
The index of la-ce Dirac 
operators and K-theory

            Hidenori Fukaya (Osaka U.)
Shoto Aoki(U. Tokyo), HF, Mikio Furuta (U. Tokyo), Shinichiroh 
Matsuo(Nagoya U.), Tetsuya Onogi(Osaka U.), and Satoshi 
Yamaguchi (Osaka U.), ”The index of lattice Dirac
operators and K-theory,” arXiv:2407.17708 

https://arxiv.org/abs/2407.17708


#sol with + chirality #sol with - chirality

Index theorem

we consider
U(1) or SU(N) group

What is the index of Dirac operators?

Very important both in physics and mathema2cs to understand 
gauge field topology, which is nonperturba2ve.

Topological charge
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• Physicist-friendly A1yah-Patodi-Singer (APS) index on a flat 
space [F, Onogi, Yamaguchi 2017]
• Mathema1cal proof  for the physicist-friendly APS index 

on general curved manifold [F, Furuta, Matsuo, Onogi, 
Yamaguchi, Yamashita 2019]
• Mod-two APS index [F, Furuta, Matsuki, Matsuo, Onogi, 

Yamaguchi, Yamashita 2020]

Q. How physicist-friendly?
A. We do not need to take care of chiral symmetry 
and  boundary condiBons in our formulaBon. 

Physicist-friendly index project in continuum



This work = the first lattice version.

We mathema(cally “reformulate” the standard A(yah-Singer 
index on an even-dimensional flat periodic la>ce(, whose 
con(nuum limit is the Dirac index on a torus).
In our formula(on
•  No chiral symmetry is needed : massive Wilson Dirac operator 

is enough to consider.
•  K theory is used to show equality to the con(nuum Dirac index.
•  Wider applica(on than the overlap Dirac operator.
•  Mathema(cally very nontrivial (main dish for mathema(cians).
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Nielsen-Ninomiya theorem [1981]:
If                         we cannot avoid fermion doubling.

    since the lattice discretization 

         gives unphysical poles

Ginsparg-Wilson relation [1982]

can avoid NN theorem.
But no concrete form was found in ~20 years.

Nielsen-Ninomiya theorem [1981]

�5D +D�5 = 0,
<latexit sha1_base64="N6pCde/yd/pz2gmS2wU0N8U+zPI="></latexit>

�5D +D�5 = aD�5D.
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Overlap Dirac operator [Neuberger 1998]

sa2sfies the GW rela2on: 
and the ac2on

is invariant under the modified chiral rota2on:

S =
X

x

q̄(x)Dovq(x)
<latexit sha1_base64="bhQUIPrx5pyyrkeGJLqCeLBOiAw="></latexit>

q ! ei↵�5(1�aDov)q, q̄ ! q̄ei↵�5 .
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HW = �5(DW �M)
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M = 1/a
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Dov =
1

a
(1 + �5sgn(HW ))
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�5Dov + Dov�5 = aDov�5Dov

[Luescher 1998]



Anomaly and index of the overlap Dirac operator

Moreover, it reproduces the anomaly.

and the index is well-defined:

q ! ei↵�5(1�aDov)q, q̄ ! q̄ei↵�5 .
<latexit sha1_base64="2bYJ0Hegz9QSzmG7LewUvZxDJY8="></latexit>

Dqq̄ ! exp [2i↵Tr(�5 + �5(1� aDov))/2]Dqq̄
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Overlap Dirac spectrum lies on a 
circle with radius 1/a 
For complex eigenmodes 

(therefore, no contribution to the trace).
The real 2/a (doubler poles) do not contribute.

The overlap Dirac operator index

<latexit sha1_base64="mZKnCPraMIwa+UlkqsdjC3oNN88="></latexit>
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= Tr

zero-modes
�5
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�†
��5

�
1 � aDov

2

�
�� = 0.
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But            is defined with the Wilson Dirac operator.
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HW = �5(DW �M)
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But            is defined with the Wilson Dirac operator.

What is this ???
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This quantity is known as the Atiyah-Patodi-Singer η invariant 
(of the massive Wilson Dirac operator).

η invariant of the massive Wilson Dirac operator
<latexit sha1_base64="rAimG9ZsdKZqYqTUxf8o8N9oxH8="></latexit>

= �1

2

X

�HW

sgn(�HW
) = �1

2
⌘(HW )

[A/yah, Patodi and Singer, 1975]
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M = 1/a
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In this talk, we try to show a deeper mathematical 
meaning of the right-hand side of the equality,
and try to convince you that the massive Wilson Dirac 
operator is an equally good or even better object than 
Dov to describe the gauge field topology in terms of K-
theory [Atiyah-Hilzebruch 1959, Karoubi 1978…]

The Wilson Dirac operator and K-theory
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A united manifold of spacetime (= base manifold) and 
field (fiber)

The direct product structure is realized only locally.
In general, it is “twisted” by gauge fields (connections).

In mathematics, the (isomorphism class of) total space  
is  denoted by            or

What is fiber bundle?
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�(x)
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! (x,�) 2 X ⇥ F
Space/me
= base space

Field space
= fiber space
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What is fiber bundle?  Analogy for M1 students

Figure from Wolfram Math worldX base space (space-time) 
 = your head
F fiber (field) 
 = your hair
E (= locally XxF) (total space) 
 = your hair style
Connection 
 = hair wax (local hair design)



Let us consider the case F = some vector space.

Compare two vector bundles            and   .

It was proved that the homotopy theory can completely classify 
the vector bundles. But concrete computation is very difficult.

K-theory can classify the vector bundles when their rank is large 
enough, detecting some topological invariants to characterize 
the bundles with sophisticated computational techniques (more 
powerful than the standard (de Rham) cohomology theory with 
respect to characteristic classes). 

ClassificaGon of vector bundles
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• A mathematical theory which classifies the fiber 
(vector) bundles [or more general additive categories].  

• One of generalized cohomology theories (stronger 
than ordinary cohomology) : without the dimension 
axiom: 

• It is weaker than homotopy theory but easier to 
“compute”.

What is K-theory?

<latexit sha1_base64="j2kmGf6l28acJgbK3edMxkmdKjE="></latexit>
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The element of K0(X) group is given by
[   ] denotes the equivalence class (concrete definition is given 
later).

Equivalently,  we can consider an operator and its conjugate,

 to represent the same element by  
where

* K0 group  describes classification of Dirac operator which 
anticommutes with chirality operator. 

K0(X) group
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When you are interested in global structure only,
You can forget about details of the base manifold X by taking 
“one-point compactification” by the K-theory pushforward :

Many information is lost but one (the Dirac operator index) 
remains.

K-theory pushforward (Gysin map)

<latexit sha1_base64="bazXlMniIzgMXc2Vydz8QV8zvgM="></latexit>

HE : The whole Hilbert space on which D acts.
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G : K0(X) ! K0(point)
<latexit sha1_base64="l9+iLq2MsD2NVW0mYnLG2NHwK9c=">AAACDXicZVDLSgMxFL3js9ZX1aWbYCm4KGVGRF0WH9BlBfuAmaFk0rQNTWaGJCOUoR/gyk9xJSiIWz/AlX9j2g5i2wOBwzn3cnNOEHOmtG3/WCura+sbm7mt/PbO7t5+4eCwqaJEEtogEY9kO8CKchbShmaa03YsKRYBp61geDPxW49UKhaFD3oUU1/gfsh6jGBtpE6h6N6V0W0ZeX0sBPaRpyPk1jpzopmyK/YUaJk4GSlChnqn8O11I5IIGmrCsVKuY8faT7HUjHA6znuJojEmQ9ynrqEhFlT56TTMGJWM0kW9SJoXajRV/2+kWCg1EoGZFFgP1KI3Ef+80twp3bvyUxbGiaYhmV3qJRyZyJNqUJdJSjQfGYKJZOaziAywxESbAvOmBWcx8zJpnlWci4pzf16sXmd95OAYTuAUHLiEKtSgDg0g8AQv8Abv1rP1an1Yn7PRFSvbOYI5WF+/2USY0A==</latexit>

[E,D, �] ! [HE , D, �]
The map just forgets all 
but the chiral symmetry.



“point” can be suspended to an interval:

There is an isomorphism between 

where “-1” denotes removal of the chirality operator.
Instead, the Dirac operator must become one-to-one (no zero 
mode) at the two endpoints :

Physical meaning of the isomorphism will be given soon later . 

Suspension isomorphism

<latexit sha1_base64="K9Me/WUPvQWuffoovyZzEd2mIOc=">AAACGHicZVBbSwJBGJ21m9nN6rGXIREUSnYjqkepl8QXg7yAqzI7jjo4O7PMzEay+C966qf0FBREr/XUv2nUJVIPDBzO+S7zHS9gVGnb/rESK6tr6xvJzdTW9s7uXnr/oKZEKDGpYsGEbHhIEUY5qWqqGWkEkiDfY6TuDW8mfv2BSEUFv9ejgLR81Oe0RzHSRuqkC+W2nXN9TzxGgaBcj/PQxYL3YbkdnTrjXOkEugGSmiIGSzDfSWfsgj0FXCZOTDIgRqWT/na7Aoc+4RozpFTTsQPdiiYTMSPjlBsqEiA8RH3SNJQjn6hWNL1rDLNG6cKekOZxDafq/44I+UqNfM9U+kgP1KI3Ef+87Nwq3btqRZQHoSYczzb1Qga1gJOUYJdKgjUbGYKwpOazEA+QRFibLFMmBWfx5mVSOys4FwXn7jxTvI7zSIIjcAxywAGXoAhuQQVUAQZP4AW8gXfr2Xq1PqzPWWnCinsOwRysr19r+J4A</latexit>

K0(point) ⇠= K�1(I, @I)

<latexit sha1_base64="7+uNsKGk0mP+alzy/DCWwzuZVLE=">AAAB8nicZVBNSwMxEJ2tX7V+VT16CZaCp7Iroh6LXvRWwX5gu5Rsmrah2eySzAql9F94EhTEq//Gk//GbLuIbR8EHu/NZGZeEEth0HV/nNza+sbmVn67sLO7t39QPDxqmCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxGt6nffObaiEg94jjmfkgHSvQFo2ilp05MNQoqyX23WHIr7gxklXgZKUGGWrf43elFLAm5QiapMW3PjdGfpP8xyaeFTmJ4TNmIDnjbUkVDbvzJbOMpKVulR/qRtk8hman/OyY0NGYcBrYypDg0y14q/nnlhVHYv/YnQsUJcsXmk/qJJBiR9H7SE5ozlGNLKNPCLkvYkGrK0KZUsCl4yzevksZ5xbuseA8XpepNlkceTuAUzsCDK6jCHdSgDgwUvMAbvDvovDofzue8NOdkPcewAOfrF6y2kME=</latexit>

@I

<latexit sha1_base64="1+g2ZJapPE5fnpF0duVmF+CTQLw=">AAACHXicZVDLSsNAFJ34rPUVdelmsAgupCQq6lJ8gO4UrC00IdxMJ+3gTBJmbpRS+iGu/BRXgoK4cSH+jdNaxMeBgcO553LmnjiXwqDnfThj4xOTU9OlmfLs3PzCoru0fGWyQjNeY5nMdCMGw6VIeQ0FSt7INQcVS16Pr48G8/oN10Zk6SV2cx4qaKciEQzQSpG73TyNTjbp8SYN2qAUhDSQPEEt2h0ErbNbOjAEKBQ39MwaIwwjt+JVvSHof+KPSIWMcB65b0ErY4XiKTIJxjR9L8ewBxoFk7xfDgrDc2DX0OZNS1OwYWFveFyfrlulRZNM25ciHao/N3qgjOmq2DoVYMf8nQ3E79n6ryhM9sOeSPMCecq+kpJCUszooCraEpozlF1LgGlhP0tZBzQwtIWWbQv+35v/k6utqr9b9S92KgeHoz5KZJWskQ3ikz1yQE7JOakRRu7IA3kiz8698+i8OK9f1jFntLNCfsF5/wR4jaA3</latexit>

[HE , D, �] $ [HE ⇥ I,Dt]



Interestingly, we have another isomorphism 
(Bott periodicity theorem) :

”+1” adds a Clifford generator.

In the following, we simply denote it by          .

  
In this talk,                        is the most important.

BoO periodicity theorem

<latexit sha1_base64="IXgKwoL8fouQexaZhe3szsOHsmk=">AAAB7HicZVBNSwMxEJ2tX7V+VT16CZaCp7Iroh6LXgQvFewHtGvJptk2NJssSVYoS/+CJ0FBvPqHPPlvzLaL2PbBwOO9GWbmBTFn2rjuj1NYW9/Y3Cpul3Z29/YPyodHLS0TRWiTSC5VJ8CaciZo0zDDaSdWFEcBp+1gfJv57WeqNJPi0Uxi6kd4KFjICDaZdP/koX654tbcGdAq8XJSgRyNfvm7N5AkiagwhGOtu54bGz/FyjDC6bTUSzSNMRnjIe1aKnBEtZ/Obp2iqlUGKJTKljBopv6fSHGk9SQKbGeEzUgve5n451UXVpnw2k+ZiBNDBZlvChOOjETZ52jAFCWGTyzBRDF7LCIjrDAxNp+STcFb/nmVtM5r3mXNe7io1G/yPIpwAqdwBh5cQR3uoAFNIDCCF3iDd0c4r86H8zlvLTj5zDEswPn6BZzvjc0=</latexit>

K1

<latexit sha1_base64="NIf+U47MdmMtADtobVpyOdssAzg=">AAACBHicZVDLSsNAFJ3UV62vqDvdDJZCBS2JiLosuhG6qWAf0qZlMp20QyeTMDMRSii48lNcCQri1p9w5d84TYPY9sCFwzn3cu89bsioVJb1Y2SWlldW17LruY3Nre0dc3evLoNIYFLDAQtE00WSMMpJTVHFSDMUBPkuIw13eDPxG49ESBrwezUKieOjPqcexUhpqWseVDp2sXnycAzbOOB9WOnEp/Y4Ubpm3ipZCeAisVOSBymqXfO73Qtw5BOuMENStmwrVE6MhKKYkXGuHUkSIjxEfdLSlCOfSCdOfhjDglZ60AuELq5gov6fiJEv5ch3daeP1EDOexPxzyvMrFLelRNTHkaKcDzd5EUMqgBOEoE9KghWbKQJwoLqYyEeIIGw0rnldAr2/M+LpH5Wsi9K9t15vnyd5pEFh+AIFIENLkEZ3IIqqAEMnsALeAPvxrPxanwYn9PWjJHO7IMZGF+/fXmVWA==</latexit>

K1(X,Y ) ⇠= K�1(X,Y )

<latexit sha1_base64="vXRXPi0C1C97LJWmaBSaXkZmumM=">AAAB+3icZVDLSgMxFL3js9bXVJdugqVQQcqMiLosurG4qWAf0I4lk2ba0MyDJKOUoZ/iSlAQt36JK//GTDuIbQ8EDufcV44bcSaVZf0YK6tr6xubua389s7u3r5ZOGjKMBaENkjIQ9F2saScBbShmOK0HQmKfZfTlju6Sf3WExWShcGDGkfU8fEgYB4jWGmpZxbuHu1y7bQbYaEY5qh20jOLVsWaAi0TOyNFyFDvmd/dfkhinwaKcCxlx7Yi5STpQMLpJN+NJY0wGeEB7WgaYJ9KJ5mePkElrfSRFwr9AoWm6v+OBPtSjn1XV/pYDeWil4p/XmlulfKunIQFUaxoQGabvJgjFaI0CNRnghLFx5pgIpg+FpEhFpgoHVdep2Av/nmZNM8q9kXFvj8vVq+zPHJwBMdQBhsuoQq3UIcGEHiGF3iDd2NivBofxuesdMXIeg5hDsbXL7f5ktg=</latexit>

K1(I, @I)
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#sol with + chirality #sol with - chirality

Index theorem
AGyah-Singer index

In the standard formulation, we need a massless Dirac operator 
and its zero modes with definite chirality : 
But we will show that it is isomorphic to

<latexit sha1_base64="kjYHfdWWv10Gwqbl5WI0hzXOPIY=">AAACDnicZVDLSgMxFM34rPVVdekmWAsVSpkpoi6LDyi4qWAf0BlLJk3b0CQzJBmhDP0BV36KK0FB3Lp35d+YtoPY9sCFwzn3cu89fsio0rb9Yy0tr6yurac20ptb2zu7mb39ugoiiUkNByyQTR8pwqggNU01I81QEsR9Rhr+4GrsNx6JVDQQ93oYEo+jnqBdipE2Ujtz3Kq0bwrwugDdHuIcedClAt4+2HlX8jgMqNCjk3YmaxftCeAicRKSBQmq7cy32wlwxInQmCGlWo4dai9GUlPMyCjtRoqECA9Qj7QMFYgT5cWTb0YwZ5QO7AbSlNBwov6fiBFXash908mR7qt5byz+ebmZVbp74cVUhJEmAk83dSMGdQDH2cAOlQRrNjQEYUnNsRD3kURYmwTTJgVn/udFUi8VnbNi6e40W75M8kiBQ3AE8sAB56AMKqAKagCDJ/AC3sC79Wy9Wh/W57R1yUpmDsAMrK9f/NaaHg==</latexit>

[HE , D, �] � K0(point)

<latexit sha1_base64="KIz5/yxmTqHN3PYuDg9sTr7E0Hc="></latexit>

[HE � I, �(D + m)] � K1(I, �I)



Eigenvalues of con1nuum massive Dirac operator                                

For   

For  
The eigenvalues are paired:

As                                              , we can write them

<latexit sha1_base64="Un4+JbZglY9f+FS62HtrBLuyQ5w="></latexit>

H(m)� = �5m� = ±|{z}
chirality

m�.

<latexit sha1_base64="xB8/Qb7fByYf8USI5X+i07FdwZ0="></latexit>

H(m)��m = �m��m

<latexit sha1_base64="ys4yt/hxhgLmflL5SQsWcDEmiBY="></latexit>

�m = ±
q

�2
0 +m2

<latexit sha1_base64="+ayeS926fT9KtKJmik8zpj027+Y="></latexit>

H(m) = �5(Dcont. + m)

<latexit sha1_base64="9VrjkXh8FliIK0db65pMfv7y/1k="></latexit>

Dcont.� = 0,

<latexit sha1_base64="C1zOs6/SizyO9kaJeYsZg5cuk3A="></latexit>

Dcont.� �= 0,
<latexit sha1_base64="RceVqc20tarmkq1E1nAHPOL5EGo="></latexit>

{H(m), Dcont.} = 0.

<latexit sha1_base64="cUWqxGtePaA8Opy/1c6FBsnH66g="></latexit>

H(m)Dcont.��m = ��mDcont.��m

<latexit sha1_base64="HC2Cd/tVPeAsF1yBVhHMiDhynSs="></latexit>

H(m)2 = �D2
cont. + m2

on Euclidean even-dimensional manifold.
Gauge group is U(1) or SU(N)



Spectrum of

<latexit sha1_base64="FjfJczDPV1qoOyNL4pKCkMEVHBc="></latexit>

m
<latexit sha1_base64="ydVHfwsMll9ckACVphg1Q4KTDZw="></latexit>

M
<latexit sha1_base64="Voa4UOoCE1/DxRJ3sFQ5iWx33cI="></latexit>

�M

<latexit sha1_base64="JTvtEWe6Ys5Njh0YNad5Y2CEj8E="></latexit>

�m = ±
q

�2
0 +m2

<latexit sha1_base64="Ft/QDT4YnJkmQ21YTMYboomRRJo="></latexit>

�m = +m
<latexit sha1_base64="SVbgoWU1rNBWsxZAH+z7vIlhKTQ="></latexit>

�m = �m
<latexit sha1_base64="riQeoE1y7xssVSPXmdOMsTCJtS8="></latexit>

n+ modes
<latexit sha1_base64="gl/vAqtkd9tTFJwLAdzYMRFlqK0="></latexit>

n� modes

�m
<latexit sha1_base64="cK0yn+LV8bKVBkGQUgGZAoWFVLQ="></latexit><latexit sha1_base64="cK0yn+LV8bKVBkGQUgGZAoWFVLQ="></latexit><latexit sha1_base64="cK0yn+LV8bKVBkGQUgGZAoWFVLQ="></latexit><latexit sha1_base64="cK0yn+LV8bKVBkGQUgGZAoWFVLQ="></latexit>

<latexit sha1_base64="+ayeS926fT9KtKJmik8zpj027+Y="></latexit>

H(m) = �5(Dcont. + m)



Spectral flow = A1yah-Singer index = η invariant
= # of zero-crossing eigenvalues from - to +

 = # of zero-crossing eigenvalues from + to -

           =: spectral flow of 

Equivalent to the eta invariant: whenever an eigenvalue 
crosses zero,
                               jumps by two.

<latexit sha1_base64="KW02skoib1LYEIc3sAmzN3EEM4I="></latexit>n+
<latexit sha1_base64="h64aapXiru0b91Y+vGAMb4iqmiY="></latexit>

n�
<latexit sha1_base64="H0yDG4rSBytwPnpSC4ts6qrr4EM="></latexit>n+ � n�

<latexit sha1_base64="/bRAc5/mE2Y+nChukySX3Jl53RE="></latexit>

H(m) m 2 [�M,M ]

<latexit sha1_base64="oF4MioKbRAgyZApMSAQIV+ZrUko="></latexit>

⌘(H(m))
<latexit sha1_base64="KCsPYKO8BopnMb4qMIYjqiKTt/c="></latexit>

1

2
⌘(H(M))� 1

2
⌘(H(�M)) = n+ � n�.

Pauli-Villars subtrac/on

<latexit sha1_base64="+ayeS926fT9KtKJmik8zpj027+Y="></latexit>

H(m) = �5(Dcont. + m)



Suspension isomorphism in K theory

With chirality operator Without chirality operator
point line=interval

Massless=
coun2ng index 
by points

Massive=
coun2ng 
index by lines

⇨  The two defini2ons of the index agree.

<latexit sha1_base64="FjfJczDPV1qoOyNL4pKCkMEVHBc="></latexit>

m
<latexit sha1_base64="ydVHfwsMll9ckACVphg1Q4KTDZw="></latexit>

M
<latexit sha1_base64="Voa4UOoCE1/DxRJ3sFQ5iWx33cI="></latexit>

�M

<latexit sha1_base64="JTvtEWe6Ys5Njh0YNad5Y2CEj8E="></latexit>

�m = ±
q

�2
0 +m2

<latexit sha1_base64="Ft/QDT4YnJkmQ21YTMYboomRRJo="></latexit>

�m = +m
<latexit sha1_base64="SVbgoWU1rNBWsxZAH+z7vIlhKTQ="></latexit>

�m = �m
<latexit sha1_base64="riQeoE1y7xssVSPXmdOMsTCJtS8="></latexit>

n+ modes
<latexit sha1_base64="gl/vAqtkd9tTFJwLAdzYMRFlqK0="></latexit>

n� modes

�m
<latexit sha1_base64="cK0yn+LV8bKVBkGQUgGZAoWFVLQ="></latexit><latexit sha1_base64="cK0yn+LV8bKVBkGQUgGZAoWFVLQ="></latexit><latexit sha1_base64="cK0yn+LV8bKVBkGQUgGZAoWFVLQ="></latexit><latexit sha1_base64="cK0yn+LV8bKVBkGQUgGZAoWFVLQ="></latexit>

<latexit sha1_base64="K9Me/WUPvQWuffoovyZzEd2mIOc=">AAACGHicZVBbSwJBGJ21m9nN6rGXIREUSnYjqkepl8QXg7yAqzI7jjo4O7PMzEay+C966qf0FBREr/XUv2nUJVIPDBzO+S7zHS9gVGnb/rESK6tr6xvJzdTW9s7uXnr/oKZEKDGpYsGEbHhIEUY5qWqqGWkEkiDfY6TuDW8mfv2BSEUFv9ejgLR81Oe0RzHSRuqkC+W2nXN9TzxGgaBcj/PQxYL3YbkdnTrjXOkEugGSmiIGSzDfSWfsgj0FXCZOTDIgRqWT/na7Aoc+4RozpFTTsQPdiiYTMSPjlBsqEiA8RH3SNJQjn6hWNL1rDLNG6cKekOZxDafq/44I+UqNfM9U+kgP1KI3Ef+87Nwq3btqRZQHoSYczzb1Qga1gJOUYJdKgjUbGYKwpOazEA+QRFibLFMmBWfx5mVSOys4FwXn7jxTvI7zSIIjcAxywAGXoAhuQQVUAQZP4AW8gXfr2Xq1PqzPWWnCinsOwRysr19r+J4A</latexit>

K0(point) ⇠= K�1(I, @I)



With chiral symmetry breaking regularization (on a lattice),  
counting points (massless) is difficult but  counting lines 
(massive) still works.

Standard 
defini:on:
Where is 
m=0? 
What are zero 
modes?

Eta invariant:
If m= ± M points 
are gapped, we 
can s:ll count the 
crossing lines.

<latexit sha1_base64="FjfJczDPV1qoOyNL4pKCkMEVHBc="></latexit>

m

�m
<latexit sha1_base64="cK0yn+LV8bKVBkGQUgGZAoWFVLQ="></latexit><latexit sha1_base64="cK0yn+LV8bKVBkGQUgGZAoWFVLQ="></latexit><latexit sha1_base64="cK0yn+LV8bKVBkGQUgGZAoWFVLQ="></latexit><latexit sha1_base64="cK0yn+LV8bKVBkGQUgGZAoWFVLQ="></latexit>

Note)  this fact is known even before 
overlap Dirac by Itoh-Iwasaki-Yoshie 
1982 and other literature, but its 
mathema/cal meaning was not 
discussed. See also Adams, Kikukawa-
Yamada, Luescher, Fujikawa, and Suzuki
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Dirac operator in con1nuum theory
E : Complex vector bundle
Base manifold M: 2n-dimensional flat torus T2n 
Fiber F : vector space of rank r with a Hermi1an metric
Connec1on :  Parallel transport with gauge field
D : Dirac operator on sec1ons of E

Chirality (Z2 grading) operator: 

<latexit sha1_base64="Qool3+onAH0t8BWi9SVsBbYt5jc="></latexit>

{�, D} = 0, {�, �i} = 0.

<latexit sha1_base64="PIrxyvTPQ7xR2/09INhrVbeH5q4="></latexit>

Dcont. = �i(�i + Ai)

<latexit sha1_base64="c9O4c0xiWe4mP1IN4zHg5fCXqpA="></latexit>

Ai

<latexit sha1_base64="cH7/NAOb0VSWDliq/YX1N36Y69Y="></latexit>

� = in
�

i

�i



Wilson Dirac operator on a laCce
We regularize T2n  is by a square laOce with laOce spacing              
(The fiber  is s1ll con1nuous.)
We denote the bundle by          and
link variables : 

<latexit sha1_base64="Brn9X6P8snbqv1OA4zQrtVfenrU="></latexit>

a

<latexit sha1_base64="BfvW4/3bRzzRit4VYvEgtw7c8CM="></latexit>

Ea
<latexit sha1_base64="2FuJlpcE6qoBa+rcVX+0sfb7Cko="></latexit>

Uk(x) = P exp


i

Z a

0
Ak(x

0)dl

�
,

Wilson term

<latexit sha1_base64="/4fkIkHbKH1xuK8VOzadfGNq6QA="></latexit>

DW =
X

i

"
�ir

f
i +rb

i

2
�a

2
rf

i r
b
i

#

<latexit sha1_base64="ib9d5VZHa24t3AVvnG8hA0pJyYI="></latexit>

arf
i  (x) = Ui(x) (x+ ei)�  (x)

<latexit sha1_base64="KI45EOKX0fJvSz5tATYCXiIRfCY="></latexit>

arb
i (x) =  (x)� U†

i (x� ei) (x� ei)

Note: In our paper, we 
consider ”generalized 
link variables” to 
determine the gauge 
fields both in con/nuum 
and on a laXce 
simultaneously. But the 
standard Wilson line 
works, too. 



DefiniBon of                      group
<latexit sha1_base64="kyhTmyOHrY2UPFBNQVvV+/rjoSg="></latexit>

K1(I, @I)
Let us consider a Hilbert bundle with 
  Base space         =  range of mass [-M, M]  
   boundary          = ±M  points 
  Fiber  space            =  Hilbert space to which D acts
              : one-parameter family labeled by m.

We assume that           has no zero mode.
The group element is given by equivalence classes of the pairs:
               having the same spectral flow.
Note: K1 group does NOT require any chirality operator.

<latexit sha1_base64="8gPR0lq5ppKrY3oElNe5cj0DpN4="></latexit>

Dm

<latexit sha1_base64="tw3IWjtCk1/SRvX8gJM90G0IGqU="></latexit>

I
<latexit sha1_base64="82EJSMxmBnBg4gMlM/u4GGpZsws="></latexit>

@I

<latexit sha1_base64="FeLwwALGNMKP6wpXDsr9SoyqqQg="></latexit>

D±M

<latexit sha1_base64="XYnpjDoXglLv9nCAF7bzL59iEbg="></latexit>

H

<latexit sha1_base64="ubrt5HyBJ0OuANad/0U53r+kLzg="></latexit>

[(H, Dm)]



DefiniBon of                      group
<latexit sha1_base64="kyhTmyOHrY2UPFBNQVvV+/rjoSg="></latexit>

K1(I, @I)

Group opera1on:

Iden1ty element:

We  compare    and          
taking their difference, and confirm if the laOce-con1nuum combined 
Dirac operator

has Spectral flow =0  where                      are “mixing mass term” with 
some “nice” mathema1cal proper1es (see our paper for the details).

<latexit sha1_base64="/BOcbPxSXfKZukTMEU+3znj5lOc="></latexit>

f⇤
a

<latexit sha1_base64="91yyr11v4jjhqRlnX16Ej5R3SKw="></latexit>

fa

<latexit sha1_base64="6dWDJPCPq2Ut2plo588XPSPmEho="></latexit>

[(Hcont., �(Dcont. + m))]
<latexit sha1_base64="gWL+VXLbffBq7dUePoShgQCibbg="></latexit>

[(Hlat., �(DW + m))]

<latexit sha1_base64="fUw8jsdbB+d4cCWWJnNsMtLOAYU="></latexit>

D̂ =

�
�(Dcont. + m) fa

f�
a ��(DW + m)

�

<latexit sha1_base64="mNMC+zfvlTSXIoS9+rKSjXZNLoc="></latexit>

[(H1, D1
m)} ± {(H2, D2

m)] = [(H1 � H2,

�
D1

m

±D2
m

�
)]

<latexit sha1_base64="8zk8AguegfFQ0y1RQh7suOrISaQ="></latexit>

[(H, Dm)]|Spec.flow=0



Main theorem
Consider a con1nuum-laOce combined Dirac operator

on the path P :                     

<latexit sha1_base64="6Hq1hHGZNxGmfp21PNxuQV2EUSw=">AAAB6XicZVBNS8NAEJ3Ur1q/qh69LJaCp5KIqMeiF48t2A9oQ9lsJ+3SzSbsboQS+gs8CQri1Z/kyX/jtg1i7YOBx3szzMwLEsG1cd1vp7CxubW9U9wt7e0fHB6Vj0/aOk4VwxaLRay6AdUouMSW4UZgN1FIo0BgJ5jcz/3OEyrNY/lopgn6ER1JHnJGjZWa0aBccWvuAmSdeDmpQI7GoPzVH8YsjVAaJqjWPc9NjJ9RZTgTOCv1U40JZRM6wp6lkkao/Wxx6IxUrTIkYaxsSUMW6t+JjEZaT6PAdkbUjPV/by7+etWVVSa89TMuk9SgZMtNYSqIicn8bTLkCpkRU0soU9weS9iYKsqMDadkU/D+/7xO2pc177rmNa8q9bs8jyKcwTlcgAc3UIcHaEALGCA8wyu8ORPnxXl3PpatBSefOYUVOJ8/VhyNIg==</latexit>m<latexit sha1_base64="4e582fYwNEjinK/njFUWB87tDYU=">AAAB6nicZVDLSgNBEOz1GeMr6tHLYAgIQtgVUY9BL16EKOYByRJmJ73JkNnZZWZWCCF/4ElQEK/+kSf/xkmyiEkKGoqqbrq7gkRwbVz3x1lZXVvf2Mxt5bd3dvf2CweHdR2nimGNxSJWzYBqFFxizXAjsJkopFEgsBEMbid+4xmV5rF8MsME/Yj2JA85o8ZKj2f3nULRLbtTkGXiZaQIGaqdwne7G7M0QmmYoFq3PDcx/ogqw5nAcb6dakwoG9AetiyVNELtj6aXjknJKl0SxsqWNGSq/p8Y0UjrYRTYzoiavl70JuKfV5pbZcJrf8RlkhqUbLYpTAUxMZn8TbpcITNiaAllittjCetTRZmx6eRtCt7iz8ukfl72Lsvew0WxcpPlkYNjOIFT8OAKKnAHVagBgxBe4A3eHeG8Oh/O56x1xclmjmAOztcvi+ONNw==</latexit>

+M
<latexit sha1_base64="IT/qdF8qNdPW8g6Igjw4i2w08WY=">AAAB6nicZVDLSgNBEOz1GeMr6tHLYAh4MeyKqMegFy9CFPOAZAmzk95kyOzsMjMrhJA/8CQoiFf/yJN/4yRZxCQFDUVVN91dQSK4Nq7746ysrq1vbOa28ts7u3v7hYPDuo5TxbDGYhGrZkA1Ci6xZrgR2EwU0igQ2AgGtxO/8YxK81g+mWGCfkR7koecUWOlx7P7TqHolt0pyDLxMlKEDNVO4bvdjVkaoTRMUK1bnpsYf0SV4UzgON9ONSaUDWgPW5ZKGqH2R9NLx6RklS4JY2VLGjJV/0+MaKT1MApsZ0RNXy96E/HPK82tMuG1P+IySQ1KNtsUpoKYmEz+Jl2ukBkxtIQyxe2xhPWposzYdPI2BW/x52VSPy97l2Xv4aJYucnyyMExnMApeHAFFbiDKtSAQQgv8AbvjnBenQ/nc9a64mQzRzAH5+sXju+NOQ==</latexit>�M

<latexit sha1_base64="cTYYXtw9BuSKCBJ0TbO3aLndpQI=">AAAB6XicZVBNS8NAEN3Ur1q/qh69LJaCp5KIqMeiF48t2A9oQ9lsJ+3SzSbsToQS+gs8CQri1Z/kyX/jtg1i7YOBx3szzMwLEikMuu63U9jY3NreKe6W9vYPDo/KxydtE6eaQ4vHMtbdgBmQQkELBUroJhpYFEjoBJP7ud95Am1ErB5xmoAfsZESoeAMrdTEQbni1twF6DrxclIhORqD8ld/GPM0AoVcMmN6npugnzGNgkuYlfqpgYTxCRtBz1LFIjB+tjh0RqtWGdIw1rYU0oX6dyJjkTHTKLCdEcOx+e/NxV+vurIKw1s/EypJERRfbgpTSTGm87fpUGjgKKeWMK6FPZbyMdOMow2nZFPw/v+8TtqXNe+65jWvKvW7PI8iOSPn5IJ45IbUyQNpkBbhBMgzeSVvzsR5cd6dj2VrwclnTskKnM8fYL+NKQ==</latexit>

t

<latexit sha1_base64="FCPjC2kOWIYSHtMt0rBguV8dhN4=">AAAB6XicZVBNS8NAEJ3Ur1q/qh69LJaCp5KIqMeiF48t2A9oQ9lsJ+3SzSbsboQS+gs8CQri1Z/kyX/jtg1i7YOBx3szzMwLEsG1cd1vp7CxubW9U9wt7e0fHB6Vj0/aOk4VwxaLRay6AdUouMSW4UZgN1FIo0BgJ5jcz/3OEyrNY/lopgn6ER1JHnJGjZWa7qBccWvuAmSdeDmpQI7GoPzVH8YsjVAaJqjWPc9NjJ9RZTgTOCv1U40JZRM6wp6lkkao/Wxx6IxUrTIkYaxsSUMW6t+JjEZaT6PAdkbUjPV/by7+etWVVSa89TMuk9SgZMtNYSqIicn8bTLkCpkRU0soU9weS9iYKsqMDadkU/D+/7xO2pc177rmNa8q9bs8jyKcwTlcgAc3UIcHaEALGCA8wyu8ORPnxXl3PpatBSefOYUVOJ8/+VyM5Q==</latexit>

0

<latexit sha1_base64="FxtVUYkcDVW106SggOupRMwu8EA=">AAAB6XicZVBNS8NAEJ3Ur1q/qh69LJaCp5KIqMeiF48t2A9oQ9lsJ+3SzSbsboQS+gs8CQri1Z/kyX/jtg1i7YOBx3szzMwLEsG1cd1vp7CxubW9U9wt7e0fHB6Vj0/aOk4VwxaLRay6AdUouMSW4UZgN1FIo0BgJ5jcz/3OEyrNY/lopgn6ER1JHnJGjZWa3qBccWvuAmSdeDmpQI7GoPzVH8YsjVAaJqjWPc9NjJ9RZTgTOCv1U40JZRM6wp6lkkao/Wxx6IxUrTIkYaxsSUMW6t+JjEZaT6PAdkbUjPV/by7+etWVVSa89TMuk9SgZMtNYSqIicn8bTLkCpkRU0soU9weS9iYKsqMDadkU/D+/7xO2pc177rmNa8q9bs8jyKcwTlcgAc3UIcHaEALGCA8wyu8ORPnxXl3PpatBSefOYUVOJ8/+uGM5g==</latexit>

1

P

<latexit sha1_base64="rcGFHVM8RVI1FTwVVY7Tll718TI="></latexit>

D̂ =

�
�(Dcont. + m) tfa

tf�
a ��(DW + m)

�



Main theorem
There exists  a finite laOce spacing        such that for any   

    
               
is inver1ble (having no zero mode) on the staple-shaped path P  
[which is a sufficient condi1on for Spec.flow=0]
⇨                  have the same spec.flow

⇨  
<latexit sha1_base64="EpwO8eKCtj59htVEnj/O+j+LuzQ=">AAACsXichVFNSxtBGH5crdXYatSL0MtiUOLBMKutilAQ7cFDhahNorg2zq6TdMl+sTsJ1SV/wD/QQ08tiBRv/gUv/gGhHttb6VGhlx58d7NQWtG+w8y888zzvPPMjOHbVigZu+pSunse9T7u688MPHk6OJQdHimHXjMwRcn0bC/YMngobMsVJWlJW2z5geCOYYuK0ViJ9ystEYSW576RB77YdXjdtWqWySVB1 exrvRZwM9La0UxbF5Ln9Tp3HJ5/Nb02NfVWl+K9jIplNRD1Qlt9qd7HrlZifjWbYwWWhHo30dIkhzSKXvYEOvbhwUQTDgRcSMptcITUdqCBwSdsFxFhAWVWsi/QRoa0TWIJYnBCGzTWabWToi6t45phojbpFJt6QEoVE+ySfWHX7IKdsh/s9721oqRG7OWAZqOjFX516Ghs89d/VQ7NEu/+qB70LFHDQuLVIu9+gsS3MDv61uGH683FjYlokn1mP8n/J3bFzukGbuvGPF4XGx+RoQ/Q/n3uu0l5pqDNFV6sP88tLadf0YdnGEee3nseS1hFESU69wxf8Q3flVllW9lTjA5V6Uo1o/grlMYtqESlxg==</latexit>

1

2
⌘(�(D �M))PV reg. =

1

2
⌘(�(DW �M))

The con1nuum and laOce indices agree.

<latexit sha1_base64="Ie4zpiZ15MY9ajiGmdjVLfKbTk4=">AAAB63icZVDLSgNBEOyNrxhfUY9eBkPAU9gVUY9BLx4jmgckS5idzCZD5rHMzAphySd4EhTEq1/kyb9xkixiTEFDUdVNd1eUcGas7397hbX1jc2t4nZpZ3dv/6B8eNQyKtWENoniSncibChnkjYts5x2Ek2xiDhtR+Pbmd9+otowJR/tJKGhwEPJYkawddID7vv9csWv+XOgVRLkpAI5Gv3yV2+gSCqotIRjY7qBn9gww9oywum01EsNTTAZ4yHtOiqxoCbM5qdOUdUpAxQr7UpaNFf/TmRYGDMRkesU2I7Mf28m/nrVpVU2vg4zJpPUUkkWm+KUI6vQ7HE0YJoSyyeOYKKZOxaREdaYWBdPyaUQ/P95lbTOa8FlLbi/qNRv8jyKcAKncAYBXEEd7qABTSAwhGd4hTdPeC/eu/exaC14+cwxLMH7/AFoJ425</latexit>a0
<latexit sha1_base64="oyXboPXvfdp5mH5YTJUJC2mUKvM=">AAAB7XicZVBNS8NAEJ3Ur1q/qh69BEvBU0lE1IOHohePFUxbaEOZbDft0s1u2N0IpfQ3eBIUxKs/yJP/xm0bxNoHA4/3ZpiZF6WcaeN5305hbX1jc6u4XdrZ3ds/KB8eNbXMFKEBkVyqdoSaciZoYJjhtJ0qiknEaSsa3c381hNVmknxaMYpDRMcCBYzgsZKAd5gz+uVK17Nm8NdJX5OKpCj0St/dfuSZAkVhnDUuuN7qQknqAwjnE5L3UzTFMkIB7RjqcCE6nAyP3bqVq3Sd2OpbAnjztW/ExNMtB4nke1M0Az1f28m/nrVpVUmvg4nTKSZoYIsNsUZd410Z6+7faYoMXxsCRLF7LEuGaJCYmxAJZuC///nVdI8r/mXNf/holK/zfMowgmcwhn4cAV1uIcGBECAwTO8wpsjnRfn3flYtBacfOYYluB8/gCi045q</latexit>

a < a0
<latexit sha1_base64="rcGFHVM8RVI1FTwVVY7Tll718TI="></latexit>

D̂ =

�
�(Dcont. + m) tfa

tf�
a ��(DW + m)

�

<latexit sha1_base64="NC7SGWEhdV+Srt6Gj8QcXH6Bj/k="></latexit>

�(Dcont. + m), �(DW + m)



Proof (by contradicBon)
Assume 

has  zero mode(s) at arbitrarily small laOce spacing.
⇨  For a decreasing series of

 

is kept.

<latexit sha1_base64="HnGzyrF3iuWpSJm3e0Ycb0zLssc="></latexit>

{aj}

<latexit sha1_base64="rcGFHVM8RVI1FTwVVY7Tll718TI="></latexit>

D̂ =

�
�(Dcont. + m) tfa

tf�
a ��(DW + m)

�

<latexit sha1_base64="AyiqXPP8FBuTZS2hy7UHIj33FFo="></latexit>�
�(Dcont. + mj) tjfaj

tjf�
aj

��(D
aj

W + mj)

��
uj

vj

�
= 0



ConBnuum limit

Mul1plying                                  and taking the con1nuum limit 

is obtained.

requires 

<latexit sha1_base64="d0Z0O5omjt832fiUbzW8IwnhMmY="></latexit>✓
1

faj

◆

are 
            weakly convergent
=   
            strongly convergent
(Rellich’s theorem)

<latexit sha1_base64="NKT/NCwNjs2ey3gbIPd57QX+eZ4="></latexit>

L2
1

<latexit sha1_base64="9uljgjXN0H6LhoEKFAHg8jnn5Cc="></latexit>

L2

<latexit sha1_base64="Fk636LocXHQNyUWMPCHaOUeATiE="></latexit>

u1, v1

<latexit sha1_base64="Ioxb5PzXWH0gJpNXzZFJI0Ge5Vc="></latexit>

m1 = t1 = 0.

Contradic:on with                                along the path P.
<latexit sha1_base64="IoHUN8GU4/AHvwLVJzUx1pErs8w="></latexit>

m2 + t2 > 0

<latexit sha1_base64="jvHFsE8iL2A9iJPotkCfxNvWE2I="></latexit>�
�(Dcont. + m�) t�

t� ��(Dcont. + m�)

��
u�
v�

�
= 0

<latexit sha1_base64="3wRootojuEI7pTbu5eSYNc+Lyl8="></latexit>

D̂2
� = D2

cont. + m2
� + t2�



MathemaBcal details

Because of  1me limita1on, we may not be able to  explain the followings. 

• The map                       between laOce and con1nuum Hilbert spaces
• Convergence of 
• Convergence of  
• Ellip1c es1mate for the Wilson Dirac operator
• Relich theorem

Please see our paper [S. Aoki, HF, M. Furuta, S. Matsuo, T. Onogi, S. Yamaguchi, arXiv:2407.17708 ] 

<latexit sha1_base64="mxWQMJ5tSFOJxLSCgh3AOEsZso4=">AAAB8nicZVDLSgNBEOyNrxhfUY9eBkNARMKuiHoMevEYwTwwiWF2MpsMmZ1dZnqFsOQvPAkK4tW/8eTfOHkgJimYoajqprvLj6Uw6Lo/TmZldW19I7uZ29re2d3L7x/UTJRoxqsskpFu+NRwKRSvokDJG7HmNPQlr/uD27Fff+baiEg94DDm7ZD2lAgEo2ilx6BDz4j9nk47+YJbcicgy8SbkQLMUOnkv1vdiCUhV8gkNabpuTG2U6pRMMlHuVZieEzZgPZ401JFQ27a6WTjESlapUuCSNunkEzU/x0pDY0Zhr6tDCn2zaI3Fv+84twoDK7bqVBxglyx6aQgkQQjMr6fdIXmDOXQEsq0sMsS1qeaMrQp5WwK3uLNy6R2XvIuS979RaF8M8sjC0dwDCfgwRWU4Q4qUAUGCl7gDd4ddF6dD+dzWppxZj2HMAfn6xfLbZAv</latexit>

fa, f
⇤
a

<latexit sha1_base64="/YjAqfik8W252By2YweUKFwDsr8=">AAACDnicZVBNS8MwGE7n15xfVY9egnMgIqUVUWGXoRePE9wHrLWkWbqFpWlJUmGU/QFP/hRPgoJ49e7Jf2PWDXHbSxIenud9efM8QcKoVLb9YxSWlldW14rrpY3Nre0dc3evKeNUYNLAMYtFO0CSMMpJQ1HFSDsRBEUBI61gcDPWW49ESBrzezVMiBehHqchxUhpyjePQh/p83ACXRVD59StulWYE/qZcBb0zbJt2XnBReBMQRlMq+6b3243xmlEuMIMSdlx7ER5GRKKYkZGJTeVJEF4gHqkoyFHEZFelrsZwYpmujCMhb5cwZz9P5GhSMphFOjOCKm+nNfG5J9WmVmlwisvozxJFeF4silMGdQux9nALhUEKzbUAGFB9Wch7iOBsNIJlnQKzrznRdA8s5wLy7k7L9eup3kUwQE4BMfAAZegBm5BHTQABk/gBbyBd+PZeDU+jM9Ja8GYzuyDmTK+fgFx05kU</latexit>

faf
⇤
a ! 1, f⇤

afa ! 1.
<latexit sha1_base64="46ON42BfMxXyCFJrnkjnX12zNGc=">AAACB3icZVDLSgMxFM34rPU16lKEYCmIizIjoi6LduGygn1AZxwyaaYNTTJDkhHK0JUrP8WVoCBu/QZX/o1pO4htL4QczrmXe88JE0aVdpwfa2l5ZXVtvbBR3Nza3tm19/abKk4lJg0cs1i2Q6QIo4I0NNWMtBNJEA8ZaYWDm7HeeiRS0Vjc62FCfI56gkYUI22owD6KAvRwWgta5oeejmEtyDzJIY6FrowCu+RUnEnBReDmoATyqgf2t9eNccqJ0JghpTquk2g/Q1JTzMio6KWKJAgPUI90DBSIE+VnExsjWDZMF0axNE9oOGH/T2SIKzXkoenkSPfVvDYm/7TyzCodXfkZFUmqicDTTVHKoPE7DgV2qSRYs6EBCEtqjoW4jyTC2kRXNCm4854XQfOs4l5U3LvzUvU6z6MADsExOAEuuARVcAvqoAEweAIv4A28W8/Wq/VhfU5bl6x85gDMlPX1CyvOmCM=</latexit>

f⇤
aDW fa ! Dcont.

https://arxiv.org/abs/2407.17708


<latexit sha1_base64="91yyr11v4jjhqRlnX16Ej5R3SKw="></latexit>

fa
<latexit sha1_base64="xTnh32fsLk83J2VZjlyK9tZvX+M="></latexit>

fa : H lat. ! H
cont.

From finite-dimensional vector bundle on a discrete laOce  
we need to make infinite-dimensional vector bundle on 
con1nuous x :

<latexit sha1_base64="pIxzQma+n9tcl8X7hpTeUVb4aS4="></latexit>

Cx

: linear par66on of unity s.t.

<latexit sha1_base64="lzavRyTx6YiUBZjKmvEbs33vSd0="></latexit>

x
<latexit sha1_base64="6dByVY7HiemZw6WIXSMYR7P3Vrc="></latexit>

l
<latexit sha1_base64="jgfldpOBx4sWkpY4vXg8Wgjd63o="></latexit>

P (x� l) = P exp


i

Z x

l
dx0iAi(x

0)

�
:  a hyper cube containing            .          : la,ce sites

<latexit sha1_base64="uABc9soyyUzcizdPuGuI5LG+4Rc="></latexit> X

l2Cx

�l(x) = 1.

<latexit sha1_base64="BKE61hnBtEdbseAkz1O5TXxKO+I="></latexit>

�(x� l)

<latexit sha1_base64="J3eFDkP4Glypu9qvyfh0DUi8gLc="></latexit>

fa�
lat.(x) =

X

l2Cx

�(x� l)P (x� l)�lat.(l)

Wilson line.

<latexit sha1_base64="FBAT56XV1BqKlfGLZpBYFjp6bhs="></latexit>

�(x � 1)

<latexit sha1_base64="KRFDa9rlmQd07DFKU+szQVyxwRU="></latexit>

x

<latexit sha1_base64="R2zms3VCW9qklc5w5n3ydSVwzSM=">AAACC3icZZDLSgMxFIYz9VbrrerSTbQUWihlpoi6KRTduKxgL9AZhkx62oYmM0OSEUrp2pWP4kpQELc+gSvfxvSC2PpD4OM/53By/iDmTGnb/rZSa+sbm1vp7czO7t7+QfbwqKmiRFJo0IhHsh0QBZyF0NBMc2jHEogIOLSC4c203noAqVgU3utRDJ4g/ZD1GCXaWH721A1Ak4JdrDolPGc3Fphg8F2RFKt2yc/m7LI9E/4PzgJyaKG6n/1yuxFNBISacqJUx7Fj7Y2J1IxymGTcREFM6JD0oWMwJAKUN56dMsF543RxL5LmhRrP3L8TYyKUGonAdAqiB2q1NjV/a/mlVbp35Y1ZGCcaQjrf1Es41hGeBoO7TALVfGSAUMnMZzEdEEmoNvFlTArO6s3/oVkpOxflyt15rna9yCONTtAZKiAHXaIaukV11EAUPaJn9IrerCfrxXq3PuatKWsxc4yWZH3+AIkRmBg=</latexit>

�(0) = 1, �(±aeµ) = 0,



Is defined by

 

Note)               is not the iden1ty but smeared to nearest-
neighbor sites. (The gauge invariance is maintained by the 
Wilson lines.)

<latexit sha1_base64="xnZztzcQSWzwSiXqwlJ4kIe31pQ="></latexit>

f
⇤
a : Hcont. ! H

lat.

<latexit sha1_base64="xcg5hqAjNuDXi8Bmovo1g7hQy3E="></latexit>

f⇤
afa

<latexit sha1_base64="/BOcbPxSXfKZukTMEU+3znj5lOc="></latexit>

f⇤
a

<latexit sha1_base64="7jsrkhj4k2Na1bPOfy4/I3HFfxw="></latexit>

f⇤
a�

cont.(l) =

Z

y2Cl

dy�(l � y)P (l � y)�cont.(y)



ConBnuum limit of 
1. For arbitrary                  
               weakly converges to a 
   where      is the square-integrable  subspace of
     to the first deriva6ves. 

2.                                                  weakly converges to  
             
3.  There exists c s.t. 

4. For any ,
converges to                        and  

<latexit sha1_base64="/BOcbPxSXfKZukTMEU+3znj5lOc="></latexit>

f⇤
a

<latexit sha1_base64="91yyr11v4jjhqRlnX16Ej5R3SKw="></latexit>

fa
<latexit sha1_base64="39On8yRQzb/Zc1sxt51GTeJGCgI="></latexit>

�lat.
<latexit sha1_base64="nvlU3oDD6h1Ll7eBkl5xjjLgo8Q="></latexit>

lim
a!0

fa�
lat.

<latexit sha1_base64="EXvBW0RWMuSN/yvl7+pJuBn5l8Y="></latexit>

L2
1

<latexit sha1_base64="IBbrIKg9aRort0WNoXx9fDf7vFQ="></latexit>

H
cont.

<latexit sha1_base64="z90zzGDVSNF+zdPdOJNPRjAI2vg="></latexit>

lim
a!0

fa�(DW +m)�lat.

<latexit sha1_base64="Ii6WohJcBmBKS7z6lQ+9tORe+1Y="></latexit>

�cont.
0 2 L2

1

<latexit sha1_base64="UFXrtSzPeuWQ4ZDx6vXjXZCkDZE="></latexit>
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Ellip1c es1mate
In con1nuum theory, For any  and i,  
a constant c exists such that

When a covariant deriva1ve is large、D is also large.
This property is nontrivial on a laOce.

Doubler modes have small Dirac eigenvalue with large wave 
number.
->   Wilson term is mathema1cally important, too!
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By 
for sufficiently small 
lattice spacings

Wilson Dirac operator is equally good as Dov to 
describe the index.
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Periodic b.c. 

Dirichlet b.c. (Shamir domain-wall fermion) we can show

But the overlap Dirac is missing because Ginsparg-Wilson 
rela2on is broken by the boundary [Luescher 2006].

Applica'on to the manifolds with boundaries
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Mori, Nakayama, Onogi, Yamaguchi 2019].



Real Dirac operators and the mod-two index
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For general complex Dirac operators,

For real Dirac operators, for example, in SU(2) gauge 
theory in 5D (origin of WiWen anomaly),  we will be able to show
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But there is no overlap Dirac counterpart. 
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 Coun6ng lines (massive, K1) is easier than coun6ng points (massless, K0).
5. Main theorem on a laOce

 The  proof is given by la,ce-con6nuum combined Dirac operator, which is gapped.
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We have shown a deeper mathematical meaning of the 
right-hand side of the equality,
and that the massive Wilson Dirac operator is an equally 
good or even better object than Dov to describe the 
gauge field topology in terms of K-theory [Atiyah-Hilzebruch 
1959, Karoubi 1978…]

Summary
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Backup slides



What are the weak convergence and 
strong convergence?

The sequence     weakly converges to
when for arbitrary  

Note)                                                is weakly convergent. 

Strong convergence means

Rellich’s theorem:
            weak convergence =    convergence
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