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Isotope shift (IS) and King linearity

IS = ⌫A0A := ⌫A0 � ⌫A

Level-splitting difference between isotopes |ii
|fi

�
⌫

<latexit sha1_base64="g6Ishi7zebFSX13/TmGeqIl14Fo="></latexit>

hr2iA0A := hr2iA0 � hr2iA

<latexit sha1_base64="4uEfR+0rLeekr9wmesOzk1j9xoo="></latexit>

µA0A := 1/mA0 � 1/mA

IS of two transitions:
<latexit sha1_base64="L2tSVxIWts9nzfyeLppfJcXYBSY="></latexit>

t = 1, 2

mass shift (MS) field shift (FS)

<latexit sha1_base64="8QWfRF9RfW5XzGWOlnCWnYB81bw="></latexit>

⌫(t)A0A = KtµA0A + Fthr2iA0A

electronic factors nuclear factor
Modified IS:

<latexit sha1_base64="EjsIeOyUwfFqxMCTHUZZhIFn3VE="></latexit>

= Kt + Fthr2iA0A/µA0A

<latexit sha1_base64="NlaDcQcUleNRGznDx8UsYrG1Beg="></latexit>

⌫̃(t)A0A := ⌫(t)A0A/µA0A

King linearity: eliminating the nuclear factor 
<latexit sha1_base64="GAQ4aHBSlQKIEB9f1nXNSBlfgGw="></latexit>

K21 := K2 � F21K1 , F21 := F2/F1

<latexit sha1_base64="blIKqv5kI0jTtkO/3YIrWvC4NOU="></latexit>

⌫̃(2)A0A = K21 + F21⌫̃
(1)
A0A

on a straight line, King plot
<latexit sha1_base64="JEkrjk1XP8hhNCrfBKH8Q5BGDts="></latexit>

(⌫̃(1)A0A, ⌫̃
(2)
A0A)

King, 1963
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Nonlinearity
IS by new neutron-electron interaction Delaunay et al.  arXiv:1601.05087v2

(Z,A)

ege

gN

X
<latexit sha1_base64="lWmmRkOl56abPAqnb7063A69Rtg="></latexit>

Xt(A
0 �A)

MS FS particle shift (PS)

<latexit sha1_base64="QksNAxqFabcXdAj+gch+z9fICQY="></latexit>

⌫(t)A0A = KtµA0A + Fthr2iA0A+

Nonlinearity due to subleading FS
<latexit sha1_base64="7CUQ9aRfXdlDNhkJbPOwGejEl0U="></latexit>

FS = Fthr2iA0A + F 0
t [hr2iA0A]

2 +Gthr4iA0A + · · ·
quadratic FS (FS22) higher moment (FS4)

<latexit sha1_base64="q6h5emrAYpyz2QydJzFhk9MOBE8="></latexit>

[hr2iA0A]
2 := (hr2iA0A0)

2 � (hr2iAA0)
2
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Generalized linearity K. Mikami, MT, Y.Yamamoto EPJC77:896 (2017)

<latexit sha1_base64="OWah8FElvcQTavEytUPyebDhCr8="></latexit>0
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⌫(2)A0A �X2(A0 �A)

⌫(3)A0A �X3(A0 �A)

1

CCA =

0

B@

K1 F1 F 0
1

K2 F2 F 0
2

K3 F3 F 0
3

1

CA

0

B@

µA0A

hr2iA0A

[hr2iA0A]2

1

CA =: M

0

B@

µA0A

hr2iA0A

[hr2iA0A]2

1

CA

<latexit sha1_base64="1a7wdCsaDdXhc4IL6BQL3ol8PKY="></latexit>

(M�1)11⌫
(1)
A0A + (M�1)12⌫

(2)
A0A + (M�1)13⌫

(3)
A0A

� {(M�1)11X1 + (M�1)12X2 + (M�1)13X3}(A0 �A) = µA0A

<latexit sha1_base64="HoXwaTjTWQjZuTSTo2v2tdqMq6k="></latexit>

(⌫(1)A0A, ⌫
(2)
A0A, ⌫

(3)
A0A)/µA0A on a plane if 

<latexit sha1_base64="mUM+BNBjwgnioaPOJBfyNBUImoQ="></latexit>

Xt = 0

NP search with n-2 NL’s removed n transitions and n+1 IS pairs 

3 transitions: t=1, 2, 3 FS22 PS

<latexit sha1_base64="FFYlkSuHqGkJcf73Eunr5+/ce6c="></latexit>

⌫(t)A0A = KtµA0A + Fthr2iA0A + F 0
t [hr2iA0A]

2 +Xt(A
0 �A)
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Data of Yb transitions
Yb
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<latexit sha1_base64="J50U0q4jm9/c4h0NSqO3oN8OWoA="></latexit>

2s+1LJ

LS coupling

MIT
<latexit sha1_base64="TOKx47oBkrbLN0CWNwPeTWGX0Po="></latexit>

�⌫ ⇠ 300� 500 Hz

Count et al.  PRL 125, 123002 (2020)
Hur et al. PRL 128, 163201 (2022)
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<latexit sha1_base64="J50U0q4jm9/c4h0NSqO3oN8OWoA="></latexit>

2s+1LJ

LS couplingYb

1S0

[Xe](4f)14(6s)2

3P0

(4f)14(6s)(6p)
2.14 eV(21 s, A=171)

3P1 2.23 eV

3P2

2.44 eV(15 s, th)

1P1
3.11 eV

1D2

(4f)14(5d)1(6s)

3.43 eV(6.7 µs)

(4f)13(5d)(6s)2

J = 2

2.88 eV(200 s)

578 nm

507 nm
M2

399 nm

723 nm

723 nm

431 nm
M2

Kyoto
<latexit sha1_base64="ZQmUFKrQwisWa8MUbPVRpwW3uOQ="></latexit>

�⌫ ⇠ a few Hz
K. Ono, MT et al. PRX 12, 021033 (2022)

Figueroa et al. PRL 128, 073001 (2022)

Mainz
<latexit sha1_base64="QWXkA3id8cQMAXfhCC8tk5Ye/3c="></latexit>

�⌫ ⇠ O(100) Hz

Kyoto
石山さんの講演 20pA2-4
T. Ishiyama et al. PRL 130, 153402 (2023)

NMIJ,AIST
A. Kawasaki et al. arXiv:2402.13541

not included 
in this talk
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Simultaneous analysis of plural linearities 
Y. Yamamoto, MT et al. in preparation

Yb: 4 independent IS pairs
3D linearity is nontrivial, while 5 transitions available.

Combined fit of 3 independent 3D relations
<latexit sha1_base64="YyJz1k3sD5EfZaJb6d7C4DXcYd4="></latexit>

⌫3 = k3µ+ f31⌫1 + f32⌫2 , ⌫4 = k4µ+ f41⌫1 + f42⌫2 , ⌫5 = k5µ+ f51⌫1 + f52⌫2
(  omitted)A′￼A<latexit sha1_base64="r4pd6n3qvUs9cHytZhEWN+wINos="></latexit>

��2/dof = 35.1/3

PS alone cannot explain the observed 3D nonlinearity.

Assigning this nonlinearity to PS,
<latexit sha1_base64="0ypKjNzd+DCOZRY7QHMlpep81aw="></latexit>

��2/dof = 9.98/1



Minoru TANAKA
8

Consistency with SM sources
<latexit sha1_base64="7CUQ9aRfXdlDNhkJbPOwGejEl0U="></latexit>

FS = Fthr2iA0A + F 0
t [hr2iA0A]

2 +Gthr4iA0A + · · ·
FS22 FS4

Using theoretically calculated electronic factors, 
we subtract  and/or .FS22 FS4

Table 5: The combined fit of the 4D King relations with/without the FS22 linearity. The first table is the
combined fit result of two µ-linearities and the second one includes the FS22 one in the last line.

c2 = 9.015 f1 f2 f3 f4
(D5, F7, P0, D2)
(D3, F7, P0, D2)

c2 =9.1047 (1.16s ) f1 f2 f3 f4
(D5, F7, P0, D2)
(D3, F7, P0, D2)

(D5, F7, P0, D2)22

D5 D3 F7 P0 D2
FS22 (a) 81.908 83.247 -201.12 54.277 75.322
FS4 (g) 14.934 15.159 -39.422 8.951
FS4 (r) 13.08 10.42

Table 6: Electronic factors of the higher order FS’s in MHz/fm4. (a): Calculation with AMBiT [9], (g):
Calculation with GRASP2018 [9], (r): Calculation with the RPA method [?].

linearities. Since the Yb/Yb+ data include four independent isotope pairs, the measured data can be perfectly
aligned in the 4D King relations. In other word, the coefficients of the linearities are numerically solved as the
simultaneous equations by the experimental data. Since the 3D linearity with an additional term is the same
with the 4D linearity including the additional linearity given by the term, we also test the 4D linearity with the
additional linearity by FS22. If the same coefficients of two fit results are not consistent each other, the given
d hr2i2 is not appropriate to explain the non-linearity in the 3D fit. (Then, result is)

3.3 Consistency with SM sources

We examine the following hypotheses about the higher order IS’s as the sources of observed nonlinearity: (i)
FS22 and one unknown, (ii) FS4 and one unknown, (iii) FS22 and FS4, (iv) FS22, FS4 and one unknown. We
use theoretical electronic factors in Refs. [9, ?] to subtract the higher order FS’s specified in each hypothesis,
as summarized in Table 6.

3.3.1 Hypothesis: FS22 and one unknown

The FS22 contribution is eliminated in

dn 0
i := dni �qi/i0dni0 , (3.1)

where qi/i0 represents the ratio of the FS22 electronic factors of the transitions i and i0. We fix the reference
transition i0 to P0 in the numerical test of this hypothesis. The employed theoretical values of relevant qi/i0
are shown in Table 7. We note that the elimination procedure does not use the numerical values of the relevant
nuclear factor.

In the hypothesis of FS22 and one unknown higher order IS, one finds two independent 3D King relations,

dn 0
i = kid µ + cidn 0

F7 + eidn 0
D2 , i = D5, D3 . (3.2)

i D5 D3 F7 P0 D2
qi/P0 (a) 1.509 1.534 -3.705 1.388
qi/P0 (f) 1.597 1.617 -3.514 1.309
qi/D5 (a) 1.016 -2.455 0.6627 0.9196
qi/D5 (f’) 1.061 -2.335 0.6574 0.8123
qi/D5 (f”) 0.9989 -2.471 0.6657 0.9080

Table 7: Ratio of FS22 electronic factors, qi/i0 . (a): Calculation with AMBiT [9], (f): Fitted values in
Sec. 3.3.1, (f’): Fitted values in Sec. 3.3.3, (f”): Fitted values in Sec. 3.3.4.

9

Abbreviation:
<latexit sha1_base64="Mlb0BGFxkjdyvjrlSx6bBzI8C3I="></latexit>

(Yb+) D5 :=2S1/2 �2D5/2 , D3 :=2S1/2 �2D3/2 , F7 :=2S1/2 �2F7/2
<latexit sha1_base64="a7Fpm9mz3KVEqe+TceMZ9DhMR9o="></latexit>

(Yb) P0 :=1S0 �3P0 , D2 :=1S0 �1D2

(AMBiT) Hur et al. PRL 128, 163201 (2022)
(GRASP2018)
(RPA) Figueroa et al. PRL 128, 073001 (2022)

(MHz/fm )4
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Hypothesis:  and one unknownFS4

No  inFS4 ratio of  electronic factorFS4
<latexit sha1_base64="3u8+zKoi513jX4VvkUzYoFthKHk="></latexit>

⌫0i := ⌫i � pi/i0⌫i0 , pi/i0 := Gi/Gi0

Two independent 3D linear relations ( )i0 = D5
<latexit sha1_base64="9mzzvz6vr2adht28/65GJPhD8KY="></latexit>

⌫0i = kiµ+ di⌫
0
P0 + ei⌫

0
D2 , i = D3, F7

<latexit sha1_base64="7ow7J0maMYc30XIYC2lv1FeRKc8="></latexit>

��2/dof = 13.3/2 without theoretical uncertainty
<latexit sha1_base64="Exp+rrhRtdEuvmPZ1AWO1QV3rYg="></latexit>

��2/dof = 1.8/2 with 6% theoretical uncertainty for p’s

Limit on new physics (not to make the fit worse)
<latexit sha1_base64="AoZJTvhiSMf/tpeIw9fDWht4saU="></latexit>

⌫0i := ⌫i � pi/i0⌫i0 �
yeyn
4⇡

Xi(m)(A0 �A)
<latexit sha1_base64="1cplGosJ5SdwlfNOIHhriLUTdWc="></latexit>

|yeyn| < 1.2⇥ 10�11 , m = 10 eV (95% CL)
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Summary of limit on new physics
FS22 sub.

FS22+FS4 sub. (3D)

FS4 sub.

FS22+FS4 sub. (2D)

(g-2)e + n scattering
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まとめと展望
◼︎Isotope shift and King linearity

IS=MS+FS, linear relation of mIS of two transitions

<latexit sha1_base64="QKfGFOQ39juyL4ZJFIPV5iwA2JA="></latexit>

⌫̃(2)A0A = K21 + F21⌫̃
(1)
A0A

◼︎Nonlinearities : New physics and/or SM higher order
◼︎Generalized linearity

SM nonlinearity removed, improved sensitivity to new physics
Two or more SM higher order contributions revealed
One SM higher order + PS, excluded by our combined analysis

Door et al. arXiv2403.07792Yb+ ion O(10) Hz, MPI-PTB

Yb atom O(?) Hz, Kyoto

◼︎New precise Yb IS data

<latexit sha1_base64="UOgZYwL1DE/J6c5xK/VB2tekOO4="></latexit>

1S0(6s)
2 � (4f)13(5d)(6p)2 (J = 2) , 431 nm

石山さんの講演 20pA2-4
improvement of MIT data and Yb masses


