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Introduction



Index theorem of Dirac operators (Atiyah-Singer)

A theorem on the number of solutions
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#sol with + chirality
#sol with - chirality

Ind(D)
<latexit sha1_base64="PKZutrIvOVwwBmRuP2gfUFOSHF8="></latexit><latexit sha1_base64="PKZutrIvOVwwBmRuP2gfUFOSHF8="></latexit><latexit sha1_base64="PKZutrIvOVwwBmRuP2gfUFOSHF8="></latexit><latexit sha1_base64="PKZutrIvOVwwBmRuP2gfUFOSHF8="></latexit><latexit sha1_base64="PKZutrIvOVwwBmRuP2gfUFOSHF8="></latexit>

Index theorem



Index theorem appears in various situations in physics

• Number of generations in compactification.

• Anomaly. � 0 = ei��5�
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• Topological material (Discussed later).

π
D� 0D�̄ 0 =

π
D�D�̄ei� Ind(D)
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Any index theorem with 

boundary?
• Number of generations in 

compactification with boundary?

• Anomaly with boundary?

• Topological material with boundary?



Difficulty of index with boundary
If we impose local and Lorents (rotation) 
invariant boundary condition, + and –
chirality sectors do not decouple any more.

+

-
angular momentum is conserved

and the index 
do not make sense.

n+,n�
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Atiyah-Patodi-Singer (APS) boundary condition

Abandon the locality and preserve the chirality.

Eg. 4 dim

x4
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boundary
x4 = 0
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gauge

D = � 4@4 + �
iDi = �

4(@4 + � 4� iDi )
<latexit sha1_base64="JAMRsDZ1pq/tcuZQDVtt/s8UNmw="></latexit><latexit sha1_base64="JAMRsDZ1pq/tcuZQDVtt/s8UNmw="></latexit><latexit sha1_base64="JAMRsDZ1pq/tcuZQDVtt/s8UNmw="></latexit><latexit sha1_base64="JAMRsDZ1pq/tcuZQDVtt/s8UNmw="></latexit><latexit sha1_base64="JAMRsDZ1pq/tcuZQDVtt/s8UNmw="></latexit>

They impose
A
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[Atiyah, Patodi, Singer 75]



APS index theorem

Ind(D) = �(iD3D )
2 +

1
32� 2

π
d4x� µ� �� tr(Fµ� F�� )
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“eta invariant”(discussed later)

Any application to physics?

cf. [Alvarez-Gaume, Della Pietra, Moore 85]

[Atiyah, Patodi, Singer 75]



Topological insulator.

• 4 dim massive fermion.
• CP symmetry is imposed.

Two distinct “phases” according to the sign of mass.

S =

π
d4x�̄ (D ±M)�
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Non-trivial phase with boundary has massless 
edge modes.



Topological insulator and APS index [Witten 15]

S =

π
d4x�̄ (D ±M)�
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Trivial phase

Z = |Z |
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Topological insulator

Partition function

Z = |Z |(�1)Ind(D)
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APS index



However APS setup and topological insulator 
look quite different!

APS Top. Ins.

Massless fermion Massive fermion

Non-local B.C. Local B.C.

No massless edge 
localized mode

Massless edge 
localized mode exists



We want to clarify this relation starting from a 
setup more close to topological insulator.

Domain-wall setup

x4
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Mass

trivial topological 
insulator

(interface, defect, …)



In this setup, we define “domain-wall index” 
and show

I
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I = �(iD3D )
2 |x 4=0 +

1
32� 2

π
x 4>0
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(= APS index) 

• Calculate     using Fujikawa’s method and obtain 

• Partition function is written as

Z = |Z |(�1)I
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Massive fermion 
and index without 
boundary



Massive fermion in 4 dim coupled to 
background gauge field

D := � µ (@µ + iAµ )
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Consider the phase of the partition function

Z =

π
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But this is divergent …



Z =
det(D +M)
det(D � �)
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We employ Pauli-Villars

� > 0
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CP symmetry            Z is real.

Z = |Z |(�1)�
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Let us find J



Z =
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Both of them are Hermitian operators.

det iH =
÷

�:eigenvalues ofH
i�

<latexit sha1_base64="FE5crK2ufSDC82Mq2jiMBWWfbbo="></latexit><latexit sha1_base64="FE5crK2ufSDC82Mq2jiMBWWfbbo="></latexit><latexit sha1_base64="FE5crK2ufSDC82Mq2jiMBWWfbbo="></latexit><latexit sha1_base64="FE5crK2ufSDC82Mq2jiMBWWfbbo="></latexit><latexit sha1_base64="FE5crK2ufSDC82Mq2jiMBWWfbbo="></latexit>



H := �5(D +M)
<latexit sha1_base64="+SoyIc7xCaccIfPs9qggzPruwTE="></latexit><latexit sha1_base64="+SoyIc7xCaccIfPs9qggzPruwTE="></latexit><latexit sha1_base64="+SoyIc7xCaccIfPs9qggzPruwTE="></latexit><latexit sha1_base64="+SoyIc7xCaccIfPs9qggzPruwTE="></latexit><latexit sha1_base64="+SoyIc7xCaccIfPs9qggzPruwTE="></latexit>

HPV := �5(D � �)
<latexit sha1_base64="XOsyq0s4uDKi0aRgia97L+v0v/g="></latexit><latexit sha1_base64="XOsyq0s4uDKi0aRgia97L+v0v/g="></latexit><latexit sha1_base64="XOsyq0s4uDKi0aRgia97L+v0v/g="></latexit><latexit sha1_base64="XOsyq0s4uDKi0aRgia97L+v0v/g="></latexit><latexit sha1_base64="XOsyq0s4uDKi0aRgia97L+v0v/g="></latexit>

det iH =
÷

�:eigenvalues ofH
i�

<latexit sha1_base64="FE5crK2ufSDC82Mq2jiMBWWfbbo="></latexit><latexit sha1_base64="FE5crK2ufSDC82Mq2jiMBWWfbbo="></latexit><latexit sha1_base64="FE5crK2ufSDC82Mq2jiMBWWfbbo="></latexit><latexit sha1_base64="FE5crK2ufSDC82Mq2jiMBWWfbbo="></latexit><latexit sha1_base64="FE5crK2ufSDC82Mq2jiMBWWfbbo="></latexit>

Z =
det iH

det iHPV
<latexit sha1_base64="tJe8i8EsbNfbRAloo9HYjqPEdAQ="></latexit><latexit sha1_base64="tJe8i8EsbNfbRAloo9HYjqPEdAQ="></latexit><latexit sha1_base64="tJe8i8EsbNfbRAloo9HYjqPEdAQ="></latexit><latexit sha1_base64="tJe8i8EsbNfbRAloo9HYjqPEdAQ="></latexit><latexit sha1_base64="tJe8i8EsbNfbRAloo9HYjqPEdAQ="></latexit>

i� = |� | exp(i �2 sign�)
<latexit sha1_base64="NNbq6zUhrQpCLQJUZDSmpYnIviM="></latexit><latexit sha1_base64="NNbq6zUhrQpCLQJUZDSmpYnIviM="></latexit><latexit sha1_base64="NNbq6zUhrQpCLQJUZDSmpYnIviM="></latexit><latexit sha1_base64="NNbq6zUhrQpCLQJUZDSmpYnIviM="></latexit><latexit sha1_base64="NNbq6zUhrQpCLQJUZDSmpYnIviM="></latexit>

det iH = | det iH | exp(i �2
’
�

sign�)
<latexit sha1_base64="9MhA7/2Sddvhn+439+paAN9BkZY="></latexit><latexit sha1_base64="9MhA7/2Sddvhn+439+paAN9BkZY="></latexit><latexit sha1_base64="9MhA7/2Sddvhn+439+paAN9BkZY="></latexit><latexit sha1_base64="9MhA7/2Sddvhn+439+paAN9BkZY="></latexit><latexit sha1_base64="9MhA7/2Sddvhn+439+paAN9BkZY="></latexit>

�(H ) :=
’
�

sign�
<latexit sha1_base64="JIhHGCQG9h1OaqFPZNT+45IzrIk="></latexit><latexit sha1_base64="JIhHGCQG9h1OaqFPZNT+45IzrIk="></latexit><latexit sha1_base64="JIhHGCQG9h1OaqFPZNT+45IzrIk="></latexit><latexit sha1_base64="JIhHGCQG9h1OaqFPZNT+45IzrIk="></latexit><latexit sha1_base64="JIhHGCQG9h1OaqFPZNT+45IzrIk="></latexit>

regularized by zeta 
function regularization

“Eta invariant”



Z = |Z |(�1)�
<latexit sha1_base64="OXavbvFwzBROTN1vsmcn5ix2pic="></latexit><latexit sha1_base64="OXavbvFwzBROTN1vsmcn5ix2pic="></latexit><latexit sha1_base64="OXavbvFwzBROTN1vsmcn5ix2pic="></latexit><latexit sha1_base64="OXavbvFwzBROTN1vsmcn5ix2pic="></latexit><latexit sha1_base64="OXavbvFwzBROTN1vsmcn5ix2pic="></latexit>

� =
�(H )

2 � �(HPV )
2

<latexit sha1_base64="0K9rxgLE3oqMFDcvAjT1d4WMUyQ=">AAADAXicSyrIySwuMTC4ycjEzMLKxs7BycXNw8vHLyAoFFacX1qUnBqanJ+TXxSRlFicmpOZlxpaklmSkxpRUJSamJuUkxqelO0Mkg8vSy0qzszPCympLEiNzU1Mz8tMy0xOLAEKxQtoednGpBUlJlfHpJYkanho1lYb1eoii8RXB4TVgoXjBZQN9AzAQAGTYQhlK DNAQUC+wAOGGIYUhnyGZIZShlyGVIY8hhIgO4chkaEYCKMZDBkMGAqAYrEM1UCxIiArEyyfylDLwAXUWwpUlQpUkQgUzQaS6UBeNdCUVIZyoNoKIE4Fk7hVRwNNy2RIArIgpoP0xqKYkQtUWcKQgdcMiGgekA/yRTHYhGSgv3KAuAioU4FB1eCqwUqDzwYnDFYbvDT4g8f1IDNAvq8E0kkQvakF8fxdEsHfCepCuBWqC6+bSxjSGCzAbgX5uwAsAvJFMkR/WdX0z8FWQarVagaLDF4D3b/Q4KbBYaAP8sq+JC8NTA2azcAFjHJD9AjGZIQZ6Rka6BkGmig7OEEjn4NBmkGJQQMYw+YMDgweDAEMoUB7JzBsY9jPcICpmWkl0wamTRClTIxQPcIMKIBpNwCXmbNB</latexit><latexit sha1_base64="0K9rxgLE3oqMFDcvAjT1d4WMUyQ=">AAADAXicSyrIySwuMTC4ycjEzMLKxs7BycXNw8vHLyAoFFacX1qUnBqanJ+TXxSRlFicmpOZlxpaklmSkxpRUJSamJuUkxqelO0Mkg8vSy0qzszPCympLEiNzU1Mz8tMy0xOLAEKxQtoednGpBUlJlfHpJYkanho1lYb1eoii8RXB4TVgoXjBZQN9AzAQAGTYQhlK DNAQUC+wAOGGIYUhnyGZIZShlyGVIY8hhIgO4chkaEYCKMZDBkMGAqAYrEM1UCxIiArEyyfylDLwAXUWwpUlQpUkQgUzQaS6UBeNdCUVIZyoNoKIE4Fk7hVRwNNy2RIArIgpoP0xqKYkQtUWcKQgdcMiGgekA/yRTHYhGSgv3KAuAioU4FB1eCqwUqDzwYnDFYbvDT4g8f1IDNAvq8E0kkQvakF8fxdEsHfCepCuBWqC6+bSxjSGCzAbgX5uwAsAvJFMkR/WdX0z8FWQarVagaLDF4D3b/Q4KbBYaAP8sq+JC8NTA2azcAFjHJD9AjGZIQZ6Rka6BkGmig7OEEjn4NBmkGJQQMYw+YMDgweDAEMoUB7JzBsY9jPcICpmWkl0wamTRClTIxQPcIMKIBpNwCXmbNB</latexit><latexit sha1_base64="0K9rxgLE3oqMFDcvAjT1d4WMUyQ=">AAADAXicSyrIySwuMTC4ycjEzMLKxs7BycXNw8vHLyAoFFacX1qUnBqanJ+TXxSRlFicmpOZlxpaklmSkxpRUJSamJuUkxqelO0Mkg8vSy0qzszPCympLEiNzU1Mz8tMy0xOLAEKxQtoednGpBUlJlfHpJYkanho1lYb1eoii8RXB4TVgoXjBZQN9AzAQAGTYQhlK DNAQUC+wAOGGIYUhnyGZIZShlyGVIY8hhIgO4chkaEYCKMZDBkMGAqAYrEM1UCxIiArEyyfylDLwAXUWwpUlQpUkQgUzQaS6UBeNdCUVIZyoNoKIE4Fk7hVRwNNy2RIArIgpoP0xqKYkQtUWcKQgdcMiGgekA/yRTHYhGSgv3KAuAioU4FB1eCqwUqDzwYnDFYbvDT4g8f1IDNAvq8E0kkQvakF8fxdEsHfCepCuBWqC6+bSxjSGCzAbgX5uwAsAvJFMkR/WdX0z8FWQarVagaLDF4D3b/Q4KbBYaAP8sq+JC8NTA2azcAFjHJD9AjGZIQZ6Rka6BkGmig7OEEjn4NBmkGJQQMYw+YMDgweDAEMoUB7JzBsY9jPcICpmWkl0wamTRClTIxQPcIMKIBpNwCXmbNB</latexit><latexit sha1_base64="0K9rxgLE3oqMFDcvAjT1d4WMUyQ=">AAADAXicSyrIySwuMTC4ycjEzMLKxs7BycXNw8vHLyAoFFacX1qUnBqanJ+TXxSRlFicmpOZlxpaklmSkxpRUJSamJuUkxqelO0Mkg8vSy0qzszPCympLEiNzU1Mz8tMy0xOLAEKxQtoednGpBUlJlfHpJYkanho1lYb1eoii8RXB4TVgoXjBZQN9AzAQAGTYQhlK DNAQUC+wAOGGIYUhnyGZIZShlyGVIY8hhIgO4chkaEYCKMZDBkMGAqAYrEM1UCxIiArEyyfylDLwAXUWwpUlQpUkQgUzQaS6UBeNdCUVIZyoNoKIE4Fk7hVRwNNy2RIArIgpoP0xqKYkQtUWcKQgdcMiGgekA/yRTHYhGSgv3KAuAioU4FB1eCqwUqDzwYnDFYbvDT4g8f1IDNAvq8E0kkQvakF8fxdEsHfCepCuBWqC6+bSxjSGCzAbgX5uwAsAvJFMkR/WdX0z8FWQarVagaLDF4D3b/Q4KbBYaAP8sq+JC8NTA2azcAFjHJD9AjGZIQZ6Rka6BkGmig7OEEjn4NBmkGJQQMYw+YMDgweDAEMoUB7JzBsY9jPcICpmWkl0wamTRClTIxQPcIMKIBpNwCXmbNB</latexit><latexit sha1_base64="0K9rxgLE3oqMFDcvAjT1d4WMUyQ=">AAADAXicSyrIySwuMTC4ycjEzMLKxs7BycXNw8vHLyAoFFacX1qUnBqanJ+TXxSRlFicmpOZlxpaklmSkxpRUJSamJuUkxqelO0Mkg8vSy0qzszPCympLEiNzU1Mz8tMy0xOLAEKxQtoednGpBUlJlfHpJYkanho1lYb1eoii8RXB4TVgoXjBZQN9AzAQAGTYQhlK DNAQUC+wAOGGIYUhnyGZIZShlyGVIY8hhIgO4chkaEYCKMZDBkMGAqAYrEM1UCxIiArEyyfylDLwAXUWwpUlQpUkQgUzQaS6UBeNdCUVIZyoNoKIE4Fk7hVRwNNy2RIArIgpoP0xqKYkQtUWcKQgdcMiGgekA/yRTHYhGSgv3KAuAioU4FB1eCqwUqDzwYnDFYbvDT4g8f1IDNAvq8E0kkQvakF8fxdEsHfCepCuBWqC6+bSxjSGCzAbgX5uwAsAvJFMkR/WdX0z8FWQarVagaLDF4D3b/Q4KbBYaAP8sq+JC8NTA2azcAFjHJD9AjGZIQZ6Rka6BkGmig7OEEjn4NBmkGJQQMYw+YMDgweDAEMoUB7JzBsY9jPcICpmWkl0wamTRClTIxQPcIMKIBpNwCXmbNB</latexit>



We can calculate             by eg. Fujikawa’s method.�(H )
<latexit sha1_base64="eiUtytP16BKuEuWa2+8acMmq/zA="></latexit><latexit sha1_base64="eiUtytP16BKuEuWa2+8acMmq/zA="></latexit><latexit sha1_base64="eiUtytP16BKuEuWa2+8acMmq/zA="></latexit><latexit sha1_base64="eiUtytP16BKuEuWa2+8acMmq/zA="></latexit><latexit sha1_base64="eiUtytP16BKuEuWa2+8acMmq/zA="></latexit>

�(H ) = 1
32� 2

π
d

4
x�

µ� �� tr(Fµ� F�� )
<latexit sha1_base64="w4OctlXNW7nQX8lRNamdx3b4qDQ="></latexit><latexit sha1_base64="w4OctlXNW7nQX8lRNamdx3b4qDQ="></latexit><latexit sha1_base64="w4OctlXNW7nQX8lRNamdx3b4qDQ="></latexit><latexit sha1_base64="w4OctlXNW7nQX8lRNamdx3b4qDQ="></latexit><latexit sha1_base64="w4OctlXNW7nQX8lRNamdx3b4qDQ="></latexit>

= Ind(D)
<latexit sha1_base64="c2YXEg81KlB7SATHPt28MsC8Xyo="></latexit><latexit sha1_base64="c2YXEg81KlB7SATHPt28MsC8Xyo="></latexit><latexit sha1_base64="c2YXEg81KlB7SATHPt28MsC8Xyo="></latexit><latexit sha1_base64="c2YXEg81KlB7SATHPt28MsC8Xyo="></latexit><latexit sha1_base64="c2YXEg81KlB7SATHPt28MsC8Xyo="></latexit>

※ This is independent of M as far as M>0

�(HPV ) = � 1
32� 2

π
d

4
x�

µ� �� tr(Fµ� F�� )
<latexit sha1_base64="xwL25sEhNf5H8+xQFpIhDmYciAQ="></latexit><latexit sha1_base64="xwL25sEhNf5H8+xQFpIhDmYciAQ="></latexit><latexit sha1_base64="xwL25sEhNf5H8+xQFpIhDmYciAQ="></latexit><latexit sha1_base64="xwL25sEhNf5H8+xQFpIhDmYciAQ="></latexit><latexit sha1_base64="xwL25sEhNf5H8+xQFpIhDmYciAQ="></latexit>

※ We can also obtain



Z = |Z |(�1)�
<latexit sha1_base64="OXavbvFwzBROTN1vsmcn5ix2pic="></latexit><latexit sha1_base64="OXavbvFwzBROTN1vsmcn5ix2pic="></latexit><latexit sha1_base64="OXavbvFwzBROTN1vsmcn5ix2pic="></latexit><latexit sha1_base64="OXavbvFwzBROTN1vsmcn5ix2pic="></latexit><latexit sha1_base64="OXavbvFwzBROTN1vsmcn5ix2pic="></latexit>

For topological insulator

� =
�(H )

2 � �(HPV )
2 = �(H ) = 1

32� 2

π
d

4
x�

µ� �� tr(Fµ� F�� )
<latexit sha1_base64="DxwX50rbHMimB2QBrRHQJweUixo="></latexit><latexit sha1_base64="DxwX50rbHMimB2QBrRHQJweUixo="></latexit><latexit sha1_base64="DxwX50rbHMimB2QBrRHQJweUixo="></latexit><latexit sha1_base64="DxwX50rbHMimB2QBrRHQJweUixo="></latexit><latexit sha1_base64="DxwX50rbHMimB2QBrRHQJweUixo="></latexit>

For trivial phase M ! �M
<latexit sha1_base64="eyGuV2HcZkyPodPOd65VmDLXTHY="></latexit><latexit sha1_base64="eyGuV2HcZkyPodPOd65VmDLXTHY="></latexit><latexit sha1_base64="eyGuV2HcZkyPodPOd65VmDLXTHY="></latexit><latexit sha1_base64="eyGuV2HcZkyPodPOd65VmDLXTHY="></latexit><latexit sha1_base64="eyGuV2HcZkyPodPOd65VmDLXTHY="></latexit>

� =
�(�5(D �M))

2 � �(HPV )
2 = 0

<latexit sha1_base64="CaVqi5tIu8RPe1YLL4twO9QvSOo="></latexit><latexit sha1_base64="CaVqi5tIu8RPe1YLL4twO9QvSOo="></latexit><latexit sha1_base64="CaVqi5tIu8RPe1YLL4twO9QvSOo="></latexit><latexit sha1_base64="CaVqi5tIu8RPe1YLL4twO9QvSOo="></latexit><latexit sha1_base64="L+DLFLQ63lcPRMaXVZB6XqZtNTk="></latexit><latexit sha1_base64="5HuU7sGSmYkzBhanrm8xfPRmDhc="></latexit><latexit sha1_base64="5HuU7sGSmYkzBhanrm8xfPRmDhc="></latexit><latexit sha1_base64="XN3/i4/PowXXGDiWYyEwK2tQKMs="></latexit><latexit sha1_base64="CaVqi5tIu8RPe1YLL4twO9QvSOo="></latexit><latexit sha1_base64="CaVqi5tIu8RPe1YLL4twO9QvSOo="></latexit><latexit sha1_base64="CaVqi5tIu8RPe1YLL4twO9QvSOo="></latexit><latexit sha1_base64="CaVqi5tIu8RPe1YLL4twO9QvSOo="></latexit><latexit sha1_base64="CaVqi5tIu8RPe1YLL4twO9QvSOo="></latexit><latexit sha1_base64="CaVqi5tIu8RPe1YLL4twO9QvSOo="></latexit>

Z =
det(D �M)
det(D � �) = |Z |(�1)�

<latexit sha1_base64="7wYrlQ+wp5lSBr5bE4Y49o37nRo="></latexit><latexit sha1_base64="7wYrlQ+wp5lSBr5bE4Y49o37nRo="></latexit><latexit sha1_base64="7wYrlQ+wp5lSBr5bE4Y49o37nRo="></latexit><latexit sha1_base64="7wYrlQ+wp5lSBr5bE4Y49o37nRo="></latexit><latexit sha1_base64="7wYrlQ+wp5lSBr5bE4Y49o37nRo="></latexit>

= Ind(D)
<latexit sha1_base64="c2YXEg81KlB7SATHPt28MsC8Xyo="></latexit><latexit sha1_base64="c2YXEg81KlB7SATHPt28MsC8Xyo="></latexit><latexit sha1_base64="c2YXEg81KlB7SATHPt28MsC8Xyo="></latexit><latexit sha1_base64="c2YXEg81KlB7SATHPt28MsC8Xyo="></latexit><latexit sha1_base64="c2YXEg81KlB7SATHPt28MsC8Xyo="></latexit>



Summary

Z = |Z |(�1)�
<latexit sha1_base64="OXavbvFwzBROTN1vsmcn5ix2pic="></latexit><latexit sha1_base64="OXavbvFwzBROTN1vsmcn5ix2pic="></latexit><latexit sha1_base64="OXavbvFwzBROTN1vsmcn5ix2pic="></latexit><latexit sha1_base64="OXavbvFwzBROTN1vsmcn5ix2pic="></latexit><latexit sha1_base64="OXavbvFwzBROTN1vsmcn5ix2pic="></latexit>

Index appear in the phase of the partition 
function of a massive fermion.



Domain-wall 
Dirac operator



x4
<latexit sha1_base64="cH4+ArejtYR3Jirhx1zH8O4wgpw="></latexit><latexit sha1_base64="cH4+ArejtYR3Jirhx1zH8O4wgpw="></latexit><latexit sha1_base64="cH4+ArejtYR3Jirhx1zH8O4wgpw="></latexit><latexit sha1_base64="cH4+ArejtYR3Jirhx1zH8O4wgpw="></latexit><latexit sha1_base64="cH4+ArejtYR3Jirhx1zH8O4wgpw="></latexit>0

Mass

trivial topological 
insulator

S =

π
d4x�̄ (D +M�(x4))�

<latexit sha1_base64="QHwAn6cO3rQ0tsEFJG+kpgxmHy8="></latexit><latexit sha1_base64="QHwAn6cO3rQ0tsEFJG+kpgxmHy8="></latexit><latexit sha1_base64="QHwAn6cO3rQ0tsEFJG+kpgxmHy8="></latexit><latexit sha1_base64="QHwAn6cO3rQ0tsEFJG+kpgxmHy8="></latexit><latexit sha1_base64="QHwAn6cO3rQ0tsEFJG+kpgxmHy8="></latexit>

�(x4) =
(
�1, (x4 < 0)
+1, (x4 > 0)

<latexit sha1_base64="XBUD5pj+Q1DfiKyUeSZUtx+K2IU="></latexit><latexit sha1_base64="XBUD5pj+Q1DfiKyUeSZUtx+K2IU="></latexit><latexit sha1_base64="XBUD5pj+Q1DfiKyUeSZUtx+K2IU="></latexit><latexit sha1_base64="XBUD5pj+Q1DfiKyUeSZUtx+K2IU="></latexit><latexit sha1_base64="XBUD5pj+Q1DfiKyUeSZUtx+K2IU="></latexit>



By the same argument

Z =
det(D +M�(x4))

det(D � �) = |Z |(�1)I
<latexit sha1_base64="xLpzT199yrO6jO4lHLnNKt58a9g="></latexit><latexit sha1_base64="xLpzT199yrO6jO4lHLnNKt58a9g="></latexit><latexit sha1_base64="xLpzT199yrO6jO4lHLnNKt58a9g="></latexit><latexit sha1_base64="xLpzT199yrO6jO4lHLnNKt58a9g="></latexit><latexit sha1_base64="xLpzT199yrO6jO4lHLnNKt58a9g="></latexit>

I = �(HDW )
2 � �(HPV )

2
<latexit sha1_base64="JKdhEKHSdargxlpVH9YzDJOASSA="></latexit><latexit sha1_base64="JKdhEKHSdargxlpVH9YzDJOASSA="></latexit><latexit sha1_base64="JKdhEKHSdargxlpVH9YzDJOASSA="></latexit><latexit sha1_base64="JKdhEKHSdargxlpVH9YzDJOASSA="></latexit><latexit sha1_base64="JKdhEKHSdargxlpVH9YzDJOASSA="></latexit>

HDW := �5(D +M�(x4))
<latexit sha1_base64="x4XwU3WRmEL8+C08ZQonQIAfuVs="></latexit><latexit sha1_base64="x4XwU3WRmEL8+C08ZQonQIAfuVs="></latexit><latexit sha1_base64="x4XwU3WRmEL8+C08ZQonQIAfuVs="></latexit><latexit sha1_base64="x4XwU3WRmEL8+C08ZQonQIAfuVs="></latexit><latexit sha1_base64="x4XwU3WRmEL8+C08ZQonQIAfuVs="></latexit>

Let us call this integer “domain-wall index”



We calculated                     by Fujikawa’s method.�(HDW )
<latexit sha1_base64="hJ9HKR2aaOU9TsT67Ju25xyVX9U="></latexit><latexit sha1_base64="hJ9HKR2aaOU9TsT67Ju25xyVX9U="></latexit><latexit sha1_base64="hJ9HKR2aaOU9TsT67Ju25xyVX9U="></latexit><latexit sha1_base64="hJ9HKR2aaOU9TsT67Ju25xyVX9U="></latexit><latexit sha1_base64="hJ9HKR2aaOU9TsT67Ju25xyVX9U="></latexit>

�(HDW ) = �(iD3D )|x 4=0 +
1

32� 2

π
d

4
x�(x4)� µ� �� tr(Fµ� F�� )

<latexit sha1_base64="XTdbZEOVtj12juTEkFzIsrBk8hc="></latexit><latexit sha1_base64="XTdbZEOVtj12juTEkFzIsrBk8hc="></latexit><latexit sha1_base64="XTdbZEOVtj12juTEkFzIsrBk8hc="></latexit><latexit sha1_base64="XTdbZEOVtj12juTEkFzIsrBk8hc="></latexit><latexit sha1_base64="XTdbZEOVtj12juTEkFzIsrBk8hc="></latexit>

Result:

We calculated                     by Fujikawa’s method.

Result:

I = �(HDW )
2 � �(HPV )

2

=
�(iD3D )

2 |x 4=0 +
1

32� 2

π
x 4>0

d
4
x�

µ� �� tr(Fµ� F�� )
<latexit sha1_base64="KYTW5l4hIGrVs8WlPHw7cs9AH60="></latexit><latexit sha1_base64="KYTW5l4hIGrVs8WlPHw7cs9AH60="></latexit><latexit sha1_base64="KYTW5l4hIGrVs8WlPHw7cs9AH60="></latexit><latexit sha1_base64="KYTW5l4hIGrVs8WlPHw7cs9AH60="></latexit><latexit sha1_base64="KYTW5l4hIGrVs8WlPHw7cs9AH60="></latexit>

=(APS index in               )x4 > 0
<latexit sha1_base64="baOq1eEFParcTRjBsUPrryLqoQs="></latexit><latexit sha1_base64="baOq1eEFParcTRjBsUPrryLqoQs="></latexit><latexit sha1_base64="baOq1eEFParcTRjBsUPrryLqoQs="></latexit><latexit sha1_base64="baOq1eEFParcTRjBsUPrryLqoQs="></latexit><latexit sha1_base64="baOq1eEFParcTRjBsUPrryLqoQs="></latexit>

Domain-wall index



Comments

�(HDW )
<latexit sha1_base64="u9JUYUszf0/SsWb7QZPwDsDhN6s="></latexit><latexit sha1_base64="u9JUYUszf0/SsWb7QZPwDsDhN6s="></latexit><latexit sha1_base64="u9JUYUszf0/SsWb7QZPwDsDhN6s="></latexit><latexit sha1_base64="u9JUYUszf0/SsWb7QZPwDsDhN6s="></latexit><latexit sha1_base64="u9JUYUszf0/SsWb7QZPwDsDhN6s="></latexit>

• is independent of M as far as M > 0
<latexit sha1_base64="D7WkWbkOY0a40ba+roarxLXWnR4="></latexit><latexit sha1_base64="D7WkWbkOY0a40ba+roarxLXWnR4="></latexit><latexit sha1_base64="D7WkWbkOY0a40ba+roarxLXWnR4="></latexit><latexit sha1_base64="D7WkWbkOY0a40ba+roarxLXWnR4="></latexit><latexit sha1_base64="D7WkWbkOY0a40ba+roarxLXWnR4="></latexit>

• Honestly speaking, we have shown
�(HDW ) = f (A)|x 4=0 +

1
32� 2

π
d

4
x�(x4)� µ� �� tr(Fµ� F�� )

<latexit sha1_base64="Bv9mqBf8lw7GTFgQNoD87/nmdxg="></latexit><latexit sha1_base64="Bv9mqBf8lw7GTFgQNoD87/nmdxg="></latexit><latexit sha1_base64="Bv9mqBf8lw7GTFgQNoD87/nmdxg="></latexit><latexit sha1_base64="Bv9mqBf8lw7GTFgQNoD87/nmdxg="></latexit><latexit sha1_base64="Bv9mqBf8lw7GTFgQNoD87/nmdxg="></latexit>

� f (A) = �CS(A)
�

<latexit sha1_base64="v4C06ikOIzYvK3zi8zCNKfbPOcU="></latexit><latexit sha1_base64="v4C06ikOIzYvK3zi8zCNKfbPOcU="></latexit><latexit sha1_base64="v4C06ikOIzYvK3zi8zCNKfbPOcU="></latexit><latexit sha1_base64="v4C06ikOIzYvK3zi8zCNKfbPOcU="></latexit><latexit sha1_base64="v4C06ikOIzYvK3zi8zCNKfbPOcU="></latexit>

s.t.
�Aµ

<latexit sha1_base64="Ti8zmHU/DyWhMKQHAgE7F+0WMH4="></latexit><latexit sha1_base64="Ti8zmHU/DyWhMKQHAgE7F+0WMH4="></latexit><latexit sha1_base64="Ti8zmHU/DyWhMKQHAgE7F+0WMH4="></latexit><latexit sha1_base64="Ti8zmHU/DyWhMKQHAgE7F+0WMH4="></latexit><latexit sha1_base64="Ti8zmHU/DyWhMKQHAgE7F+0WMH4="></latexit>

for arbitrary variation
f (A) = �(iD3D )

<latexit sha1_base64="n6blzZOQn2Llgq1tYZ7sBrntozI="></latexit><latexit sha1_base64="n6blzZOQn2Llgq1tYZ7sBrntozI="></latexit><latexit sha1_base64="n6blzZOQn2Llgq1tYZ7sBrntozI="></latexit><latexit sha1_base64="n6blzZOQn2Llgq1tYZ7sBrntozI="></latexit><latexit sha1_base64="n6blzZOQn2Llgq1tYZ7sBrntozI="></latexit>

satisfy this property.

We could not give a complete proof of                     
although there are some evidences.

f (A) = �(iD3D )
<latexit sha1_base64="n6blzZOQn2Llgq1tYZ7sBrntozI="></latexit><latexit sha1_base64="n6blzZOQn2Llgq1tYZ7sBrntozI="></latexit><latexit sha1_base64="n6blzZOQn2Llgq1tYZ7sBrntozI="></latexit><latexit sha1_base64="n6blzZOQn2Llgq1tYZ7sBrntozI="></latexit><latexit sha1_base64="n6blzZOQn2Llgq1tYZ7sBrntozI="></latexit>



Comments

In our calculation by Fujikawa’s method, we inserted complete 
basis.

We choose eigen functions of �@2 +M2 +M�4� (x4)
<latexit sha1_base64="qmEEjJJPNvp6cQbNyxRt5Z9+xOI="></latexit><latexit sha1_base64="qmEEjJJPNvp6cQbNyxRt5Z9+xOI="></latexit><latexit sha1_base64="qmEEjJJPNvp6cQbNyxRt5Z9+xOI="></latexit><latexit sha1_base64="qmEEjJJPNvp6cQbNyxRt5Z9+xOI="></latexit><latexit sha1_base64="qmEEjJJPNvp6cQbNyxRt5Z9+xOI="></latexit>

which appears in H
2
DW

<latexit sha1_base64="szZ4tyNT1sIHJbh/pqtFSVP+g+U="></latexit><latexit sha1_base64="szZ4tyNT1sIHJbh/pqtFSVP+g+U="></latexit><latexit sha1_base64="szZ4tyNT1sIHJbh/pqtFSVP+g+U="></latexit><latexit sha1_base64="szZ4tyNT1sIHJbh/pqtFSVP+g+U="></latexit><latexit sha1_base64="szZ4tyNT1sIHJbh/pqtFSVP+g+U="></latexit>

Edge localized modes 
play a crucial role.



Summary



x4
<latexit sha1_base64="cH4+ArejtYR3Jirhx1zH8O4wgpw="></latexit><latexit sha1_base64="cH4+ArejtYR3Jirhx1zH8O4wgpw="></latexit><latexit sha1_base64="cH4+ArejtYR3Jirhx1zH8O4wgpw="></latexit><latexit sha1_base64="cH4+ArejtYR3Jirhx1zH8O4wgpw="></latexit><latexit sha1_base64="cH4+ArejtYR3Jirhx1zH8O4wgpw="></latexit>0

Mass

Domain-wall setup (close to topological insulator)

I = �(HDW )
2 � �(HPV )

2
<latexit sha1_base64="JKdhEKHSdargxlpVH9YzDJOASSA="></latexit><latexit sha1_base64="JKdhEKHSdargxlpVH9YzDJOASSA="></latexit><latexit sha1_base64="JKdhEKHSdargxlpVH9YzDJOASSA="></latexit><latexit sha1_base64="JKdhEKHSdargxlpVH9YzDJOASSA="></latexit><latexit sha1_base64="JKdhEKHSdargxlpVH9YzDJOASSA="></latexit>

• We define domain-wall index

• It appears in the phase of the partition function

• We have shown by the explicit calculation that
(domain-wall index) = (APS index)



Future problem

• Give a complete proof.
The difficulty seems to come from the non-locality of �(iD3D )

<latexit sha1_base64="b4vFhpV6xjrGJ5FIJZQ6CDM32yg="></latexit><latexit sha1_base64="b4vFhpV6xjrGJ5FIJZQ6CDM32yg="></latexit><latexit sha1_base64="b4vFhpV6xjrGJ5FIJZQ6CDM32yg="></latexit><latexit sha1_base64="b4vFhpV6xjrGJ5FIJZQ6CDM32yg="></latexit><latexit sha1_base64="b4vFhpV6xjrGJ5FIJZQ6CDM32yg="></latexit>

• Including background metric, other dimensions,…


