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◉ Motivation: Phase diagram of CP(1) model 

→ Large beta region is not strongly confirmed.

1st. order
(Strong coupling exp.,
 TRG)

2nd. order
(pure imaginary theta, 

(strong coupling exp.,
 sign-problematic MC)
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◉ Theoretical aspects of Lattice QFT
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◇ What is the Lattice QFT?

Classical field theory on the discrete spacetime

Path integral quantization

+

Lattice quantum field theory

Z
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(with Monte-Carlo)



◉ Tensor representation of numerical integration
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◇ Physically？

◇ Advantages and disadvantages

→Tensor Renormalization Group

1. Generalized transfar matrix (tensor)
2.  Spin statistial representation (e.g. Ising model)
3.  Hopping term expansion

○Sign problem
○Another representation
○Low cost (low dim)
○Partition function

×High cost (high dim)
△Systematic error



◉ Quantum correspondence
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◇ Is there Quantum correspondence?

→Tensor network representation
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→ Need to consider path integral measure. 
                                               (Lagrangian formalizm)



index size

◉ Tensor representation
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◇ TRG directly calculate the physical quantity. 
Z =

X

a,b

Y

x,y

Tax,y,ax+1,y,bx,y,bx,y+1

ax+1,y

bx,y+1

ax,yTax,y,ax+1,y,bx,y,bx,y+1 =

bx,y

We need to discuss the systematic error from truncation.

◇ No sign-problem. (Using truncation, without sampling)
D
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◉ Singular Value Decomposition (SVD)

→ We can approximate the matrix by the cutoff of index 

◇ Larger singular values    have much “information” of T�
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→ (Frobenius norm)
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◉ SVD for a coarse graining (e.g. Image)

[http://www.na.scitec.kobe-u.ac.jp/~yamamoto/lectures/cse-introduction2009/cse-introduction090512.PPT]
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◉ Hilbert space and many body system
→ Exponentially large (Hilbert) space approximated by 
     polynomially large space.
◇ Is this approximation valid?

States which is not 
realized by time evolution
of local hamiltonian

approximated space by Tensor network 

→ Approximation relates to
    area law.

[Poulin, Qarry, Somma, Verstraete, 
PRL 106 170501 (2011)]Many one dimensional 

system follows area law.
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◉ Numerical costs for simple TRG

◇ How fast?

Tabcd =
X

k

Ak
acB
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bd

T (n+1)
klmn =
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axy+1bxy+1

Bl
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Cm
axybxy+1

Dn
axy+1bx�1y+1

O(D6)

22V ! O((logV )⇥D
6)

SVD:

Contraction: O(D6)

→ We need more sophisticated algorithm.

◇ Large D is still difficult.
    (Higher dimension, complicated system…)
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◉ Randomized TRG (RTRG)

◇ Approximation by (orthogonal) gaussian noize matrix
Y TY = �

Tabcd = Tabc0d0Yc0d0yYcdy
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[J.T.N. Halko and P.G. Martinsson arXiv:0909.4061]
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◉ Numerical costs for randomized TRG

◇ Cost reduced: 
5
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FIG. 5. (Color online) Di↵erence in the free energy from the
full SVD results decays exponentially with the oversampling
parameter at the critical temperature. The solid (red) line
is obtained by fitting to the lower triangular data (� = 128,
r = 1). The same constant c = 3.60 is used in the dashed
(black) lines.

spins. This TRG step su�ces for convergence of the free
energy to the thermodynamic limit at the critical tem-
perature. The error bars denote standard deviations esti-
mated by more than 16 independent runs. The horizontal
dashed lines indicate results of the original algorithm us-
ing full SVD. As expected, the improved TRG algorithm
with a larger oversampling parameter p shows a smaller
error and converges toward the full SVD result. Even at
the critical temperature, p ' � is su�cient to provide
the same results as full SVD independently of �. In the
system away from the critical temperature, much smaller
p is su�cient because of the rapid decay of the singular
values. The standard deviation of free energy decreases
with the oversampling parameter because of the law of
large numbers.

The accuracy of the power iteration scheme is shown
in Fig. 5. We found that the di↵erence in the free energy
from the full SVD result exponentially decreases with
the oversampling parameter p and the decay constant is
proportional to the number of power iterations r,

|f � ffull| / e
�crp/�

, (12)

This fact involves the upper bound of the error of the
power iteration scheme as mentioned before. We esti-
mated the coe�cient c = 3.60 at the critical temperature
with � = 128. The value of c is nearly independent of
the bond dimension. Since the power iteration scheme
enhances the decay of the singular values, a smaller value
of the oversampling parameter is su�cient for larger r.
For r = 2, p ⇠ �/8 achieves an accuracy comparable
with p = � without the power iteration. For r = 3,
even p = 0 is su�cient. From a viewpoint of time to
solution, however, the improved algorithm without the
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with RSVD
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with full SVD

contraction of four
3rd-order tensors

FIG. 6. (Color online) Elapsed time per TRG step as a func-
tion of bond dimension � is shown by open symbols. The im-
proved TRG algorithm with RSVD (circles) scales as O(�5),
while the original one with full SVD (squares) is O(�6). The
oversampling parameter for RSVD is set as p = � and the
power iteration scheme is not used (r = 1). The elapsed time
of contraction Eq.(8) in a step of TRG with full SVD is shown
by the solid triangles. The solid (red) and dashed (black)
lines, proportional to �

5 and �
6 respectively, are guides for

the eyes.

power iteration is superior to the others. For example, in
the case of � = 128, the elapsed time per TRG step with
(r, p) = (1, 128), (2, 16), and (3, 0) is 85.2(1), 94.3(2), and
124.9(2) s, respectively.

The elapsed time per TRG step against bond dimen-
sion � is plotted in Fig. 6. Here, we set the oversampling
parameter of RSVD as p = � and do not use the power
iteration scheme of RSVD (r = 1). The improved algo-
rithm clearly follows �

5 scaling, while the original one
with full SVD scales as O(�6). We achieved � = 512 in
the improved algorithm with the aid of the loop block-
ing technique. Although the most time-consuming part
in the original algorithm is full SVD, the contraction in
Eq. (8) also scales as O(�6), as shown in Fig. 6. Thus,
to achieve the �

5 scaling, the replacement of full SVD
with partial SVD is insu�cient and one needs to remove
explicit construction of the fourth-order tensor. To com-
pare the RSVD approach with other partial SVD meth-
ods with �

5 scaling, we consider the Arnoldi method[16].
It can solve an SVD problem without explicit matrix or
tensor construction and we confirm that TRG with the
Arnoldi method also shows �

5 scaling. However we ob-
serve that the RSVD approach is around two times faster
than TRG with the Arnoldi method which takes 164.7(4)
s per TRG step for � = 128.

We note that computational times were measured by
simulations in a single core on Intel Xeon E5-2697A (2.60
GHz) with 128 GB memory. We implemented the pro-
posed TRG algorithm and original one by using the script
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FIG. 2. (Color online) The chain of deformation in the TRG
algorithm. Our improved algorithm skips the intermediate
step of calculating the fourth-order tensor T .
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FIG. 3. (Color online) The improved TRG algorithm with
O(�5) computational cost. The double lines indicate bonds
with dimension � + p. (a) The first stage of RSVD. (b) The
second stage of RSVD. (c, d) Updated third-order tensors

S
[1]
new and S

[3]
new.

the random tensor ⌦ to S
[2] and S

[3]. The initial tensors
of S[i] are straightforwardly obtained from Eq.(2). For

example, S[1]
x0y0,s = Wsx0Wsy0 and S

[3]
xy,s = WsxWsy.

The key diagrams in this algorithm are Figs. 3(a) and
3(b) corresponding to matrix-matrix products Y = A⌦
and B = Q

†
A in the previous section. This contrac-

tion of five third-order tensors is of order �
5 as long

as the oversampling parameter p is less than or scaled
as �. As we mentioned, the cost of contraction of
the tensor network without ⌦ and Q

† is O(�6). The
order of contractions is important to reduce the com-
putational cost [23]. For example, the computational
cost of Y = S

[1](S[2](S[3](S[4]⌦))) scales as O(�5), but
Y = (((S[1]

S
[2])S[3])S[4])⌦ scales as O(�6).

We also note that the loop blocking technique helps
reduce the memory usage of contractions. Some summa-
tion loops of indices are partitioned into small blocks and
then the summations over the blocks are postponed after

 0  0.5  1  1.5  2

FIG. 4. (Color online) Relative errors of the free energy
at the critical temperature as a function of the oversampling
parameter p. The error bars indicate the standard deviations
estimated by more than 16 independent runs. The full-SVD
results are shown by the horizontal dashed lines.

the other contractions. In the case of Figs. 3(a) and 3(b),
memory usage is reduced to O(�3) by applying this tech-
nique to the index between S

[1] and S
[4] (see the details

in the Appendix). We emphasize that this technique al-
ways reduces the memory usage of intermediate tensors
to at most the same order of the initial and final tensor
networks.
The power iteration scheme of RSVD is applicable to

this algorithm within the same order of computational
cost and memory usage. We can use the similar diagrams
of Fig. 3. For example, the QR decomposition of B (=
Y2) instead of SVD yields the third-order tensor Q2 and
the contraction of Fig. 3(a) by replacing ⌦ byQ2 provides
the third-order tensor corresponding to Y3.

III. NUMERICAL RESULTS

To investigate the e↵ect of randomness in RSVD and
performance of the improved TRG algorithm, we calcu-
late the free energy of the Ising model on the square lat-
tice. The initial tensor Eq.(2) for an Ising model without
an external magnetic field is given with a 2⇥ 2 matrix,

W ⌘
✓p

cosh�J
p
sinh�Jp

cosh�J �
p
sinh�J

◆
. (11)

The critical temperature of this model is given by �cJ =
log(

p
2 + 1)/2.

The relative errors of the free energy from the On-
sager’s solution fexact at the critical temperature in the
thermodynamic limit are plotted against the oversam-
pling parameter in Fig. 4. We iterated at least 36 TRG
steps where the renormalized tensor T

(36) contains 236

O(D6) ! O(D5)

[S. Morita, R. Igarashi et al. arXiv:1712.01458]
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◉ Anisotropic TRG (ATRG)
2
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<latexit sha1_base64="CEc0OGvA9/BJjHqGzLjbNIVSptU="></latexit><latexit sha1_base64="CEc0OGvA9/BJjHqGzLjbNIVSptU="></latexit><latexit sha1_base64="CEc0OGvA9/BJjHqGzLjbNIVSptU="></latexit><latexit sha1_base64="CEc0OGvA9/BJjHqGzLjbNIVSptU="></latexit>

y2
<latexit sha1_base64="oTZCCSMCGyTL2IXM+BdTJMPmBw4="></latexit><latexit sha1_base64="oTZCCSMCGyTL2IXM+BdTJMPmBw4="></latexit><latexit sha1_base64="oTZCCSMCGyTL2IXM+BdTJMPmBw4="></latexit><latexit sha1_base64="oTZCCSMCGyTL2IXM+BdTJMPmBw4="></latexit>

y2
<latexit sha1_base64="oTZCCSMCGyTL2IXM+BdTJMPmBw4="></latexit><latexit sha1_base64="oTZCCSMCGyTL2IXM+BdTJMPmBw4="></latexit><latexit sha1_base64="oTZCCSMCGyTL2IXM+BdTJMPmBw4="></latexit><latexit sha1_base64="oTZCCSMCGyTL2IXM+BdTJMPmBw4="></latexit>

y2
<latexit sha1_base64="oTZCCSMCGyTL2IXM+BdTJMPmBw4="></latexit><latexit sha1_base64="oTZCCSMCGyTL2IXM+BdTJMPmBw4="></latexit><latexit sha1_base64="oTZCCSMCGyTL2IXM+BdTJMPmBw4="></latexit><latexit sha1_base64="oTZCCSMCGyTL2IXM+BdTJMPmBw4="></latexit>

x0
<latexit sha1_base64="JPUqx9Hpu54wLtb8y12EcqzTkcE="></latexit><latexit sha1_base64="JPUqx9Hpu54wLtb8y12EcqzTkcE="></latexit><latexit sha1_base64="JPUqx9Hpu54wLtb8y12EcqzTkcE="></latexit><latexit sha1_base64="JPUqx9Hpu54wLtb8y12EcqzTkcE="></latexit>

x0
<latexit sha1_base64="JPUqx9Hpu54wLtb8y12EcqzTkcE="></latexit><latexit sha1_base64="JPUqx9Hpu54wLtb8y12EcqzTkcE="></latexit><latexit sha1_base64="JPUqx9Hpu54wLtb8y12EcqzTkcE="></latexit><latexit sha1_base64="JPUqx9Hpu54wLtb8y12EcqzTkcE="></latexit>

x1
<latexit sha1_base64="SFq+WKJvtfjbngtuiAS/Kyw8iUQ="></latexit><latexit sha1_base64="SFq+WKJvtfjbngtuiAS/Kyw8iUQ="></latexit><latexit sha1_base64="SFq+WKJvtfjbngtuiAS/Kyw8iUQ="></latexit><latexit sha1_base64="SFq+WKJvtfjbngtuiAS/Kyw8iUQ="></latexit>

x1
<latexit sha1_base64="SFq+WKJvtfjbngtuiAS/Kyw8iUQ="></latexit><latexit sha1_base64="SFq+WKJvtfjbngtuiAS/Kyw8iUQ="></latexit><latexit sha1_base64="SFq+WKJvtfjbngtuiAS/Kyw8iUQ="></latexit><latexit sha1_base64="SFq+WKJvtfjbngtuiAS/Kyw8iUQ="></latexit>

x2
<latexit sha1_base64="85547WgV8+1df0Zqu4GHocbj9GM="></latexit><latexit sha1_base64="85547WgV8+1df0Zqu4GHocbj9GM="></latexit><latexit sha1_base64="85547WgV8+1df0Zqu4GHocbj9GM="></latexit><latexit sha1_base64="85547WgV8+1df0Zqu4GHocbj9GM="></latexit>

x2
<latexit sha1_base64="85547WgV8+1df0Zqu4GHocbj9GM="></latexit><latexit sha1_base64="85547WgV8+1df0Zqu4GHocbj9GM="></latexit><latexit sha1_base64="85547WgV8+1df0Zqu4GHocbj9GM="></latexit><latexit sha1_base64="85547WgV8+1df0Zqu4GHocbj9GM="></latexit>

x3
<latexit sha1_base64="Azu7n1rFuJKuhP2H4DWsXp0Y654="></latexit><latexit sha1_base64="Azu7n1rFuJKuhP2H4DWsXp0Y654="></latexit><latexit sha1_base64="Azu7n1rFuJKuhP2H4DWsXp0Y654="></latexit><latexit sha1_base64="Azu7n1rFuJKuhP2H4DWsXp0Y654="></latexit>

x3
<latexit sha1_base64="Azu7n1rFuJKuhP2H4DWsXp0Y654="></latexit><latexit sha1_base64="Azu7n1rFuJKuhP2H4DWsXp0Y654="></latexit><latexit sha1_base64="Azu7n1rFuJKuhP2H4DWsXp0Y654="></latexit><latexit sha1_base64="Azu7n1rFuJKuhP2H4DWsXp0Y654="></latexit>

x0
0

<latexit sha1_base64="8tsPJ7mx9NldVmiNcP7WMpoGlNg="></latexit><latexit sha1_base64="8tsPJ7mx9NldVmiNcP7WMpoGlNg="></latexit><latexit sha1_base64="8tsPJ7mx9NldVmiNcP7WMpoGlNg="></latexit><latexit sha1_base64="8tsPJ7mx9NldVmiNcP7WMpoGlNg="></latexit>

x0
1

<latexit sha1_base64="/t/Ixogyxx5IZXf6VdIKKfUvWMs="></latexit><latexit sha1_base64="/t/Ixogyxx5IZXf6VdIKKfUvWMs="></latexit><latexit sha1_base64="/t/Ixogyxx5IZXf6VdIKKfUvWMs="></latexit><latexit sha1_base64="/t/Ixogyxx5IZXf6VdIKKfUvWMs="></latexit>

A
<latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit><latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit><latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit><latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit>

A
<latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit><latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit><latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit><latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit>

A
<latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit><latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit><latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit><latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit>

A
<latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit><latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit><latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit><latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit>

A
<latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit><latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit><latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit><latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit>

A
<latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit><latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit><latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit><latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit>

A
<latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit><latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit><latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit><latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit> A

<latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit><latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit><latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit><latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit>

B
<latexit sha1_base64="T2P5g7QCwwtXrot4ePPvws4bwME="></latexit><latexit sha1_base64="T2P5g7QCwwtXrot4ePPvws4bwME="></latexit><latexit sha1_base64="T2P5g7QCwwtXrot4ePPvws4bwME="></latexit><latexit sha1_base64="T2P5g7QCwwtXrot4ePPvws4bwME="></latexit>

B
<latexit sha1_base64="T2P5g7QCwwtXrot4ePPvws4bwME="></latexit><latexit sha1_base64="T2P5g7QCwwtXrot4ePPvws4bwME="></latexit><latexit sha1_base64="T2P5g7QCwwtXrot4ePPvws4bwME="></latexit><latexit sha1_base64="T2P5g7QCwwtXrot4ePPvws4bwME="></latexit>

C
<latexit sha1_base64="Yo3d1RJAHBls9WHrljXYVmf1wQc="></latexit><latexit sha1_base64="Yo3d1RJAHBls9WHrljXYVmf1wQc="></latexit><latexit sha1_base64="Yo3d1RJAHBls9WHrljXYVmf1wQc="></latexit><latexit sha1_base64="Yo3d1RJAHBls9WHrljXYVmf1wQc="></latexit>

C
<latexit sha1_base64="Yo3d1RJAHBls9WHrljXYVmf1wQc="></latexit><latexit sha1_base64="Yo3d1RJAHBls9WHrljXYVmf1wQc="></latexit><latexit sha1_base64="Yo3d1RJAHBls9WHrljXYVmf1wQc="></latexit><latexit sha1_base64="Yo3d1RJAHBls9WHrljXYVmf1wQc="></latexit>

D
<latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit>

D
<latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit>

D
<latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit>

D
<latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit>

D
<latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit>

D
<latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit>

D
<latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit> D

<latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit>

X
<latexit sha1_base64="TxnY+7DdNGTbLwBqTjVjRSYO9wg="></latexit><latexit sha1_base64="TxnY+7DdNGTbLwBqTjVjRSYO9wg="></latexit><latexit sha1_base64="TxnY+7DdNGTbLwBqTjVjRSYO9wg="></latexit><latexit sha1_base64="TxnY+7DdNGTbLwBqTjVjRSYO9wg="></latexit> X

<latexit sha1_base64="TxnY+7DdNGTbLwBqTjVjRSYO9wg="></latexit><latexit sha1_base64="TxnY+7DdNGTbLwBqTjVjRSYO9wg="></latexit><latexit sha1_base64="TxnY+7DdNGTbLwBqTjVjRSYO9wg="></latexit><latexit sha1_base64="TxnY+7DdNGTbLwBqTjVjRSYO9wg="></latexit>

X
<latexit sha1_base64="TxnY+7DdNGTbLwBqTjVjRSYO9wg="></latexit><latexit sha1_base64="TxnY+7DdNGTbLwBqTjVjRSYO9wg="></latexit><latexit sha1_base64="TxnY+7DdNGTbLwBqTjVjRSYO9wg="></latexit><latexit sha1_base64="TxnY+7DdNGTbLwBqTjVjRSYO9wg="></latexit>

X
<latexit sha1_base64="TxnY+7DdNGTbLwBqTjVjRSYO9wg="></latexit><latexit sha1_base64="TxnY+7DdNGTbLwBqTjVjRSYO9wg="></latexit><latexit sha1_base64="TxnY+7DdNGTbLwBqTjVjRSYO9wg="></latexit><latexit sha1_base64="TxnY+7DdNGTbLwBqTjVjRSYO9wg="></latexit>

Y
<latexit sha1_base64="hivCqyYbH51N4cP8koosyQiYXfU="></latexit><latexit sha1_base64="hivCqyYbH51N4cP8koosyQiYXfU="></latexit><latexit sha1_base64="hivCqyYbH51N4cP8koosyQiYXfU="></latexit><latexit sha1_base64="hivCqyYbH51N4cP8koosyQiYXfU="></latexit>

Y
<latexit sha1_base64="hivCqyYbH51N4cP8koosyQiYXfU="></latexit><latexit sha1_base64="hivCqyYbH51N4cP8koosyQiYXfU="></latexit><latexit sha1_base64="hivCqyYbH51N4cP8koosyQiYXfU="></latexit><latexit sha1_base64="hivCqyYbH51N4cP8koosyQiYXfU="></latexit>

Y
<latexit sha1_base64="hivCqyYbH51N4cP8koosyQiYXfU="></latexit><latexit sha1_base64="hivCqyYbH51N4cP8koosyQiYXfU="></latexit><latexit sha1_base64="hivCqyYbH51N4cP8koosyQiYXfU="></latexit><latexit sha1_base64="hivCqyYbH51N4cP8koosyQiYXfU="></latexit>

Y
<latexit sha1_base64="hivCqyYbH51N4cP8koosyQiYXfU="></latexit><latexit sha1_base64="hivCqyYbH51N4cP8koosyQiYXfU="></latexit><latexit sha1_base64="hivCqyYbH51N4cP8koosyQiYXfU="></latexit><latexit sha1_base64="hivCqyYbH51N4cP8koosyQiYXfU="></latexit>

FIG. 1. Renormalization step of ATRG in y direction for the
two-dimensional square lattice model.

by including the singular matrix S in B and C, the error
of the final free energy is minimized. Such a construc-
tion gives us a better free energy than the equal weight
decomposition,

p
S, of the singular matrix into A and B

(or C and D).

Next, by using SVD, we swap the bond of B and
C [step (b) and (c) in FIG. 1]. In order to swap the
x1 bond of B and x2 bond of C, we define tensor M as

M↵�x1x2 =
X

y1

By1x1↵Cy1x2� , (6)

and, by SVD of M and truncating the singular values to
D, we define new X and Y as

M↵�x1x2 ⇡
DX

y1

S{M}y1y1
U{M}↵x2y1

V{M}�x1y1
, (7)

X↵x2y1 =
q

S{M}y1y1
U{M}↵x2y1

, (8)

Y�x1y1 =
q

S{M}y1y1
V{M}�x1y1

. (9)

Then, we renormalize the horizontal two bonds into
one by using projectors E and F [step (d) and (e) in
FIG. 1]. By applying projector E (F ) to A and X (Y
and D), we obtain new tensor G (H) as

Gy0y1x
0
0

=
X

↵,x0,x2

Ay0x0↵X↵x2y1Ex0x2x
0
0
, (10)

Hy1y2x
0
1

=
X

�,x1,x3

Dy2x3�Y�x1y1Fx1x3x
0
1
. (11)

Finally, a new renormalized tensor, T 0, is made from the
product of G and H as

T 0
y0y2x

0
0x

0
1

=
X

y1

Gy0y1x
0
0
Hy1y2x

0
1
, (12)

[step (f) in FIG. 1], which will be used as an input to the
next renormalization step in x direction.

As for the choice of projectors, E and F , there are
many possibilities. Here, we perform the projection in
the following way:

Qy0y1y2y3 =
X

x1x3↵�

Y�y1x1Dy2x3�Ay0x1↵X↵x3y3

⇡
DX

x
0
1

S{Q}x
0
1x

0
1
U{Q}y1y2x

0
1
V{Q}y0y3x

0
1
, (13)

Hy1y2x
0
1

=
q

S{Q}x
0
1x

0
1
U{Q}y1y2x

0
1
, (14)

Gy0y3x
0
1

=
q

S{Q}x
0
1x

0
1
V{Q}y0y3x

0
1
. (15)

Unlike the conventional HOTRG, the projectors are not
necessarily isometries. In addition, when we calculate
only the free energy, G and H can be directly obtained
through SVD as Eqs. (13)-(15). The explicit form of
the projectors is needed for calculating other physical
quantities, e.g., energy and magnetization.

The whole renormalization step described above can be
performed with computation cost of O(D5) and memory
footprint of O(D4) by performing the partial SVD using
the Arnoldi method or other techniques. The computa-
tion cost of ATRG is the same as TRG with partial or
randomized SVD [11].

Note that in step (a) of FIG. 1, there is the freedom
of choosing the bond used by A from two bonds in x di-
rection, x0 and x1. By choosing the pair of bonds used
for A0 in the following renormalization step properly, we
can skip SVD of T 0 by using G and H, and continue cal-
culation without additional truncation errors (FIG. 2).
If the bond geometry of A0 and B0 (or C 0 and D0) are
chosen so that they match the geometry of G and H,
respectively, there occur no truncation errors at the de-
composition of T 0. Note that explicit SVD of T 0 needs
computation cost of O(D5). This cost can be reduced
to O(D4) by performing SVDs of G and H, and taking
SVD of the intermediate 2-bond tensor, K, defined as
K = S{G}V

t

{G}U{H}S{H}.
One of the important di↵erences between ATRG and

HOTRG is that in ATRG, before applying the projec-
tors E and F , we construct X and Y from a low-rank
approximation of M , which is constructed from B and

[D. Adachi, T. Okubo, and S. Todo. arXiv:1906.02007]

◇ Auxiliary SVD before SVD
    (In order to reduce indeces)

O(D4dim�1) ! O(D2dim+1)

a

b

c

d

a

b

c

d

k=
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◉ Numerical costs for ATRG

◇ NOTE: This is part of the calculation time.
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FIG. 5. Absolute error of the free energy density of the two-
dimensional Ising model at T = Tc as a function of bond di-
mension D calculated by TRG (black squares), HOTRG (blue
circles), and ATRG (red diamonds). Even though ATRG has
the same computation cost as TRG, it produces more accu-
rate results than TRG.
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FIG. 6. Absolute error of the free energy density of the two-
dimensional Ising model at T = Tc as a function of leading-
order computation time ⌧ [Eq. (16)] calculated by TRG (black
squares), HOTRG (blue circles), and ATRG (red diamonds).
ATRG achieves the most accurate results among the three
methods with fixed computation time.

D due to the di↵erence in order in computational cost
[Eq. (16)].

It should be mentioned that the present method suf-
fered from larger and nonmonotonic fluctuations in the
convergence of the error. This observed behavior is prob-
ably related to the two independent truncations in the
ATRG renormalization procedure. Because ATRG opti-
mizes only the local tensors in each truncation, increas-
ing D does not necessarily improve the accuracy of the
free energy, which is determined by the global tensor net-
work. The nonmonotonic convergence in ATRG should
be subjected to further investigation.

Next, we move to the three-dimensional Ising model
on a simple cubic lattice. In the three-dimensional case,
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FIG. 7. Free energy density of the three-dimensional Ising
model at T = Tc as a function of leading-order computation
time ⌧ [Eq. (17)] calculated by HOTRG (blue circles) and
ATRG (red diamonds). ATRG achieves much lower free en-
ergy than HOTRG with fixed computation time.

we compare ATRG with HOTRG. In FIG. 7, we show
the free energy density as a function of ⌧ at T = Tc =
4.5115 [2, 32–34]. Here, we again define the leading-order
computation time ⌧ for three dimensions as

⌧ =

(
D7 for ATRG

D11 for HOTRG.
(17)

In the present case, we calculate up to D = 32 (D = 18)
for ATRG (HOTRG). In FIG. 7, it is clearly demon-
strated again that the ATRG gives the better (lower)
free energy density than that of HOTRG for the same
leading-order computation time ⌧ . We expect that the
advantage of ATRG over HOTRG should be more pro-
nounced in higher dimensions.

In summary, we proposed the ATRG method that can
perform tensor renormalization operations with compu-
tation cost of O(D2d+1) and memory footprint of O(D2d)
in d dimensions. The computational cost of the pro-
posed method is much lower than that of the conventional
HOTRG, O(D4d�1), which enables us to apply the ten-
sor renormalization method in higher dimensions. Unlike
HOTRG, our algorithm involves the truncation of the
bond dimension by using SVD when we swap the bonds of
two tensors [step (b) and (c) in FIG. 1]. Due to the addi-
tional approximation, the accuracy in the final result de-
grades compared with HOTRG. However, this disadvan-
tage is compensated by the drastic reduction of the com-
putational cost from O(D4d�1) to O(D2d+1). We con-
firmed that for two- and three-dimensional Ising models
our method achieve higher accuracy than HOTRG with
fixed leading-order computational time. Since ATRG is
a real space renormalization method similar to HOTRG,
and preserves the lattice topology after the renormal-
ization, it can be applied to various lattice systems in
arbitrary dimensions
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FIG. 2. Reduction of SVD computation cost for the
two-dimensional square lattice model. Here, K =
S{G}V

t

{G}U{H}S{H}.

C [step (b) and (c) in FIG. 1]. In this low-rank approxi-
mation, the truncation from D2 to D happens, and thus
ATRG involves an additional approximation compared
with HOTRG.

One can easily generalize ATRG to systems in dimen-
sions higher than two. As an example, we illustrate the
renormalization step of ATRG in three dimensions in
FIG. 3. For general d-dimensional hypercubic lattice,
ATRG can renormalize tensors with computation cost of
O(D2d+1) and memory footprint of O(D2d).

It is naively expected that we have to perform SVD
with O(D2d+1) computation cost both for swapping
bonds [step (c)] and making projectors [step (d)]. How-
ever, the latter cost can be reduced to O(Dmax(d+3,7))
as shown in FIG. 4, where A, X, Y , and D in FIG. 1
are represented as three-bond tensors with bond dimen-
sions Dd�1, D, D. In FIG. 4, before making projectors,
SVD or the QR decomposition is performed for each ten-
sor. By introducing this preprocess, the cost of SVDs
for making projectors in step (d) and (e) in FIG. 3 is re-
duced to O(Dmax(d+3,7)), which means the cost of SVDs
for making projectors becomes subleading for d > 3.

We apply ATRG to the two- and three-dimensional
Ising models at the critical temperature. All axes are
renormalized 15 times alternately, i.e., the system con-
tains (215)d spins. First, we discuss the two-dimensional
Ising model on a square lattice. The free energy density
obtained by ATRG at T = Tc = 2/log(1 +

p
2) [31] is

shown in FIGs. 5 and 6. In FIG. 5, we plot the abso-
lute error of the free energy density as a function of bond
dimension D. We calculate up to D = 108 (D = 58)
for TRG and ATRG (HOTRG). For all D, the result of
ATRG is between those of TRG and HOTRG. Note that
ATRG has the same computation cost as TRG, while
the cost of HOTRG is higher. In order to investigate
the performance of ATRG more precisely, we compare
the D dependence of the error with fixed computation
time. For that purpose we introduce the leading-order
computation time ⌧ (dimensionless quantity) defined as

⌧ =

(
D5 for TRG and ATRG

D7 for HOTRG
(16)

based on their leading computation cost. In FIG. 6, we
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FIG. 3. Renormalization step of ATRG in z direction for
the three-dimensional simple cubic lattice model.
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FIG. 4. Reduction of SVD cost in step (d) and (e) in FIG. 3
for d > 3.

plot the absolute error of the free energy density as a
function of ⌧ for the three methods. With fixed ⌧ , ATRG
shows the smallest error among the three methods. Note
that the partial SVD is the most expensive operation in
ATRG, while it is the contraction in HOTRG. In prac-
tice, the partial SVD takes much longer time than the
contraction, even when their computation costs are in the
same order. Thus, the actual performance di↵erence be-
tween ATRG and HOTRG is smaller than FIG. 6, though
ATRG becomes more and more advantageous for larger
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FIG. 2. Reduction of SVD computation cost for the
two-dimensional square lattice model. Here, K =
S{G}V

t

{G}U{H}S{H}.

C [step (b) and (c) in FIG. 1]. In this low-rank approxi-
mation, the truncation from D2 to D happens, and thus
ATRG involves an additional approximation compared
with HOTRG.

One can easily generalize ATRG to systems in dimen-
sions higher than two. As an example, we illustrate the
renormalization step of ATRG in three dimensions in
FIG. 3. For general d-dimensional hypercubic lattice,
ATRG can renormalize tensors with computation cost of
O(D2d+1) and memory footprint of O(D2d).

It is naively expected that we have to perform SVD
with O(D2d+1) computation cost both for swapping
bonds [step (c)] and making projectors [step (d)]. How-
ever, the latter cost can be reduced to O(Dmax(d+3,7))
as shown in FIG. 4, where A, X, Y , and D in FIG. 1
are represented as three-bond tensors with bond dimen-
sions Dd�1, D, D. In FIG. 4, before making projectors,
SVD or the QR decomposition is performed for each ten-
sor. By introducing this preprocess, the cost of SVDs
for making projectors in step (d) and (e) in FIG. 3 is re-
duced to O(Dmax(d+3,7)), which means the cost of SVDs
for making projectors becomes subleading for d > 3.

We apply ATRG to the two- and three-dimensional
Ising models at the critical temperature. All axes are
renormalized 15 times alternately, i.e., the system con-
tains (215)d spins. First, we discuss the two-dimensional
Ising model on a square lattice. The free energy density
obtained by ATRG at T = Tc = 2/log(1 +

p
2) [31] is

shown in FIGs. 5 and 6. In FIG. 5, we plot the abso-
lute error of the free energy density as a function of bond
dimension D. We calculate up to D = 108 (D = 58)
for TRG and ATRG (HOTRG). For all D, the result of
ATRG is between those of TRG and HOTRG. Note that
ATRG has the same computation cost as TRG, while
the cost of HOTRG is higher. In order to investigate
the performance of ATRG more precisely, we compare
the D dependence of the error with fixed computation
time. For that purpose we introduce the leading-order
computation time ⌧ (dimensionless quantity) defined as

⌧ =

(
D5 for TRG and ATRG

D7 for HOTRG
(16)

based on their leading computation cost. In FIG. 6, we
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FIG. 3. Renormalization step of ATRG in z direction for
the three-dimensional simple cubic lattice model.
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FIG. 4. Reduction of SVD cost in step (d) and (e) in FIG. 3
for d > 3.

plot the absolute error of the free energy density as a
function of ⌧ for the three methods. With fixed ⌧ , ATRG
shows the smallest error among the three methods. Note
that the partial SVD is the most expensive operation in
ATRG, while it is the contraction in HOTRG. In prac-
tice, the partial SVD takes much longer time than the
contraction, even when their computation costs are in the
same order. Thus, the actual performance di↵erence be-
tween ATRG and HOTRG is smaller than FIG. 6, though
ATRG becomes more and more advantageous for larger
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◉ Triad RG
[D. Kadoh and K.N. arXiv:1912.02414]

2

tice sites are labeled by integers, Γ = {(n1, n2, n3)|ni ∈
Z}. The spin variable σn defined on a site n takes
two values σn = ±1. The Hamiltonian is given by
H = −J

2

∑
n∈Γ

∑3
µ=1 σnσn+µ̂ where J is a coupling con-

stant and µ̂ stands for the unit vector of the µ direction.
The partition function Z = Tr(e−βH) with the inverse
temperature β = 1/T is expressed as a uniform tensor
network:

Z =
∏

n∈Γ

Tx−
n x+

n y−
n y+

n z−
n z+

n
(1)

where

Txx′yy′zz′ =
2∑

a=1

WaxWax′WayWay′WazWaz′ , (2)

with a 2× 2 matrix,

W =

(√
cosh(βJ/2)

√
sinh(βJ/2)√

cosh(βJ/2) −
√
sinh(βJ/2)

)
. (3)

and x+
n = x−

n−1̂
, y+n = y−

n−2̂
, z+n = z−

n−3̂
. Fig. 1 shows the

rhs of eq.(1) graphically. Any link is shared by two ten-
sors, that is, the same indices which appear twice in (1)
are contracted with the Einstein summation convention.
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The renormalization algorithm is given for a tensor
network made only of rank-3 tensors. The network (1)
can be expressed as such a network because T is given
by a network of four rank-3 tensors A,B,C,D as

Txx′yy′zz′ =
2∑

a,b,c=1

Ax′z′aBy′acCybcDxzb. (4)

where

Axza = Dxza ≡ WaxWaz, (5)

Byab = Cyab = δabWay. (6)

Fig.2 shows this representation of T . Note that the bond
dimension of rank-3 tensors is two, which is the same as
that of T . For other models, a decomposition of T with
the SVD is needed, and the bond dimension can be larger
than that of T . We basically consider a case in which the
initial tensor T has a sufficiently small bond dimension
in general.
————————–
We should prepare the isometry for this rank-three rep-

resentation. From now on, we assume the size of the all
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index is D. The constraction of the isometry in rank-
3 TRG method for x+-direction is shown in Figure 3.
Namely, first we take a part of the contraction to calcu-
late AA,BB,CDDC,BCDDCB as followings,

[AA]x1+x′
1+c1c′1

=
∑

z1+

Ax1+z1+c1Ax′
1+z1+c′1

,

[BB]c1c′1a1a′
1
=
∑

y1+

By1+c1a1By1+c′1a
′
1
,

[CDDC]a1a′
1bb

′ =

∑

d1,d′
1

Cba1d1

(
∑

x1z1

Dx1z1d1Dx1z1d′
1

)
Cb′a′

1d
′
1
,

[BCDDCB]bb′c2c′2 =

∑

a2,a′
2

(
∑

y2

Bbc2a2 [CDDC]a2a′
2y2y2

Bb′c′2a
′
2

)
. (7)

These contraction need the O(D5) leading cost without
any approximations. We take the contraction of these
tensor to make the tensor K,

K = [AA][BB][CDDC][BCDDCB][AA]t. (8)

This contraction is done with O(D6) cost without any
approximations. We can apply the randomized trunca-
tion method to these contractions, and then the leading
cost can be O(D5) for the three-dimensional tensor net-
works. By decomposing the tensor K, we can calculate
the isometry Ux1+x2+X for the x+-direction.

Note that this method for the isometry can be straight-
forwardly generalized to the higher dimensional systems,
and the leading cost of this extension is the same in any
higher dimensions.

After preparing the isometry for x-direction as
Ux1+x2+X+ and Ux1x2X , and z-direction as Vz1+z2+Z+ and
Vz1z2Z , we can take coarse-graining of these directions.
We shows the explicit way to contract in the Figure 4.
Namely, we consider the following contractions for rank-3

◇ Using the Triad (Rank-3) tensor as a fundamental tensor
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TRG.
∑

b

∑

a1,c1,d1

∑

a2,c2,d2

∑

x1+,x1,z1+,z1

∑

x2+,x2,z2+,z2

1

×Ax1+z1+c1By1+a1c1Cba1d1Dx1z1d1

×Ax2+z2+c2Bba2c2Cy2a2d2Dx2z2d2

× Ux1+x2+X+Ux1x2XVz1+z2+Z+Vz1z2Z . (9)

At the first step, we calculate AVx1+c1z2+Z+ ,
AUx1+c2z2+X+ , UDx2d1z1X , V Dx2d2z1Z , and CBa1a2c2d1 ,
with the O(D5) cost without truncation. As the
second step, we make the tensors CBCa2d1c1c2 and
AV AUc1c2X+Z+ with the O(D6) cost without trunca-
tion. Although it can be approximated by the cost
O(D5), we do not use the truncation method for this
part because of the precision. The third step is taking
the contraction to make a tensor CBCAV AU and
decompose the tensor by the O(D6) cost truncated SVD

with the singular-value Λ(f)
f ,

CBCAV AUy1+a2d1X+Z+ =
CDD∑

f=1

A′
Z+y1+fΛ

(f)
f GX+a2d1f .

(10)
For the precision, we can introduce the coefficient CD for
this auxiliary decomposition. It does not change the cost
if the coefficient is small enough, CD " D. In this letter,
we simply take CD = 1.
We also take a similar contraction for the left side of

the diagram as the fourth step. We calculate the tensors
CGy2X+fd1d2 and UDVDd1d2XZ with O(D6) cost with-
out truncation method, and after that we decompose the
tensor C[GΛ(f)]UDVD by O(D6) cost truncated SVD as
followings,

C[GΛ(f)]UDVDy1X+fXZ =
CDD∑

g=1

D′
Zy2gΛ

(g)
g G′

XX+fg.

(11)
The fifth step is truncated decomposition of the tensor

[Λ(g)G′] with O(D5) cost,

[Λ(g)G′]XX+fg =
CDD∑

h=1

P ′
X+hfΛ

(h)
h Q′

Xhg. (12)

We define the tensor B′
X+hf =

√
Λ(h)
h P ′

X+hf and C ′
Xhg =√

Λ(h)
h Q′

X+hf . Finally we can constract the coarse

grained tensor T ′ in the rank-three representation,

T ′
ZZ+XX+y2y1+

≡
CDD∑

f,g,h=1

A′
Z+y1+fB

′
X+hfC

′
XhgD

′
Zy2g.

(13)
Since rank-3 TRG is closed in the rank-three represen-

tation, we can iteratively take the coarse-graining with-
out any additional costs. The total cost is O(D6) or
higher-order depending on the approximation.

One important property of rank-3 TRG is the weight of
the singular value is gathered for the next decomposition
because of the precision. Namely, the singular values

Λ(f)
f and Λ(g)

f are concentrated on the tensor which will

be decomposed. (i.e.) C[GΛ(f)]UDVD and [Λ(g)G′].
This property is also known for the ATRG.

We should mention that the further decomposition of
the tensor CB before the second step. If we decompose
this tensor before the second step, we can reduce the total
cost to O(D5). However, this additional decomposition
does not well work at least for the three-dimensional Ising
model. Since the approximation by the SVD is optimized
only for the local tensor, SVD for a part of the tensor
could be difficult without loss of precision. In this letter,
we focus on the contraction without CB decomposition.

As an important extension, rank-3 TRG can apply to
the higher dimensional system, although there are many
kinds of variation which depends on how approximate
the matrix products and taking the additional SVD or
not. In any cases, if we based on the rank-three tensor
representation and does not decompose ”center” tensor
CB, the contraction cost is O(D3+d) with the truncated
method. In this letter, we focus on the three-dimensional
system.

RESULTS

We test the Tri-RG method in three dimensional
Ising model on a periodic lattice with the volume V =
(32768)3 = (215)3 at the critical temperature (2Tc/J) =
4.5115 [6, 12, 14]. The free energy defined as F =
− 1

β logZ is evaluated from an average value of four trials
with different random numbers of the RSVD, and the er-
ror is estimated from the standard deviation. In order to
improve the precision, we consider 100 configuration to
estimate the error for Tri-RG in the range D ≤ 24. The
numerical computation is carried out with 2.7 GHz Intel

2

tice sites are labeled by integers, Γ = {(n1, n2, n3)|ni ∈
Z}. The spin variable σn defined on a site n takes
two values σn = ±1. The Hamiltonian is given by
H = −J

2

∑
n∈Γ

∑3
µ=1 σnσn+µ̂ where J is a coupling con-

stant and µ̂ stands for the unit vector of the µ direction.
The partition function Z = Tr(e−βH) with the inverse
temperature β = 1/T is expressed as a uniform tensor
network:

Z =
∏

n∈Γ

Tx−
n x+

n y−
n y+

n z−
n z+

n
(1)

where

Txx′yy′zz′ =
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a=1

WaxWax′WayWay′WazWaz′ , (2)

with a 2× 2 matrix,

W =

(√
cosh(βJ/2)

√
sinh(βJ/2)√

cosh(βJ/2) −
√
sinh(βJ/2)

)
. (3)

and x+
n = x−

n−1̂
, y+n = y−

n−2̂
, z+n = z−

n−3̂
. Fig. 1 shows the

rhs of eq.(1) graphically. Any link is shared by two ten-
sors, that is, the same indices which appear twice in (1)
are contracted with the Einstein summation convention.
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index is D. The constraction of the isometry in rank-
3 TRG method for x+-direction is shown in Figure 3.
Namely, first we take a part of the contraction to calcu-
late AA,BB,CDDC,BCDDCB as followings,

[AA]x1+x′
1+c1c′1

=
∑

z1+

Ax1+z1+c1Ax′
1+z1+c′1

,

[BB]c1c′1a1a′
1
=
∑

y1+

By1+c1a1By1+c′1a
′
1
,

[CDDC]a1a′
1bb

′ =

∑

d1,d′
1

Cba1d1

(
∑

x1z1

Dx1z1d1Dx1z1d′
1

)
Cb′a′

1d
′
1
,

[BCDDCB]bb′c2c′2 =

∑

a2,a′
2

(
∑

y2

Bbc2a2 [CDDC]a2a′
2y2y2

Bb′c′2a
′
2

)
. (7)

These contraction need the O(D5) leading cost without
any approximations. We take the contraction of these
tensor to make the tensor K,

K = [AA][BB][CDDC][BCDDCB][AA]t. (8)

This contraction is done with O(D6) cost without any
approximations. We can apply the randomized trunca-
tion method to these contractions, and then the leading
cost can be O(D5) for the three-dimensional tensor net-
works. By decomposing the tensor K, we can calculate
the isometry Ux1+x2+X for the x+-direction.

Note that this method for the isometry can be straight-
forwardly generalized to the higher dimensional systems,
and the leading cost of this extension is the same in any
higher dimensions.

After preparing the isometry for x-direction as
Ux1+x2+X+ and Ux1x2X , and z-direction as Vz1+z2+Z+ and
Vz1z2Z , we can take coarse-graining of these directions.
We shows the explicit way to contract in the Figure 4.
Namely, we consider the following contractions for rank-3

◇ projection operator U ◇ contraction part 

→ We apply HOTRG-like procedure to Triad tensor rep.



16

◉ Triad RG
[D. Kadoh and K.N. arXiv:1912.02414]

4

Core i7 and Eigen for libraries of matrix decompositions,
and each computation ends in a few hours.

Numerical results are compared to those obtained from
the HOTRG and the ATRG. We employ an improved al-
gorithm of HOTRG with the RSVD, which is shown in
appendix ??, and the leading cost does not change. The
ATRG is implemented with RSVD and twice a larger in-
dex size 2D only for swapping step. Although several
improvements which do not change the leading cost are
studied, we only consider the ATRG without any other
improvement. In Tri-RG, an O(D5) isometry is pre-
pared with the RSVD. The computational cost strongly
depends on D, and those of HOTRG, ATRG, and Tri-RG
methods are theoretically O(D11), O(D7), and O(D6) in
three dimensions, respectively.

Figure 5 shows the D-dependence of the free energy.
The accessible D is different among the three meth-

FIG. 5. D-dependence of the free energy in 3d Ising model at
Tc.

ods. Roughly speaking, three results approach almost
the same converged value, which is expected to be the
true value, as D increases. This figure implies that the
error of Tri-RG is well-controlled for larger Ds, and the
results of Tri-RG are closest to the true value. We try to
extrapolate our result of Tri-RG by the function a+bD−c

with the fitting variables a, b, and c. The result in the
range 10 ≤ D ≤ 56 can be extrapolated to D → ∞
limit as a = −1.7546(1). Note that we confirm the sta-
bility of the fit by the difference from the fit in the range
20 ≤ D ≤ 56 for Tri-RG.

Figure 6 shows the free energy against the computa-
tional time. Since the true value at the large D limit lies
on near −1.7546, as Figure 5 implies, one can conclude
that the Tri-RG converges faster than the other methods.

In Figure 7, the running time is shown as a function
of D. The theoretical D-dependence, which is D2d+1 for
ATRG and Dd+3 for Tri-RG, is reproduced at a practical
level in three dimensions (d = 3). Thus we can consider
that the Tri-RG method will open a door to studying a
wide class of higher dimensional field theory with tensor
networks.

FIG. 6. Running time dependence of the free energy in 3d
Ising model at Tc.

FIG. 7. Running time against D in 3d Ising model at Tc.
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◉ Motivation: Phase diagram of CP(1) model 

→ Large beta region is not strongly confirmed.

1st. order
(Strong coupling exp.,
 TRG)

2nd. order
(pure imaginary theta, 

(strong coupling exp.,
 sign-problematic MC)

� =
1

g2
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case ✓ = 0



→We need to truncate the index      .

◉ From Lagrangian to the tensor

20

◇ Using expansion by orthogonal function

e�S✓=0 = exp

"
�2�

X

x,µ

⇥
z⇤xzx+µ̂Uµ + zxz

⇤
x+µ̂U

†
µ

⇤
#

fl,mZ
dzfl,m(z0, z)f⇤

l0,m0(z00, z) =
1

dl,m
�l,l0�m,m0fl,m(z0, z)

e�S✓=0 =
Y

x,µ

1

2�

1X

l,m=0

Il+m+1(4�)dl,mfl,m(zx, zz+µ̂)

In(x): Modified Bessell +m  kmax
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◉ From Lagrangian (action) to the tensor
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◇ Partition function
Z =

Z Y

x

dzxe
�S✓=0

→ Integrate out      remaining         indeceszx
({zx} ! {l,m})

l,m

e�S✓=0 =
Y

x,µ

1

2�

1X

l,m=0

Il+m+1(4�)dl,mfl,m(zx, zz+µ̂)

Z =
X

l,m,a

Y

x

T (x)
[ls,ms,as],[lt,mt,at],[lu,mu,av ],[lv,mv,as],

=
X

l,m,a

Y

x

T (x)
stuv

→ We introduces truncation for the indices                    .l +m  kmax

<latexit sha1_base64="m2FoU1/tbsYPayhizZ4RJTxiRYg="></latexit>



◉ Precision and truncaton

22

◇ Index size
4lmax+1 � 1

3

→ We have to cutoff lmax  2 (21) or 3 (85)

→ This truncation cause difficulty at high     region�

FIG. 5: The weights d2(l;m)h(l;m)(β) of the characterlike expansion [Eq. (5)] in the case N = 2 and

l = m. We suppose that d(l;l) =
√
2l + 1 and h(l;l)(β) in Eq. (6) for any l.

For N = 2, d(l;l) equals
√
2l + 1. 4 This figure indicates that the truncation error grows as

β increases.

First, we compare the result of the TRG method (lmax = 1, 2) with that of the Monte

Carlo simulation. Figure 6 compares the average energy of the CP(1) model computed by

the two methods on 4× 4 lattice. The average energy E is defined by

E = −
1

L2

∂

∂β
lnZ, (19)

where L is the linear lattice size. We take the derivative with respect to β numerically in

the TRG method. In our Monte Carlo simulation, we use the Metropolis algorithm and

106 configurations after thermalization are generated for each β. The statistical errors are

estimated by the jackknife method and the autocorrelation time τint = 1− 65. The result of

the TRG method (lmax = 2) is almost consistent with that of the Monte Carlo simulation.

The little difference between the two results is considered to the truncation error lmax = 2

of the HOTRG. It is expected that these two results are consistent at sufficiently large lmax.

Next, Fig. 7 compares the result of the HOTRG with that of the O(3) model on 220×220

4 We confirm this expression for the case l = 0, 1, 2, 3.
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◉ Free energy of CP(1) model with        . ✓ = 0
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→ Truncation of       are small, especially in           . 
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3 Numerical results

We apply these methods to the CP(1) model and show the numerical results below. TRG method is
used for the both cases θ = 0 and θ ! 0, and Loop-TNR method is used only for the case θ = 0.
We use the tensor network representation of the CP(1) model in Ref. [20]. The tensor TCP(1) can be
described by the combination of the two tensor T ′(β) and T ′′(θ),

TCP(1) = T
′(β) ⊗ T

′′(θ). (1)

We truncate initially the bond dimension of the tensor T ′(β) to some value Dβ and T ′′(θ) to Dθ, that is,
the total bond dimension of the initial tensor TCP(1) is Dβ × Dθ. This is reasonable since the absolute
values of the elements of the tensors decrease monotonically as a function of the absolute value of
the each index. And we fix the bond dimensions of the renormalized tensors to Dβ × Dθ at each
renormalization step.

3.1 Application of TRG and Loop-TNR to CP(1) model without the θ term

TRG and Loop-TNR are applied to the CP(1) model at θ = 0. By using those methods, we calculate
the partition function of the CP(1) model. And we define the specific heat as

C =
β2

L2

∂2logZ

∂β2
. (2)
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Figure 6: Specific heat of the CP(1) model at θ = 0 as a function of β. The linear lattice size is L = 220.
The fluctuation coming from the error due to the TRG algorithm becomes eventually smaller as Nopt

is larger.

We take the derivative numerically and Fig. 6 shows the result of C. The bond dimension is fixed
at Dβ = 21 and the linear lattice size is L = 220. The number of the loop optimization in Loop-TNR
is Nopt = 1 and 10. If the error of the partition function is large, the result of the numerical derivation
with respect to β fluctuates. As can be seen from this figure, the fluctuation becomes gradually smaller
as the value Nopt is larger. This result suggests that the loop optimization makes the error due to the
TRG algorithm small.

[H. Kawauchi, S. Takeda arXiv:1710.09804]

◉ Specific heat of CP(1) model with        . ✓ = 0
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◇ D =80, ATRG, l = m = 2

→ Sufficiently large bond size D produces reliable results.
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3 Numerical results

We apply these methods to the CP(1) model and show the numerical results below. TRG method is
used for the both cases θ = 0 and θ ! 0, and Loop-TNR method is used only for the case θ = 0.
We use the tensor network representation of the CP(1) model in Ref. [20]. The tensor TCP(1) can be
described by the combination of the two tensor T ′(β) and T ′′(θ),

TCP(1) = T
′(β) ⊗ T

′′(θ). (1)

We truncate initially the bond dimension of the tensor T ′(β) to some value Dβ and T ′′(θ) to Dθ, that is,
the total bond dimension of the initial tensor TCP(1) is Dβ × Dθ. This is reasonable since the absolute
values of the elements of the tensors decrease monotonically as a function of the absolute value of
the each index. And we fix the bond dimensions of the renormalized tensors to Dβ × Dθ at each
renormalization step.

3.1 Application of TRG and Loop-TNR to CP(1) model without the θ term

TRG and Loop-TNR are applied to the CP(1) model at θ = 0. By using those methods, we calculate
the partition function of the CP(1) model. And we define the specific heat as

C =
β2

L2

∂2logZ

∂β2
. (2)
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Figure 6: Specific heat of the CP(1) model at θ = 0 as a function of β. The linear lattice size is L = 220.
The fluctuation coming from the error due to the TRG algorithm becomes eventually smaller as Nopt

is larger.

We take the derivative numerically and Fig. 6 shows the result of C. The bond dimension is fixed
at Dβ = 21 and the linear lattice size is L = 220. The number of the loop optimization in Loop-TNR
is Nopt = 1 and 10. If the error of the partition function is large, the result of the numerical derivation
with respect to β fluctuates. As can be seen from this figure, the fluctuation becomes gradually smaller
as the value Nopt is larger. This result suggests that the loop optimization makes the error due to the
TRG algorithm small.
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◇ D =80, ATRG, l = 2,l = 1

bin = 0.5
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case ✓ = 0✓ 6= 0
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◉ Character expansion of the theta term

◇ Theta term is also character expanded.

ei
✓
2⇡ qp =

X

np2Z
einpqp 2sin(⇡np + ✓/2)

✓ + 2⇡np
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<latexit sha1_base64="nkoeODB2TwNnyXSyGoY7GwvzaV0="></latexit>

We need to truncate the index    .np
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→ The order of the truncation error is             . 
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◉ Free energy with theta term

◇ beta = 0.1

→ Clear kink structure imply the first-order transition

We use bond-weighted TRG method.
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◇ beta = 0.6◇ beta = 0.1 ◇ beta = 1.1

◉ Free energy with theta term

→ Clear kink structure imply the first-order transition

◇ We should estimate the systematic error.
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◉ Systematic error
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◇ SVD bond size truncation: |F (�, ✓)(112,2,2) � F (�, ✓)(80,2,2)|
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◉ Phase diagram from previous studies

◇ What’s the difference?

・Character-like expansion is exactly same.

・We do NOT use additional strong coupling expansion.

→ The truncation of the character-like expansion is
     GRADUALLY severe in larger beta, but no explicit 
     limitation as strong coupling expansion, 

� << 1
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FIG. 5: The weights d2(l;m)h(l;m)(β) of the characterlike expansion [Eq. (5)] in the case N = 2 and

l = m. We suppose that d(l;l) =
√
2l + 1 and h(l;l)(β) in Eq. (6) for any l.

For N = 2, d(l;l) equals
√
2l + 1. 4 This figure indicates that the truncation error grows as

β increases.

First, we compare the result of the TRG method (lmax = 1, 2) with that of the Monte

Carlo simulation. Figure 6 compares the average energy of the CP(1) model computed by

the two methods on 4× 4 lattice. The average energy E is defined by

E = −
1

L2

∂

∂β
lnZ, (19)

where L is the linear lattice size. We take the derivative with respect to β numerically in

the TRG method. In our Monte Carlo simulation, we use the Metropolis algorithm and

106 configurations after thermalization are generated for each β. The statistical errors are

estimated by the jackknife method and the autocorrelation time τint = 1− 65. The result of

the TRG method (lmax = 2) is almost consistent with that of the Monte Carlo simulation.

The little difference between the two results is considered to the truncation error lmax = 2

of the HOTRG. It is expected that these two results are consistent at sufficiently large lmax.

Next, Fig. 7 compares the result of the HOTRG with that of the O(3) model on 220×220

4 We confirm this expression for the case l = 0, 1, 2, 3.
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Character-like expansion used properties of 
Bessel function.

・We introduce additional truncation in theta term.
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◉ Motivation: Phase diagram of CP(1) model 

→ In our analysis,            is strongly favored.

1st. order

1.1  �c
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◉ Summary

◇ We calculate free energy of CP(1) model to study the 
    phase diagrams.

◇ From           calculation, sufficiently large bond size D is
    needed for precise calculation.

✓ = 0

◇ Up to           , our calculation shows first order transition at
             , without any bifurcation.

� = 1.1

<latexit sha1_base64="luwxR2P9JZudkJMSqLOXLUXUj4I="></latexit>

✓ = ⇡

<latexit sha1_base64="Znmc7N5zWClFIHToYt3h1D07kxo="></latexit>

◇ We estimate the systematic errors, and it is only                ,O(10�2⇠3)
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