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Mass type
Dirac or Majorana

Hierarchy pattern
normal or inverted

CP violation
one Dirac phase, two Majorana phases

Undetermined Properties of Neutrinos

Absolute mass
0.050 eV < m3(2) < 0.58 eVm1(3) < 0.19 eV ,

Atomic/molecular processes may help.
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Radiative Emission of Neutrino Pair (RENP)

Enhancement mechanism? 

Λ− |e〉 → |g〉 + γ + νiνj νi

|e〉 → |g〉 + γ + γ ×
|p〉

|e〉 → |g〉 + γ + νiνj

|e〉 →
|g〉 + νiνj

|e〉
> 1

γ νi , i = 1, 2, 3

ωij =
εeg

2
− (mi + mj)2

2εeg
.

εab = εa − εb |a〉 , |b〉
mi

(mi + mj)2/(2εeg) ∼ 5 mi + mj = 0.1 εeg = 1

ω ≤ ω11

metastable

Rate � �G2
F E5 � 1/(1033 s)

Λ-type level structure

Ba, Xe, Ca+, Yb,...
H2, O2, I2, ...

Atomic/molecular energy scale ~ eV or less

cf. nuclear processes ~ MeV
close to the neutrino mass scale
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Macro-coherence
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Yoshimura et al. (2008)

|e�

|g�

�p

�k �p�
�

�i

�̄j

Macroscopic target of N atoms, volume V (n=N/V)

d� � n2V (2�)4�4(q � p� p�)

e- e-

!i
!
_

j

A A
+ +

!

e− A+

|p〉 |g〉
!xa

∑
a exp [−i(!k + !p + !p′) · !xa]

N V (N/V )(2π)3δ3(!k + !p + !p′)

δ

εeg

dΓij = n2V
|MdMij

W |2

(εpg − ω)2
dΦ2 ,

n dΦ2

dΦ2

dΦ2 = (2π)4δ4(q − p − p′)
d3p

(2π)32Ep

d3p′

(2π)32Ep′
,

Ep(′) =
√

m2
i(j) + !p(′)2 mi(j) qµ = (εeg − ω,−!k)

Md = −〈g|!d|p〉 · !E !E

total amp. �
�

a

e�i(�k+�p+�p�)·�xa � N

V
(2�)3�3(�k + �p + �p�)

� e�i(�k+�p+�p�)·�xa(2�)�(�eg � � � Ep � Ep�)

position of atom

(�eg = �e � �g, � = |�k|)

macro-coherent amplification
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RENP spectrum
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Six thresholds of the photon energy

Λ− |e〉 → |g〉 + γ + νiνj νi

|e〉 → |g〉 + γ + γ ×
|p〉

|e〉 → |g〉 + γ + νiνj

|e〉 →
|g〉 + νiνj

|e〉
> 1

γ νi , i = 1, 2, 3

ωij =
εeg

2
− (mi + mj)2

2εeg
.

εab = εa − εb |a〉 , |b〉
mi

(mi + mj)2/(2εeg) ∼ 5 mi + mj = 0.1 εeg = 1

ω ≤ ω11

�eg = �e � �g atomic energy diff.

i, j = 1, 2, 3

Energy-momentum conservation
due to the macro-coherence

familiar 3-body decay kinematics

Required energy resolution � O(10�6) eV

��trig.
<� 1 GHz � O(10�6) eV

typical laser linewidth
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|e� � |p� M1
|p� � |g� E1
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5p ( P )6s [1/2]
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1/2 0
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|g>
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|p>

m1 (meV)



(1, 3)
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(3,3)
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(1, 1)
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m
j
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/(
2ε

e
g
)

(m
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m3 (meV)

(3,3)

(1, 3)
(2, 3)

(2, 2)

(1, 1)
(1,2)

     








(m
i
+

m
j
)2

/(
2ε

e
g
)

(m
eV

)

εeg/2

J = 2 5p5(2P3/2)6s 2[3/2]J=2

m0

�eg = 8.3153 eV

J = 0

J = 2
J = 1

(gas target)
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|p〉 2

Γγ2ν(ω, t) = Γ0I(ω)ηω(t) ,

Γ0 =
3n2V G2

F γpgεegn

2ε3pg
(2Jp + 1)Cep ,

I(ω) = F (ω)/(εpg − ω)2 γpg |p〉 |g〉
Cep

1
2Je + 1

∑

Me

〈pMp|%S|eMe〉 · 〈eMe|%S|pM ′
p〉 = δMpM ′

p
Cep ,

Cep = 2/3 ηω(t)

ηω(t) = ηR
ω (t) + ηL

ω (t) ,

ηR
ω (t) =

t∗
4L

∫ L/t∗

0
dξ|eR(ξ, t/t∗ − L/t∗ + ξ)|2

[
r2
1(ω, ξ, t/t∗ − L/t∗ + ξ) + r2

2(ω, ξ, t/t∗ − L/t∗ + ξ)
]

,

ηL
ω (t) =

t∗
4L

∫ L/t∗

0
dξ|eL(ξ, t/t∗ − ξ)|2

[
r2
1(ω, ξ, t/t∗ − ξ) + r2

2(,ωξ, t/t∗ − ξ)
]

.

Γ0 I(ω) ηω(t)

I(ω) Γ0

ηω(t) ηω(t)
|e〉 |g〉

ηω(t)

I(ω; mi = 0) =
ω2 − 6εegω + 3ε2eg

12(εpg − ω)2
,

∑
ij Bij = 3/4

∆ij(ω)
∝ √

ωij − ω

I(ω) 2

2

×

2 Γ0 ∝ n3 n
∝ n2V

εegn
ηω(t) ηω(t)

∝ 1/n Γ0 ∝ n3

overall rate
spectral function

dynamical factor

macro-coherence
~ field energy density

Bij = |aij |2 = |U∗
eiUej − δij/2|2

B11 B22 B33 B12 + B21 B23 + B32 B31 + B13

(c2
12c

2
13 − 1/2)2 (s2

12c
2
13 − 1/2)2 (s2

13 − 1/2)2 2c2
12s

2
12c

4
13 2s2

12c
2
13s

2
13 2c2

12c
2
13s

2
13

∼ 0.1

θ13

2

∆m2
21 = 7.5 × 10−5 eV2 , |∆m2

31(32)| = 2.32 × 10−3 eV2 ,

sin2 θ12 = 0.31 , sin2 θ13 = 0.025 , sin2 θ23 = 0.42 ,

ωij , i $= j

BM
ij

cos 2α , cos 2(β − δ) , cos 2(α − β + δ) ,

εeg/2 − ωij =
(mi + mj)2/2εeg εeg

Γ0 ∼ 1Hz (n/1022cm−3)3(V/102 cm3)

O(10−6) eV

2

Overall rate|p〉 2

Γγ2ν(ω, t) = Γ0I(ω)ηω(t) ,

Γ0 =
3n2V G2

F γpgεegn

2ε3pg
(2Jp + 1)Cep ,

I(ω) = F (ω)/(εpg − ω)2 γpg |p〉 |g〉
Cep

1
2Je + 1

∑

Me

〈pMp|%S|eMe〉 · 〈eMe|%S|pM ′
p〉 = δMpM ′

p
Cep ,

Cep = 2/3 ηω(t)

ηω(t) = ηR
ω (t) + ηL

ω (t) ,

ηR
ω (t) =

t∗
4L

∫ L/t∗

0
dξ|eR(ξ, t/t∗ − L/t∗ + ξ)|2

[
r2
1(ω, ξ, t/t∗ − L/t∗ + ξ) + r2

2(ω, ξ, t/t∗ − L/t∗ + ξ)
]

,

ηL
ω (t) =

t∗
4L

∫ L/t∗

0
dξ|eL(ξ, t/t∗ − ξ)|2

[
r2
1(ω, ξ, t/t∗ − ξ) + r2

2(,ωξ, t/t∗ − ξ)
]

.

Γ0 I(ω) ηω(t)

I(ω) Γ0

ηω(t) ηω(t)
|e〉 |g〉

ηω(t)

I(ω; mi = 0) =
ω2 − 6εegω + 3ε2eg

12(εpg − ω)2
,

∑
ij Bij = 3/4

∆ij(ω)
∝ √

ωij − ω

I(ω) 2

2

×

2 Γ0 ∝ n3 n
∝ n2V

εegn
ηω(t) ηω(t)

∝ 1/n Γ0 ∝ n3

rate�pg : |p⇥ � |g⇥
atomic spin factor(2Jp + 1)Cep :

RENP rate formula
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|p〉 2

Γγ2ν(ω, t) = Γ0I(ω)ηω(t) ,

Γ0 =
3n2V G2

F γpgεegn

2ε3pg
(2Jp + 1)Cep ,

I(ω) = F (ω)/(εpg − ω)2 γpg |p〉 |g〉
Cep

1
2Je + 1

∑

Me

〈pMp|%S|eMe〉 · 〈eMe|%S|pM ′
p〉 = δMpM ′

p
Cep ,

Cep = 2/3 ηω(t)

ηω(t) = ηR
ω (t) + ηL

ω (t) ,

ηR
ω (t) =

t∗
4L

∫ L/t∗

0
dξ|eR(ξ, t/t∗ − L/t∗ + ξ)|2

[
r2
1(ω, ξ, t/t∗ − L/t∗ + ξ) + r2

2(ω, ξ, t/t∗ − L/t∗ + ξ)
]

,

ηL
ω (t) =

t∗
4L

∫ L/t∗

0
dξ|eL(ξ, t/t∗ − ξ)|2

[
r2
1(ω, ξ, t/t∗ − ξ) + r2

2(,ωξ, t/t∗ − ξ)
]

.

Γ0 I(ω) ηω(t)

I(ω) Γ0

ηω(t) ηω(t)
|e〉 |g〉

ηω(t)

I(ω; mi = 0) =
ω2 − 6εegω + 3ε2eg

12(εpg − ω)2
,

∑
ij Bij = 3/4

∆ij(ω)
∝ √

ωij − ω

I(ω) 2

2

×

2 Γ0 ∝ n3 n
∝ n2V

εegn
ηω(t) ηω(t)

∝ 1/n Γ0 ∝ n3

ω x

dΓγ2ν(ω, x, t) = [dΓR(ω, x, t) + dΓL(ω, x, t)]Ceg(ω)F (ω)

dΓi(ω, x, t) =
G2

F | "Ei(ω, x, t)|2n2V dx

6πL

r2
1(x, t) + r2

2(x, t)
4

(i = R,L) ,

Ceg(ω) =
∑

p

〈g|"d|p〉 · 〈p|"d|g〉〈e|"S|p〉 · 〈p|"S|e〉
(εpg − ω)2

F (ω) =
∑

ij

∆ij(BijIij(ω) − δMBM
ij mimj)θ(ωij − ω) , Bij = |aij |2 , BM

ij = $(a2
ij) ,

Iij(ω) =
q2

6

[
2 −

m2
i + m2

j

q2
−

(m2
i − m2

j )
2

q4

]
+

ω2

9

[
1 +

m2
i + m2

j

q2
− 2

(m2
i − m2

j )
2

q4

]
,

| "Ei(ω, x, t)|2 (i = R,L)
ω < εeg/2

| "Ei|2 ≤ εegn

ω,ω′ ω + ω′ = εeg

∝ δM mimj ∆ij(ω)
ω = ωij

dΓR,L

r2
1 + r2

2

4
| "ER,L|2 ,

| "E|2

| "E|2 ∝ ω

ω

x

Γγ2ν(ω, t) =
[∫

dΓR(ω, x, t − L + x) +
∫

dΓL(ω, x, t − x)
]

Ceg(ω)F (ω) ,

�M = 0(1) for Dirac(Majorana)

Spectral function

ω x

dΓγ2ν(ω, x, t) = [dΓR(ω, x, t) + dΓL(ω, x, t)]Ceg(ω)F (ω)

dΓi(ω, x, t) =
G2

F | "Ei(ω, x, t)|2n2V dx

6πL

r2
1(x, t) + r2

2(x, t)
4

(i = R,L) ,

Ceg(ω) =
∑

p

〈g|"d|p〉 · 〈p|"d|g〉〈e|"S|p〉 · 〈p|"S|e〉
(εpg − ω)2

F (ω) =
∑

ij

∆ij(BijIij(ω) − δMBM
ij mimj)θ(ωij − ω) , Bij = |aij |2 , BM

ij = $(a2
ij) ,

Iij(ω) =
q2

6

[
2 −

m2
i + m2

j

q2
−

(m2
i − m2

j )
2

q4

]
+

ω2

9

[
1 +

m2
i + m2

j

q2
− 2

(m2
i − m2

j )
2

q4

]
,

| "Ei(ω, x, t)|2 (i = R,L)
ω < εeg/2

| "Ei|2 ≤ εegn

ω,ω′ ω + ω′ = εeg

∝ δM mimj ∆ij(ω)
ω = ωij

dΓR,L

r2
1 + r2

2

4
| "ER,L|2 ,

| "E|2

| "E|2 ∝ ω

ω

x

Γγ2ν(ω, t) =
[∫

dΓR(ω, x, t − L + x) +
∫

dΓL(ω, x, t − x)
]

Ceg(ω)F (ω) ,

Bij = |U�
eiUej � �ij/2|2, BM

ij = ⇥[(U�
eiUej � �ij/2)2]

Dynamical factor

⇥ |coherence� field|2

Mij
W =

GF√
2
〈νi(p,λ)ν̄j(p′,λ′)|

∑

a,b

ν̄aγµ(1 − γ5)νb|0〉(vabJ
µ
V − aabJ

µ
A) ,

Jµ
V (Jµ

A) Jµ
V = 〈g|ēγµe|p〉 Jµ

A =
〈g|ēγµγ5e|p〉 vab aab

Jµ
V % 0 Jµ

A % (0, 2〈p|$S|e〉)
Jµ

V

Mij
W = −GF√

2

(
aijL

µ
ij − δMajiR

µ
ij

)
JAµ ,

Lµ
ij(R

µ
ij) = ūi(p,λ)γµ(1 ∓ γ5)vj(p′,λ′) ,

δM = 0(1) Lµ
ij

(a, b) = (i, j)
Rµ

ij (a, b) = (j, i)
CūT = v

Lµ
ijL

†ν
ij Rµ

ijR
†ν
ij Lµ

ijR
†ν
ij

Rµ
ijL

†ν
ij

∫
dΦ2

∑

λ,λ′

Lµ
ijL

†ν
ij =

∫
dΦ2

∑

λ,λ′

Rµ
ijR

†ν
ij

=
∆ij

6π

[{
∆2

ij − 3

(
1 −

m2
i + m2

j

q2

)}
q2gµν + 2

{
1 +

m2
i + m2

j

q2
− 2

(m2
i − m2

j )
2

q4

}
qµqν

]
,

∫
dΦ2

∑

λ,λ′

Lµ
ijR

†ν
ij =

∫
dΦ2

∑

λ,λ′

Rµ
ijL

†ν
ij = −∆ij

π
mimjg

µν ,

∆2
ij = 1 − 2

m2
i + m2

j

q2
+

(m2
i − m2

j )
2

q4
,

q2 = εeg(εeg − ω)

Lµ
ij Rµ

ij

q2 = (pi + pj)2
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Spectra in the near-threshold region

photon energy

4.1560 4.1565 4.1570 4.1575
0.00

0.02

0.04

0.06

Ω !eV"

Sp
ec

tru
m

I#Ω$
Threshold behavior #Dirac case$

m0

132 136

2.5 × 1019 /cm3

1.1 × 1020 /cm3

> 1019 /cm3

∼ 102 s−1

1 × 104 s−1

O(0.1) µs

5p5(2P3/2)6p 6p

5p5(2P3/2)6p 2[3/2]2 5p5(2P3/2)6p 2[5/2]2

Λ
6s [3/2]2 6s [3/2]1

6s [3/2]1

λtp λ6sJ−6p

A6sJ←6p

5p5(2P3/2)6p 2[3/2]2

Xe, Dirac, NH (solid), IH (dashed)

m0 = 2, 20, 50 meV
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0.432 0.434 0.436 0.438 0.440
eV

0.0002

0.0004

0.0006

0.0008

0.0010

I2 A'v!1"#Xv!15: m0!5meV

2

(π/2, 0)

ηω(t) ! T2, T3

Γ0

Γ0

1Hz (n/1022cm−3)3 (V/102cm3) ηω(t)

2

×

2

αge ×
γ− ∼ −7300 2 ∼ 0.6

ηω(t)

T1

∼

D vs M

D-M diff. < 10%

NH

IH

I2 molecule

�eg � 1 eV

potential curves

|g�|g>

|e>

|p>

2.0 2.5 3.0 3.5 4.0 4.5 5.0
!1.5

!1.0

!0.5

0.0

0.5

R !A"

E
!eV"

I2 Molecule Potential Curve

2

|e〉 = A′ , |g〉 = X , |p〉 = A

|
∑

i

miU
2
ei|2 = 5.8 × 10−4 m2

3 + 9.2 × 10−2 m2
2 + 4.5 × 10−1 m2

1 + 4.1 × 10−1 m1m2 cos(2α)

+3.2 × 10−2 m1m3 cos 2(β − δ) + 1.5 × 10−2 m2m3 cos 2(α − β + δ) ,

2

(α,β)

2

2 m0 = 5

ω ηω(t)
Γγ2ν(ω, t) = Γ0I(ω)ηω(t)

ω

∼ ω ηω(t)
ω αab(ω)

γ− = (αee − αgg)/2αge αge

ω

|p〉 εeg |e〉 |g〉 αab(ω)
ω ηω(t)

ωij I(ω)

|e�

|p�

4.1565 4.1570 4.1575
eV

0.02

0.04

0.06

0.08

Xe, Dirac NH vs IH: m0!1,10,50meV

I(ω)
5p5(2P3/2)6s2[3/2]2

0.432 0.434 0.436 0.438 0.440
eV

0.0002

0.0004

0.0006

0.0008

0.0010

I2 A'v!1"#Xv!15: m0!20meV

2

(α,β − δ) = (0, 0)
(π/2, 0) (0,π/2)

|e〉 |g〉
|e〉

2

O[1021]

CP phases
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Paired Super-Radiance (PSR)

11

|e� � |g�+ � + �

|p�

|e�

|g�
�

�

metastable

A novel coherent process 
with counter-propagating
fields/triggers

background for RENP

prototype for RENP
proof-of-concept for the macro-coherence

preparation of initial state for RENP
dynamical factor ��(t)

M. Yoshimura, N. Sasao, MT, PRA86, 013812 (2012)
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PSR pH2 Numerical Results

no E1 transition
two-photon life ~ 1016 sec.

t� � 50 ps
1021 cm�3

n

Target system:  para-hydrogen molecule
gas or solid

vibrational transition (electronic ground state)
|e⇤ = |Xv = 1⇤ �⇥ |g⇤ = |Xv = 0⇤B 1Σ

+
u

X 1Σ
+
g

v = 0

v = 1

v = 2

00

0.5
0.5

1.0

1.0

1.5

11.0
9.0

9.5

[×104 cm-1] [eV]

11.5

|e〉
|g〉
|p〉

en
er

g
y

v = 0
v = 1
v = 2

…
…

2

2

2

◦
◦
◦

< 0.5

2 2

Xv = 1 Xv = 0

2 2 v = 1

⇥eg = 0.52 eV, �± = 15.3, 0.64
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Explosive PSR

target length L = 30 cm
n = 1� 1021/cm3 T1 = 1µs, T2 = 10ns

r(0)
T = 1

    


















t (ns)

F
lu

x
(G

W
/m

m
2
)

10−12 ∼ 1 −2

n = 1 × 1021 −3 = 30
T2 = T3 = 10, T1 = 103 r(0)

1 = 1
−2 10−6 −2

10−12 −2

Xv = 1 → Xv = 0 2

|
∑

L

ei
P

i
!ki·(!r−!rL)AL(!r, t)|2 ,

!ki !rL

AL(!r, t) !rL
!ki AL(!r, t)

N

N2

∑
i
!ki = !k

∼ 1/k

∝ N2 N

1 W/mm2

1 µW/mm2

1 pW/mm2

trigger flux
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The dynamical factor

local field-medium activity

The local ⌘ factor M.T. (2012/12/07)

We define the local field-medium activity as

⌘!(⇠, ⌧) =
1

✏egn3

���� ~E
�R1 � iR2

2

����
2

=

����
⇣
e⇤Re

�i⇠
+ e⇤Le

i⇠
⌘ r1 � ir2

2

����
2

� 0, (1)

where  = !t⇤ is the wave number in the dimensionless unit. Introducing the grating modes

ri = r(0)i + r(+)
i e2i⇠ + r(�)

i e�2i⇠
(i = 1, 2) and r(0,±)

T = r(0,±)
1 + ir(0,±)

2 , and neglecting the fast

oscillating terms, we obtain

⌘!(⇠, ⌧) =

1

4

h
(|eR|2 + |eL|2)(|r(0)T |2 + |r(+)
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Neutrino Physics with Atoms/Molecules

The macro-coherence is essential.
Proof by a companion QED process,
paired super-radiance (PSR). 

Atomic/molecular processes may help.

RENP spectra are sensitive to unknown
neutrino parameters.

Absolute mass, Dirac or Majorana, 
NH or IH,  CP
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More on Dirac vs Majorana and CP phases

hypothetical atom

�eg = 0.43 eV

0.2026 0.2028 0.2030 0.2032 0.2034
0.066

0.067

0.068

0.069

0.070

0.071

0.072

Ω !eV"

Sp
ec
tru
m
I#Ω
$

CP phases #NH$; Red"#0,0$, Blue"#Π%2,0$, Blue Dashed"#0,Π%2$

Figure 8: CP phase dependence in NH case for the transition corresponding to Fig. 6. CP (α, β− δ)
assumed are (0, 0) in red, (π/2, 0) in blue, and (0, π/2) in blue dashed.
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Figure 9: CP phase dependence in IH case for the transition corresponding to Fig. 6. CP (α, β − δ)
assumed are (0, 0) in red, (π/2, 0) in black, and (0, π/2) in black dashed.
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Figure 9: CP phase dependence in IH case for the transition corresponding to Fig. 6. CP (α, β − δ)
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Figure 6: Majorana vs Dirac comparison from X 3P0 → 1S0 of energy difference εeg = εeg(Yb)/5 for
m0 = 2 meV; NH in solid and IH in dashed, and the Majorana case in red, the Dirac case in black.

the heaviest pair threshold in the NH (IH) case. The difference becomes bigger for larger values
of the smallest neutrino mass m0, making the measurement easier. This is illustrated in Fig. 7,
where we show again the ratio R(Γ) = I(ω)/I(ω;mi = 0) as a function of ω in the case of Dirac and
Majorana pair neutrino emission for m0 = 50; 100 meV and NO and IO spectra. In the Majorana
neutrino case, the ratio R(Γ) is plotted for the four combinations of CP conserving values of the
phases (α, β − δ) = (0, 0); (0, π/2); (π/2, 0); (π/2, π/2). There is a significant difference between the
Majorana neutrino emission rates corresponding to (α, β− δ) = (0, 0) and (π/2, π/2). The difference
between the emission rates of Dirac and Majorana neutrinos is largest for (α, β − δ) = (0, 0). For
m0 = 50 (100) meV and (α, β − δ) = (0, 0). for instance, the rate of emission of Dirac neutrinos at
ω sufficiently smaller than ω33 in the NO case and ω22 in the IO one, can be larger than the rate of
Majorana neutrino emission by ∼ 20% (70%). The Dirac and Majorana neutrino emission spectral
rates never coincide.

In Figs. 8 and 9 we show the spectral rate dependence on the CPV phases α and β−δ for m0 = 2
meV. Generally speaking, the CPV phase measurement is challenging, requiring a high statistics data
acquisition. A possible exception is the case of α and IH spectrum, as shown in Fig. 9, where the
difference between the spectral rates for α = 0 and α = π/2 can reach 10%. For the NH spectrum,
the analogous difference is at most a few percent; observing this case requires large statistics in actual
measurements.

It follows from these results that one of the most critical atomic physics parameters for the
potential of an RENP experiment to provide information on the largest number of fundamental
neutrino physics observables of interest is the value of the energy difference εeg. Values εeg ≤0.4
eV are favorable for determining the nature of massive neutrinos, and, if neutrinos are Majorana
particles, for getting information about at least some of the leptonic CPV phases, which are the
most difficult neutrino related observables to probe experimentally.
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Coherences in RENP

Atomic coherence

Target coherence
�
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2
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� � N2/V = n2V
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1�
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