieA/

<latexit sha1_base64="o+TRsNnMTYFCv49uldoclL531u4=">AAAB9XicbVDLTgJBEOzFF+IL9ehllJh4wl2D0SPqxSMm8khgJbNDL0yYfWRmVkM2/IcXDxrj1X/x5t84CxwUrE4nlaruTE95seBK2/a3lVtaXlldy68XNja3tneKu3sNFSWSYZ1FIpItjyoUPMS65lpgK5ZIA09g0xveZH7zEaXiUXivRzG6Ae2H3OeMaiM9cILkinQOsyKn3WLJLtsTkEXizEgJZqh1i1+dXsSSAEPNBFWq7dixdlMqNWcCx4VOojCmbEj72DY0pAEqN51cPSbHRukRP5KmQ00m6u+NlAZKjQLPTAZUD9S8l4n/ee1E+5duysM40Riy6UN+IoiOSBYB6XGJTIuRIZRJbm4lbEAlZdoEVTAhOPNfXiSNs7JTKZ/fVUrV61kceTiAIzgBBy6gCrdQgzowkPAMr/BmPVkv1rv1MR3NWbOdffgD6/MHBqOQQw==</latexit>

⇠ 1

i@/+m+ ieA/

<latexit sha1_base64="P34dSwOm8JhwOPtBxjIxhUoqcSc=">AAACIHicbVDLSgMxFM3UV62vqks3V4sgCHVGKnVZdeOygn1AZyiZNNOGJjNDkhHK0E9x46+4caGI7vRrzLRFtHrChcM593Jzjx9zprRtf1i5hcWl5ZX8amFtfWNzq7i901RRIgltkIhHsu1jRTkLaUMzzWk7lhQLn9OWP7zK/NYdlYpF4a0exdQTuB+ygBGsjdQtVl3FBKQOuJFpAwZujKVmmIO7nz04gWMQphhQuPgWx91iyS7bE8Bf4sxICc1Q7xbf3V5EEkFDTThWquPYsfbSbBnhdFxwE0VjTIa4TzuGhlhQ5aWTA8dwaJQeBJE0FWqYqD8nUiyUGgnfdAqsB2rey8T/vE6ig3MvZWGcaBqS6aIg4aAjyNKCHpOUaD4yBBPJzF+BDLDERJtMCyYEZ/7kv6R5WnYq5bObSql2OYsjj/bQATpCDqqiGrpGddRABN2jR/SMXqwH68l6td6mrTlrNrOLfsH6/ALAyZ5P</latexit>

FFTFFT

Cost of FFT is also similar to the 
multiplication of a diagonal 

matrix, O(N log N).

p←xx←pp←xx←pp←xx←p



1-loop
stochastic vs diagrammatic

Now all fermion loops are taken care.

Let’s calculate photon 2-point functions:

h

<latexit sha1_base64="p8kwaJ1tRbr32moyO+xSPlp16iw=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkRY9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xdUjgQOyhW36i5A1omXkwrkaA7KX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWSpphNrPFufOyIVVhiSMlS1pyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzXhjZ9xmaQGJVsuClNBTEzmv5MhV8iMmFpCmeL2VsLGVFFmbEIlG4K3+vI6aV9VvVq1/lCrNG7zOIpwBudwCR5cQwPuoQktYDCBZ3iFNydxXpx352PZWnDymVP4A+fzB1q6j5c=</latexit>

i

<latexit sha1_base64="3OLzzLvt6XLYeVueY316/pnseio=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkRY9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01dUjgQOyhW36i5A1omXkwrkaA7KX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWSpphNrPFufOyIVVhiSMlS1pyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzXhjZ9xmaQGJVsuClNBTEzmv5MhV8iMmFpCmeL2VsLGVFFmbEIlG4K3+vI6aV9VvVq1/lCrNG7zOIpwBudwCR5cQwPuoQktYDCBZ3iFNydxXpx352PZWnDymVP4A+fzB2Pwj50=</latexit>

Charge renormalization:

Parameter in 
the Lagrangian

stochastic

This part is exact 

Aμ Aν

transverse

Wave function renormalization:

e+
Z(2)
3 (0)

2
e3 + · · ·

<latexit sha1_base64="jAfn+BEfSfPLBvqzLdOI404kp4g=">AAACEnicbVDLSgMxFM34rPVVdekmWIQWocy0FV0W3bisYB/YmZZMetuGZiZDkhHK0G9w46+4caGIW1fu/BvTx0JbDwQO59zDzT1+xJnStv1trayurW9sprbS2zu7e/uZg8O6ErGkUKOCC9n0iQLOQqhppjk0Iwkk8Dk0/OH1xG88gFRMhHd6FIEXkH7IeowSbaROJg/4DCf3nVI7yRXzY5yz89gVJoGLY4yhXTK2S7tCq04maxfsKfAyceYki+aodjJfblfQOIBQU06Uajl2pL2ESM0oh3HajRVEhA5JH1qGhiQA5SXTk8b41Chd3BPSvFDjqfo7kZBAqVHgm8mA6IFa9Cbif14r1r1LL2FhFGsI6WxRL+ZYCzzpB3eZBKr5yBBCJTN/xXRAJKHatJg2JTiLJy+TerHglAvnt+Vs5WpeRwodoxOUQw66QBV0g6qohih6RM/oFb1ZT9aL9W59zEZXrHnmCP2B9fkDRZSaHw==</latexit>

' 1

137

<latexit sha1_base64="pKVbs6vRVsbAcCUBia7DmicuUcc=">AAAB/XicbVDLSgMxFM34rPU1PnZugkVwVWa0UpdFNy4r2Ad0hpJJM21oHmOSEepQ/BU3LhRx63+4829M21lo64HA4ZxzuTcnShjVxvO+naXlldW19cJGcXNre2fX3dtvapkqTBpYMqnaEdKEUUEahhpG2okiiEeMtKLh9cRvPRClqRR3ZpSQkKO+oDHFyFip6x4GmnJyDzMfBtIGoX9eHXfdklf2poCLxM9JCeSod92voCdxyokwmCGtO76XmDBDylDMyLgYpJokCA9Rn3QsFYgTHWbT68fwxCo9GEtlnzBwqv6eyBDXesQjm+TIDPS8NxH/8zqpiS/DjIokNUTg2aI4ZdBIOKkC9qgi2LCRJQgram+FeIAUwsYWVrQl+PNfXiTNs7JfKV/cVkq1q7yOAjgCx+AU+KAKauAG1EEDYPAInsEreHOenBfn3fmYRZecfOYA/IHz+QPbY5Qy</latexit>

Physical quantity



Fermion 2-point functions

h

<latexit sha1_base64="p8kwaJ1tRbr32moyO+xSPlp16iw=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkRY9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xdUjgQOyhW36i5A1omXkwrkaA7KX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWSpphNrPFufOyIVVhiSMlS1pyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzXhjZ9xmaQGJVsuClNBTEzmv5MhV8iMmFpCmeL2VsLGVFFmbEIlG4K3+vI6aV9VvVq1/lCrNG7zOIpwBudwCR5cQwPuoQktYDCBZ3iFNydxXpx352PZWnDymVP4A+fzB1q6j5c=</latexit>

i

<latexit sha1_base64="3OLzzLvt6XLYeVueY316/pnseio=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkRY9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01dUjgQOyhW36i5A1omXkwrkaA7KX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWSpphNrPFufOyIVVhiSMlS1pyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzXhjZ9xmaQGJVsuClNBTEzmv5MhV8iMmFpCmeL2VsLGVFFmbEIlG4K3+vI6aV9VvVq1/lCrNG7zOIpwBudwCR5cQwPuoQktYDCBZ3iFNydxXpx352PZWnDymVP4A+fzB2Pwj50=</latexit>

Full propagator:

The on-shell fermion 
energy can be 

extracted.

stochastic

Statistic error not shown

but invisible.

Actually, the 
diagrammatic exact 
results are overlaid 

(difference invisible).

1-loop

Tree

….

A/ A/ A/



3-point functions

h

<latexit sha1_base64="p8kwaJ1tRbr32moyO+xSPlp16iw=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkRY9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xdUjgQOyhW36i5A1omXkwrkaA7KX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWSpphNrPFufOyIVVhiSMlS1pyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzXhjZ9xmaQGJVsuClNBTEzmv5MhV8iMmFpCmeL2VsLGVFFmbEIlG4K3+vI6aV9VvVq1/lCrNG7zOIpwBudwCR5cQwPuoQktYDCBZ3iFNydxXpx352PZWnDymVP4A+fzB1q6j5c=</latexit>

i

<latexit sha1_base64="3OLzzLvt6XLYeVueY316/pnseio=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkRY9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01dUjgQOyhW36i5A1omXkwrkaA7KX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWSpphNrPFufOyIVVhiSMlS1pyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzXhjZ9xmaQGJVsuClNBTEzmv5MhV8iMmFpCmeL2VsLGVFFmbEIlG4K3+vI6aV9VvVq1/lCrNG7zOIpwBudwCR5cQwPuoQktYDCBZ3iFNydxXpx352PZWnDymVP4A+fzB2Pwj50=</latexit>

stochastic….

A/ A/ A/
Aμ

x

3-point function

Remove external legs. → Vertex function.

Sandwich by wave functions. → Form factors.

g-factor:

p p+k

k

(All diagrams included.)

Express this quantity as a series of ↵

⇡
=

e2P
4⇡2

<latexit sha1_base64="A/+73CXOKTEFi72RuhoapkNfmo4=">AAACGXicbVDLSgMxFM34rPU16tJNsAiuykyp6EYounFZwT6gMx0yadqGZpIhyQhlmN9w46+4caGIS135N2baWWjrgcDhnHO5uSeMGVXacb6tldW19Y3N0lZ5e2d3b98+OGwrkUhMWlgwIbshUoRRTlqaaka6sSQoChnphJOb3O88EKmo4Pd6GhM/QiNOhxQjbaTAdlIPsXiMoCdMDHoxzeAVTEmQejKCzaxfK5x67vVrWWBXnKozA1wmbkEqoEAzsD+9gcBJRLjGDCnVc51Y+ymSmmJGsrKXKBIjPEEj0jOUo4goP51dlsFTowzgUEjzuIYz9fdEiiKlplFokhHSY7Xo5eJ/Xi/Rw0s/pTxONOF4vmiYMKgFzGuCAyoJ1mxqCMKSmr9CPEYSYW3KLJsS3MWTl0m7VnXr1fO7eqVxXdRRAsfgBJwBF1yABrgFTdACGDyCZ/AK3qwn68V6tz7m0RWrmDkCf2B9/QB+V59X</latexit>

.

g

2
=

g(0)

2
+

⇣↵
⇡

⌘ g(2)

2
+

⇣↵
⇡

⌘2 g(4)

2
+ · · ·

<latexit sha1_base64="0mySF8N/uA/4sU6m5S/T94oHvNE="></latexit>

This part is already done.

Done!
(F1(0) = 1)

<latexit sha1_base64="OgHmQalsCi039c8Sbg3frVLqLsA=">AAACA3icbVBNS8NAEN3Ur1q/ot70sliE9lISqehFKArisYJthSaEzXbTLt18sDsRSih48a948aCIV/+EN/+N2zYHbX0w8Hhvhpl5fiK4Asv6NgpLyyura8X10sbm1vaOubvXVnEqKWvRWMTy3ieKCR6xFnAQ7D6RjIS+YB1/eDXxOw9MKh5HdzBKmBuSfsQDTgloyTMPHMECqOBrz8YVq4ovsI0dyfsDqHpm2apZU+BFYuekjHI0PfPL6cU0DVkEVBCluraVgJsRCZwKNi45qWIJoUPSZ11NIxIy5WbTH8b4WCs9HMRSVwR4qv6eyEio1Cj0dWdIYKDmvYn4n9dNITh3Mx4lKbCIzhYFqcAQ40kguMcloyBGmhAqub4V0wGRhIKOraRDsOdfXiTtk5pdr53e1suNyzyOIjpER6iCbHSGGugGNVELUfSIntErejOejBfj3fiYtRaMfGYf/YHx+QOTS5Tu</latexit>

full propagators

disconnected

connected



How to get to on-shell?
We are working in the Euclidean space. We need analytic continuation to the on-shell momentum.

We want 3-point func at p4=iE.

(k, 0)

<latexit sha1_base64="iwg+Jav5pkXCdlFBn8Z2+hSN8mI=">AAAB9HicbVBNSwMxEJ3Ur1q/qh69BItQQcquVPRY9OKxgv2AdinZNNuGZrNrki2Upb/DiwdFvPpjvPlvTNs9aOuDgcd7M8zM82PBtXGcb5RbW9/Y3MpvF3Z29/YPiodHTR0lirIGjUSk2j7RTHDJGoYbwdqxYiT0BWv5o7uZ3xozpXkkH80kZl5IBpIHnBJjJa+cdv0Aj6YX2MHnvWLJqThz4FXiZqQEGeq94le3H9EkZNJQQbTuuE5svJQow6lg00I30SwmdEQGrGOpJCHTXjo/eorPrNLHQaRsSYPn6u+JlIRaT0LfdobEDPWyNxP/8zqJCW68lMs4MUzSxaIgEdhEeJYA7nPFqBETSwhV3N6K6ZAoQo3NqWBDcJdfXiXNy4pbrVw9VEu12yyOPJzAKZTBhWuowT3UoQEUnuAZXuENjdELekcfi9YcymaO4Q/Q5w9zpJCY</latexit>

(k/2, p4)

<latexit sha1_base64="08HmtAgvW6YC8hyTl8528hv8N2A=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBahgtSkVPRY9OKxgv2ANoTNdtMu3WzC7qZQQv+JFw+KePWfePPfuG1z0OqDgcd7M8zMCxLOlHacL6uwtr6xuVXcLu3s7u0f2IdHbRWnktAWiXksuwFWlDNBW5ppTruJpDgKOO0E47u535lQqVgsHvU0oV6Eh4KFjGBtJN+2K1k/CNF4dlm7QIlfP/ftslN1FkB/iZuTMuRo+vZnfxCTNKJCE46V6rlOor0MS80Ip7NSP1U0wWSMh7RnqMARVV62uHyGzowyQGEsTQmNFurPiQxHSk2jwHRGWI/UqjcX//N6qQ5vvIyJJNVUkOWiMOVIx2geAxowSYnmU0MwkczcisgIS0y0CatkQnBXX/5L2rWqW69ePdTLjds8jiKcwClUwIVraMA9NKEFBCbwBC/wamXWs/VmvS9bC1Y+cwy/YH18Awnfkfs=</latexit>

(�k/2, p4)

<latexit sha1_base64="Bqorcn69owr1avAPGvik0Dw01lg=">AAAB+nicbVDLSgNBEOyNrxhfGz16GQxCBI27IaLHoBePEcwDkmWZncwmQ2YfzMwqYc2nePGgiFe/xJt/4yTZgyYWNBRV3XR3eTFnUlnWt5FbWV1b38hvFra2d3b3zOJ+S0aJILRJIh6Jjocl5SykTcUUp51YUBx4nLa90c3Ubz9QIVkU3qtxTJ0AD0LmM4KVllyzWD5Le56PRpPz6imK3dqJa5asijUDWiZ2RkqQoeGaX71+RJKAhopwLGXXtmLlpFgoRjidFHqJpDEmIzygXU1DHFDppLPTJ+hYK33kR0JXqNBM/T2R4kDKceDpzgCroVz0puJ/XjdR/pWTsjBOFA3JfJGfcKQiNM0B9ZmgRPGxJpgIpm9FZIgFJkqnVdAh2IsvL5NWtWLXKhd3tVL9OosjD4dwBGWw4RLqcAsNaAKBR3iGV3gznowX4934mLfmjGzmAP7A+PwBdf+SMg==</latexit>

z = eip4

<latexit sha1_base64="bDqMLRePYRvux7s0eES7DwrpZg0=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKexKRC9C0IvHCOYByRpmJ51kyOzuMDMrxCW/4cWDIl79GW/+jZNkD5pY0FBUddPdFUjBtXHdbye3srq2vpHfLGxt7+zuFfcPGjpOFMM6i0WsWgHVKHiEdcONwJZUSMNAYDMY3Uz95iMqzePo3owl+iEdRLzPGTVW6jyRK4IPKZfdyqRbLLlldwayTLyMlCBDrVv86vRiloQYGSao1m3PlcZPqTKcCZwUOolGSdmIDrBtaURD1H46u3lCTqzSI/1Y2YoMmam/J1Iaaj0OA9sZUjPUi95U/M9rJ6Z/6ac8konBiM0X9RNBTEymAZAeV8iMGFtCmeL2VsKGVFFmbEwFG4K3+PIyaZyVvUr5/K5Sql5nceThCI7hFDy4gCrcQg3qwEDCM7zCm5M4L8678zFvzTnZzCH8gfP5AxwCkRg=</latexit>

1-1

fermion poledoubler pole

fermion(s)
+photon(s) cut

(double pole)(double pole)

separated by mγ

Integration contour

The double pole gives O(t) terms whose coefficients are proportional to the  on-shell amplitudes.

(unwanted)

We want the residue of this pole.

This is a double pole since both external 
fermion lines get on-shell.

(Euclidean lattice calculates 
Gμ on this line.)

(unwanted)

Euclidean energy (periodic b.c.)

p4 = 0,
2⇡

T
, · · · 2⇡(T � 1)

T

<latexit sha1_base64="/PdewvR0NFgUvNrWR3xO6/fBtk8=">AAACIHicbVDLSgMxFM3UV62vqks3wSJUqGWmVOpGKLpxWaEv6AxDJpNpQzOTIckIZeinuPFX3LhQRHf6NaYPRVsPBA7nnMvNPV7MqFSm+WFkVlbX1jeym7mt7Z3dvfz+QVvyRGDSwpxx0fWQJIxGpKWoYqQbC4JCj5GON7ye+J07IiTlUVONYuKEqB/RgGKktOTma7FbhZfQLMG0Au2YQpvrOGyOSxDa2OdKfhvF5pl1+mO7+YJZNqeAy8SakwKYo+Hm322f4yQkkcIMSdmzzFg5KRKKYkbGOTuRJEZ4iPqkp2mEQiKddHrgGJ5oxYcBF/pFCk7V3xMpCqUchZ5OhkgN5KI3Ef/zeokKLpyURnGiSIRni4KEQcXhpC3oU0GwYiNNEBZU/xXiARIIK91pTpdgLZ68TNqVslUtn99WC/WreR1ZcASOQRFYoAbq4AY0QAtgcA8ewTN4MR6MJ+PVeJtFM8Z85hD8gfH5BSyfn1M=</latexit>

The continuation can be done 
by evaluating these integrals:



t ! 1

<latexit sha1_base64="rJmXoIOdMyre4MtW3h7fkUrF0N8=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cK9gOaUDbbTbt0swm7EyGU/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74Tju5nfeeLaiEQ9Yp7yIKZDJSLBKFrJR+JjQnyhIsz71Zpbd+cgq8QrSA0KNPvVL3+QsCzmCpmkxvQ8N8VgQjUKJvm04meGp5SN6ZD3LFU05iaYzG+ekjOrDEiUaFsKyVz9PTGhsTF5HNrOmOLILHsz8T+vl2F0E0yESjPkii0WRZkk9s9ZAGQgNGcoc0so08LeStiIasrQxlSxIXjLL6+S9kXdu6xfPVzWGrdFHGU4gVM4Bw+uoQH30IQWMEjhGV7hzcmcF+fd+Vi0lpxi5hj+wPn8AafikXM=</latexit>

of this quantity is the g-factor!Take the double ratio:

∝F1 + … ∝F1+F2+…

Unwanted terms are suppressed by 1/t and/or exp(-mγt).

Doubler contributions cancel in the ratio.
(At even t, FE and FM vanish due to doublers, and doubled at odd t.)

(Here, (norm) denotes the tree level form factors.)



Parameter choices
We have many parameters, and we need to take various limits.

(k, 0)

<latexit sha1_base64="iwg+Jav5pkXCdlFBn8Z2+hSN8mI=">AAAB9HicbVBNSwMxEJ3Ur1q/qh69BItQQcquVPRY9OKxgv2AdinZNNuGZrNrki2Upb/DiwdFvPpjvPlvTNs9aOuDgcd7M8zM82PBtXGcb5RbW9/Y3MpvF3Z29/YPiodHTR0lirIGjUSk2j7RTHDJGoYbwdqxYiT0BWv5o7uZ3xozpXkkH80kZl5IBpIHnBJjJa+cdv0Aj6YX2MHnvWLJqThz4FXiZqQEGeq94le3H9EkZNJQQbTuuE5svJQow6lg00I30SwmdEQGrGOpJCHTXjo/eorPrNLHQaRsSYPn6u+JlIRaT0LfdobEDPWyNxP/8zqJCW68lMs4MUzSxaIgEdhEeJYA7nPFqBETSwhV3N6K6ZAoQo3NqWBDcJdfXiXNy4pbrVw9VEu12yyOPJzAKZTBhWuowT3UoQEUnuAZXuENjdELekcfi9YcymaO4Q/Q5w9zpJCY</latexit>

(k/2, p4)

<latexit sha1_base64="08HmtAgvW6YC8hyTl8528hv8N2A=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBahgtSkVPRY9OKxgv2ANoTNdtMu3WzC7qZQQv+JFw+KePWfePPfuG1z0OqDgcd7M8zMCxLOlHacL6uwtr6xuVXcLu3s7u0f2IdHbRWnktAWiXksuwFWlDNBW5ppTruJpDgKOO0E47u535lQqVgsHvU0oV6Eh4KFjGBtJN+2K1k/CNF4dlm7QIlfP/ftslN1FkB/iZuTMuRo+vZnfxCTNKJCE46V6rlOor0MS80Ip7NSP1U0wWSMh7RnqMARVV62uHyGzowyQGEsTQmNFurPiQxHSk2jwHRGWI/UqjcX//N6qQ5vvIyJJNVUkOWiMOVIx2geAxowSYnmU0MwkczcisgIS0y0CatkQnBXX/5L2rWqW69ePdTLjds8jiKcwClUwIVraMA9NKEFBCbwBC/wamXWs/VmvS9bC1Y+cwy/YH18Awnfkfs=</latexit>

(�k/2, p4)

<latexit sha1_base64="Bqorcn69owr1avAPGvik0Dw01lg=">AAAB+nicbVDLSgNBEOyNrxhfGz16GQxCBI27IaLHoBePEcwDkmWZncwmQ2YfzMwqYc2nePGgiFe/xJt/4yTZgyYWNBRV3XR3eTFnUlnWt5FbWV1b38hvFra2d3b3zOJ+S0aJILRJIh6Jjocl5SykTcUUp51YUBx4nLa90c3Ubz9QIVkU3qtxTJ0AD0LmM4KVllyzWD5Le56PRpPz6imK3dqJa5asijUDWiZ2RkqQoeGaX71+RJKAhopwLGXXtmLlpFgoRjidFHqJpDEmIzygXU1DHFDppLPTJ+hYK33kR0JXqNBM/T2R4kDKceDpzgCroVz0puJ/XjdR/pWTsjBOFA3JfJGfcKQiNM0B9ZmgRPGxJpgIpm9FZIgFJkqnVdAh2IsvL5NWtWLXKhd3tVL9OosjD4dwBGWw4RLqcAsNaAKBR3iGV3gznowX4934mLfmjGzmAP7A+PwBdf+SMg==</latexit>

⇤2
UV/2

<latexit sha1_base64="08Rvjqd7zYFZ8s9RO35sqbe2rdE=">AAAB/3icbVC9TsMwGHTKXyl/ASQWFosKiakkVRGMFSwMDEUibaUmRI7jtFbtJLIdpCp04FVYGECIlddg421w2wzQcpKl0919+j5fkDIqlWV9G6Wl5ZXVtfJ6ZWNza3vH3N1ryyQTmDg4YYnoBkgSRmPiKKoY6aaCIB4w0gmGVxO/80CEpEl8p0Yp8TjqxzSiGCkt+eaBe6PDIfJzV3DotMf3dXgK675ZtWrWFHCR2AWpggIt3/xywwRnnMQKMyRlz7ZS5eVIKIoZGVfcTJIU4SHqk56mMeJEevn0/jE81koIo0ToFys4VX9P5IhLOeKBTnKkBnLem4j/eb1MRRdeTuM0UyTGs0VRxqBK4KQMGFJBsGIjTRAWVN8K8QAJhJWurKJLsOe/vEja9ZrdqJ3dNqrNy6KOMjgER+AE2OAcNME1aAEHYPAInsEreDOejBfj3fiYRUtGMbMP/sD4/AHmFJS6</latexit>

m2

<latexit sha1_base64="T7j/oJM5pzH79lSjdXTCOBNERNc=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRbBU9ktFT0WvXisaD+gXUs2zbahSXZJskJZ+hO8eFDEq7/Im//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW0eJIrRFIh6pboA15UzSlmGG026sKBYBp51gcpP5nSeqNIvkg5nG1Bd4JFnICDZWuhePtUG54lbdOdAq8XJSgRzNQfmrP4xIIqg0hGOte54bGz/FyjDC6azUTzSNMZngEe1ZKrGg2k/np87QmVWGKIyULWnQXP09kWKh9VQEtlNgM9bLXib+5/USE175KZNxYqgki0VhwpGJUPY3GjJFieFTSzBRzN6KyBgrTIxNp2RD8JZfXiXtWtWrVy/u6pXGdR5HEU7gFM7Bg0towC00oQUERvAMr/DmcOfFeXc+Fq0FJ585hj9wPn8A/XaNnQ==</latexit>

|k̂|2/4

<latexit sha1_base64="DhNzIYQx4s4r+AUWgcgAFcB0AmA=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVZNS0WXRjcsK9gFtLJPppB06mYSZG6GmxV9x40IRt/6HO//GaZuFth64cDjnXu69x48F1+A439bS8srq2npuI7+5tb2za+/t13WUKMpqNBKRavpEM8ElqwEHwZqxYiT0BWv4g+uJ33hgSvNI3sEwZl5IepIHnBIwUsc+HKVtP8DtPgE8GI/uS/gMlzt2wSk6U+BF4makgDJUO/ZXuxvRJGQSqCBat1wnBi8lCjgVbJxvJ5rFhA5Ij7UMlSRk2kun14/xiVG6OIiUKQl4qv6eSEmo9TD0TWdIoK/nvYn4n9dKILj0Ui7jBJiks0VBIjBEeBIF7nLFKIihIYQqbm7FtE8UoWACy5sQ3PmXF0m9VHTLxfPbcqFylcWRQ0foGJ0iF12gCrpBVVRDFD2iZ/SK3qwn68V6tz5mrUtWNnOA/sD6/AGbSJQG</latexit>

m2
�/4

<latexit sha1_base64="78Vg5vnS9NWojj4mEZUAQON9yz0=">AAAB+XicbVBNSwMxEJ31s9avVY9egkXwVHdLRY9FLx4r2A9o1yWbpm1okl2SbKEs/SdePCji1X/izX9j2u5BWx8MPN6bYWZelHCmjed9O2vrG5tb24Wd4u7e/sGhe3Tc1HGqCG2QmMeqHWFNOZO0YZjhtJ0oikXEaSsa3c381pgqzWL5aCYJDQQeSNZnBBsrha6bibA7wELgp8oUXaJq6Ja8sjcHWiV+TkqQox66X91eTFJBpSEca93xvcQEGVaGEU6nxW6qaYLJCA9ox1KJBdVBNr98is6t0kP9WNmSBs3V3xMZFlpPRGQ7BTZDvezNxP+8Tmr6N0HGZJIaKsliUT/lyMRoFgPqMUWJ4RNLMFHM3orIECtMjA2raEPwl19eJc1K2a+Wrx6qpdptHkcBTuEMLsCHa6jBPdShAQTG8Ayv8OZkzovz7nwsWtecfOYE/sD5/AEaWZKp</latexit>

mass2 scale (unit 1/a)

1

sin
⇡

L

<latexit sha1_base64="hPzXL70TjiVf3VXq8y7JUl55kKY=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUmkosuiGxcuKtgHNKFMppN26GQSZiZiCfkVNy4UceuPuPNvnLZZaOuBgcM553LvnCDhTGnH+bZKa+sbm1vl7crO7t7+gX1Y7ag4lYS2Scxj2QuwopwJ2tZMc9pLJMVRwGk3mNzM/O4jlYrF4kFPE+pHeCRYyAjWRhrYVU8xgTIvYciLTRDd5QO75tSdOdAqcQtSgwKtgf3lDWOSRlRowrFSfddJtJ9hqRnhNK94qaIJJhM8on1DBY6o8rP57Tk6NcoQhbE0T2g0V39PZDhSahoFJhlhPVbL3kz8z+unOrzyMyaSVFNBFovClCMdo1kRaMgkJZpPDcFEMnMrImMsMdGmroopwV3+8irpnNfdRv3ivlFrXhd1lOEYTuAMXLiEJtxCC9pA4Ame4RXerNx6sd6tj0W0ZBUzR/AH1ucPVZiT/g==</latexit>

sin2
⇡

L

<latexit sha1_base64="ADBU3ZM5YggtnZe8YRiTfEs4YbM=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgqiSlosuiGxcuKtgHNLFMppN26GQSZiZCDcVfceNCEbf+hzv/xmmbhbYeGDiccy73zgkSzpR2nG9raXlldW29sFHc3Nre2bX39psqTiWhDRLzWLYDrChngjY005y2E0lxFHDaCoZXE7/1QKVisbjTo4T6Ee4LFjKCtZG69qGnmLivoMxLGPJiE0U3465dcsrOFGiRuDkpQY561/7yejFJIyo04Vipjusk2s+w1IxwOi56qaIJJkPcpx1DBY6o8rPp9WN0YpQeCmNpntBoqv6eyHCk1CgKTDLCeqDmvYn4n9dJdXjhZ0wkqaaCzBaFKUc6RpMqUI9JSjQfGYKJZOZWRAZYYqJNYUVTgjv/5UXSrJTdavnstlqqXeZ1FOAIjuEUXDiHGlxDHRpA4BGe4RXerCfrxXq3PmbRJSufOYA/sD5/AIW9lKI=</latexit>

sin3
⇡

L

<latexit sha1_base64="WO70TAXAhjPkyNFhB17Y8xd6p/0=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgqiRa0WXRjQsXFewDmlgm00k7dDIJMxOhhuKvuHGhiFv/w51/47TNQlsPDBzOOZd75wQJZ0o7zre1sLi0vLJaWCuub2xubds7uw0Vp5LQOol5LFsBVpQzQeuaaU5biaQ4CjhtBoOrsd98oFKxWNzpYUL9CPcECxnB2kgde99TTNyfosxLGPJiE0U3o45dcsrOBGieuDkpQY5ax/7yujFJIyo04Viptusk2s+w1IxwOip6qaIJJgPco21DBY6o8rPJ9SN0ZJQuCmNpntBoov6eyHCk1DAKTDLCuq9mvbH4n9dOdXjhZ0wkqaaCTBeFKUc6RuMqUJdJSjQfGoKJZOZWRPpYYqJNYUVTgjv75XnSOCm7lfLZbaVUvczrKMABHMIxuHAOVbiGGtSBwCM8wyu8WU/Wi/VufUyjC1Y+swd/YH3+AIdPlKM=</latexit>

⌧<latexit sha1_base64="y6bjVRblZltK5x9UYMdM0jj3jjY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00BOiX664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nj91Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliUZgKYmIy+5sMuEJmxMQSyhS3txI2oooyY9Mp2RC85ZdXSeui6tWql/e1Sv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifP1DNjdQ=</latexit>

Large UV cut-off

Non-relativistic fermion momentum

Small photon mass

Smallest lattice 
momentum2

⌧<latexit sha1_base64="y6bjVRblZltK5x9UYMdM0jj3jjY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00BOiX664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nj91Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliUZgKYmIy+5sMuEJmxMQSyhS3txI2oooyY9Mp2RC85ZdXSeui6tWql/e1Sv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifP1DNjdQ=</latexit>

⌧<latexit sha1_base64="y6bjVRblZltK5x9UYMdM0jj3jjY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00BOiX664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nj91Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliUZgKYmIy+5sMuEJmxMQSyhS3txI2oooyY9Mp2RC85ZdXSeui6tWql/e1Sv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifP1DNjdQ=</latexit>

By this choice, L→∞ limit is the continuum theory with the massless photon. O

⇣
⇡

L

⌘

<latexit sha1_base64="pWVjuRN1irxk0FfCMEW45t13Iq8=">AAACBnicbVDLSgMxFM3UV62vUZciBItQN2VGKrosunEhWME+oFNKJs20oZnJkNwRytCVG3/FjQtF3PoN7vwb03YW2nogcDjnXG7u8WPBNTjOt5VbWl5ZXcuvFzY2t7Z37N29hpaJoqxOpZCq5RPNBI9YHTgI1ooVI6EvWNMfXk385gNTmsvoHkYx64SkH/GAUwJG6tqHt9gTLIBS6sUce9Jk8c0Ye4r3B3DStYtO2ZkCLxI3I0WUoda1v7yepEnIIqCCaN12nRg6KVHAqWDjgpdoFhM6JH3WNjQiIdOddHrGGB8bpYcDqcyLAE/V3xMpCbUehb5JhgQGet6biP957QSCi07KozgBFtHZoiARGCSedIJ7XDEKYmQIoYqbv2I6IIpQMM0VTAnu/MmLpHFadivls7tKsXqZ1ZFHB+gIlZCLzlEVXaMaqiOKHtEzekVv1pP1Yr1bH7Nozspm9tEfWJ8/uoyYBw==</latexit>

Errors are of

O(a few - 10%) in the realistic simulations.

Our choice:

Shouldn’t be too 
small to 

suppress IR div.

Should be large, 
but shouldn’t be 

too large to 
suppress UV div.

Just took the 
value in between



243x48 lattice results:

We see the “a + b/t” behavior.

Extrapolating

we get gray shaded 
values at each order.

t 2 [L/2� 3, L/2]

<latexit sha1_base64="pJrsrx5kF7ibLa8g9xuujhVQn9s=">AAAB+3icbVC7TsMwFHXKq5RXKCOLRYXEACUpRTBWsDAwFIk+pDSqHNdprTpOZN8gqqq/wsIAQqz8CBt/g9tmgMKRru7ROffK1ydIBNfgOF9Wbml5ZXUtv17Y2Nza3rF3i00dp4qyBo1FrNoB0UxwyRrAQbB2ohiJAsFawfB66rcemNI8lvcwSpgfkb7kIacEjNS1i4A7XGLv9rRycnaMTfO7dskpOzPgv8TNSAllqHftz04vpmnEJFBBtPZcJwF/TBRwKtik0Ek1Swgdkj7zDJUkYtofz26f4EOj9HAYK1MS8Ez9uTEmkdajKDCTEYGBXvSm4n+el0J46Y+5TFJgks4fClOBIcbTIHCPK0ZBjAwhVHFzK6YDoggFE1fBhOAufvkvaVbKbrV8flct1a6yOPJoHx2gI+SiC1RDN6iOGoiiR/SEXtCrNbGerTfrfT6as7KdPfQL1sc3VSKSDA==</latexit>

Finite volume + 
IR contamination

cut 
contribution

We should use this region for extrapolation to large t.



L dependence

Well, may be good 
enough for the first try.

Remember that L→∞ limit is the continuum theory.

Continuum, infinite volume, infinite UV cut-off, zero photon mass



Tone down a little bit….

There are a few problems which we need to take care in future works.

1. Log divergences

The result actually has a large ΛUV dependence.

This is mainly due to log divergence in 
the mass renormalization.

If we didn’t introduce ΛUV, the continuum limit gets far away.

One should carefully choose UV cut-off. Or, maybe we need some improved methods.



2. IR divergences

Finite mγ regulates the IR divergence, but we need to make sure there is no 1/mγ effects in the final formula.

There is a little bit of complication in a finite volume.

If this photon momentum is zero, we have

Photon propagator

✓
1

s4(p)2 + E2

◆2

<latexit sha1_base64="nJas9W8KrGmeA9+EcOKHyhP/HCM=">AAACEHicbVDLSgMxFM3UV62vUZdugkWsCGWmVHRZFMFlBfuAzlgyaaYNzTxI7ghl6Ce48VfcuFDErUt3/o1pOwttPZBwcu653NzjxYIrsKxvI7e0vLK6ll8vbGxube+Yu3tNFSWSsgaNRCTbHlFM8JA1gINg7VgyEniCtbzh1aTeemBS8Si8g1HM3ID0Q+5zSkBLXfPYEcyHEraxE2kfVt1qKT65r+BTfK1vR/L+APS7axatsjUFXiR2RoooQ71rfjm9iCYBC4EKolTHtmJwUyKBU8HGBSdRLCZ0SPqso2lIAqbcdLrQGB9ppYf9SOoTAp6qvztSEig1CjztDAgM1HxtIv5X6yTgX7gpD+MEWEhng/xEYIjwJB3c45JRECNNCJVc/xXTAZGEgs6woEOw51deJM1K2a6Wz26rxdplFkceHaBDVEI2Okc1dIPqqIEoekTP6BW9GU/Gi/FufMysOSPr2Ud/YHz+AOQtmfs=</latexit>

Two extra on-shell fermion propagators

 This is much larger than leading O(t) effects for a large t. This gives contributions to FE and FM.O
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In fact, those are largely cancelled in the ratio FM/FE just as in the continuum theory, but not exactly in a finite volume.

The effects are small enough in the current O(10%) measurements, but will be important when we need more accuracy.

on-shellon-shell

(Not so serious, though. We can fit and remove the IR contributions.)

(1/V suppressed by the measure.)
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(soft theorem)



3. Finite volume effects

The accuracy is already 1/L. Yes, finite volume effect is large. 

There are actually annoying effects in the perturbation theory in a finite volume.

t=0 t=T

We take the periodic boundary conditions for the fermion.

this function is periodic.

Correlation functions have a contribution from the backward propagation.

t=-T

For example,

The contribution gives higher power of t in the higher order in the perturbations.

leading IR divergence backward propagation

This part cancels in the ratio.
It gets important at large t.

forwardbackward

We want to see the large t behavior, but



We already see such a tendency: Deviation from the straight line gets larger for higher orders.

This is going to be an obstacle for 
higher order computations.

It turns out, manipulating the 
fermion boundary condition can 

avoid this problem.

We actually have better 
understanding now.

Preliminary



5-loop no lepton loop (preliminary)

[Volkov ’19]

The discrepancy is in the subset of diagrams with no lepton 
loops → quenched QED.

Photon is a free field → Langevin evolution not necessary.
Very easy!

Preliminary AKN

Volkov

We need larger volumes for more precise measurements, but looks doable.

[RK, Takaura in progress]

continuum limit

6354 diagrams

[Aoki, Kinoshita, Nio ’19]



Summary
I tried. It worked up to 3-loops with O(10%) accuracy.

Maybe useful.

We used NEC SX-Aurora TSUBASA A500 at KEK.

We expect a currently available larger scale computer with a 
more optimized code will make larger lattice volumes such as 

L=128 possible.

A few percent level measurements will be possible(?)

Anyway, the stochastic method works for physical quantities like g-2.

If people want 6-loops, this may be a good method for the first estimation.

Maybe useful for a wider class of physical quantities in general theories.

I don’t find a very serious problem to go to higher loops.
(Computational cost scales as Volume*(loop)2)

L~100

?
Continuum, infinite volume, infinite UV cut-off, zero photon mass

Fugaku (wikipedia)


