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Let me introduce myself first.
My major is par,cle physics, in par,cular, numerical simula,on of la5ce 
QCD(quantum chromo-dynamics).

During 2009-2010 I was an assistant professor here in Nagoya U. specially 
appointed for the GCOE program “Quest for Fundamental Principles in 
the Universe”.
At the interview,  Prof. Naoshi Sugiyama asked me that 
“In this GCOE program, please study something interdisciplinary among 
different fields.”  
I tried but I could not write any papers, which was my regret.

But aXer >10 years, I finally found something interdisciplinary with 
mathema,cians  and wrote some papers. This talk on a work using K-
theory is one of them.



#sol with + chirality #sol with - chirality

Index theorem

we consider
U(1) or SU(N) group

What is the index of Dirac operators ?

Important both in physics and mathema2cs to understand 
gauge field topology, which is non-perturba2ve.

Topological charge

<latexit sha1_base64="xsri0glfVFN42srVEtKUATvy8Ao="></latexit>

= E · B



It is a (non-perturba5ve) regulariza5on of 
quantum field theory with la@ce spacing

Gauge fields(gluons) live on links

Fermions (quarks) live on sites
The Lagrangian is given by for example,

which converges to QCD Lagrangian in the               limit. 
4

What is lattice gauge theory?



= A mathema5cal formula5on of the index (theorem) on a la@ce.

In con5nuum, Dirac operator is a differen5al operator.

On la@ce, Dirac operator is a difference operator.

Mathema5cally nontrivial. 
[Related works by mathema@cians: Kubota 2020, Yamashita 2021]
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Our goal

<latexit sha1_base64="IkOZAV8iETfJkiFLLByK645WR/U="></latexit>

D = �µ(@µ + iAµ) .

<latexit sha1_base64="qPzuClEApVjwI/C8YTV3MlRuq24="></latexit>

D = �µ[Uµ(x) (x+µa)�  (x)]/a.



Difficulty in la=ce gauge theory

Both of Dirac index and topology are difficult on the laAce:

•  It is difficult to define the chiral zero modes, since the 
standard laAce Dirac operators break the chiral 
symmetry.

• LaAce discre2za2on of space 2me makes the topology 
not well-defined.



A tradi?onal solu?on = overlap Dirac operator

With the overlap Dirac operator [Neuberger 1998] sa2sfying 
the Gingparg-Wilson rela2on [1982],

a modified chiral symmetry is exact [Luescher 1998],

and the index is well-defined: 
[Hasenfratz et al. 1998]

but this defini2on is so far limited to the even-dimensional flat 
periodic laAce. 

<latexit sha1_base64="zQF+ohBSA201PXquIlStqSvjqEQ="></latexit>

�5Dov + Dov�5 = aDov�5Dov

<latexit sha1_base64="AwIyPdm62bPI2P6cPujjaDTvQNI="></latexit>

IndDov = Tr�5
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This work = an alternative mathematical 
formulation of the lattice Dirac index.

In our formula2on,
•  No exact chiral symmetry is needed : the standard Wilson 

Dirac operator is good enough.
•  K theory is used to show equality to the con2nuum Dirac 

index.
•  Wider applica2on than the overlap Dirac operator to the 

systems with nontrivial boundaries in any dimensions. 



Phys-Math collaborators

Shoto Aoki
Tetsuya Onogi Satoshi 

Yamaguchi

Mikio Furuta Shinichiroh Matsuo

Mathema'cians

Physicists



• Physicist-friendly A@yah-Patodi-Singer (APS) index on a flat space [F, Onogi, 
Yamaguchi 2017]
• Mathema@cal proof  for the physicist-friendly index on general curved 

manifold [F, Furuta, Matsuo, Onogi, Yamaguchi, Yamashita 2019]
• Mod-two index version [F, Furuta, Matsuki, Matsuo, Onogi, Yamaguchi, 

Yamashita 2020]
• LaWce version (without boundary) [Aoki, F, Furuta, Matsuo, Onogi, 

Yamaguchi 2024] = this work.

Q. How physicist-friendly?
A. We do not need to take care of chiral symmetry and unphysical 
boundary condi=ons in our formula=on. 

Physicist-friendly Dirac index project
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Con@nuum Dirac operator

(A naïve) laWce Dirac operator

which has zero points at  

Con?nuum-> La=ce : deriva?ve -> difference

<latexit sha1_base64="KKt+rpHvI5f9/E1ogPgerRaFLYg="></latexit>

D (x) = �µ(@µ) (x) =

Z
dp�µ(ipµ) ̃(p)e

ipx

<latexit sha1_base64="BzOOV453+Z93nlkIOxZSKCY7hE8="></latexit>

D (x) = �µ
 (x+ µ̂a)�  (x� µ̂a)

2a
=

Z
dp�µ

eip(x+µ̂a) � eip(x�µ̂a)

2a
 ̃(p)

=

Z
dp�µi

sin pµa

a
 ̃(p)eipx.

(phys) Doublers appear!
(math) Ellip5city is lost!

unit vector in μ direc-on.
<latexit sha1_base64="K0bpXvllhXlY2ds9QvV6KTHMlzY="></latexit>

µ̂ :



The Wilson Dirac operator is commonly used in laWce gauge theory. 

The addi@onal term corresponds the Laplacian and the Fourier 
transforma@on 

indicates that the doublers cannot excite (recovering ellip@city)due to heavy 
mass but chiral symmetry (Z2 grading) is lost:  

Wilson Dirac operator
unit vector in μ direc-on.

<latexit sha1_base64="K0bpXvllhXlY2ds9QvV6KTHMlzY="></latexit>

µ̂ :
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DW =
X

µ

"
�µr

f
µ +rb

µ

2
�a

2
rf

µrb
µ

#

= Large mass term 
Except for 
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µ

�µi
sin pµa

a
+
X

µ

(1� cos pµa)

a
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pµ = 0

<latexit sha1_base64="YU92ojCqSjDxccroxRTWooISpBI="></latexit>

rf (x) =
 (x+ µ̂a)�  (x)

a

rb (x) =
 (x)�  (x� µ̂a)

a
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�5DW +DW �5 6= 0.



Nielsen-Ninomiya theorem [1981]:
If                         we cannot avoid fermion doubling.

(we have to give up Z2 grading to recover ellip@city)

Ginsparg-Wilson rela@on [1982]

can avoid NN theorem.
But no concrete form was found in ~20 years.

Nielsen-Ninomiya theorem [1981]

�5D +D�5 = 0,
<latexit sha1_base64="N6pCde/yd/pz2gmS2wU0N8U+zPI="></latexit>

�5D +D�5 = aD�5D.
<latexit sha1_base64="nK1D4Hq6HUi6lAsCqOARBLlRLJU="></latexit>



Overlap Dirac operator [Neuberger 1998]

sa2sfies the GW rela2on: 

<latexit sha1_base64="hHpv6lk8EK8u8g1ZbYkLw8kk0GE="></latexit>

HW = �5(DW �M)
<latexit sha1_base64="WCG4Fmc+V6i25ZLk+ywGu2ArfpE="></latexit>

M = 1/a
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Dov =
1

a
(1 + �5sgn(HW ))
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�5Dov + Dov�5 = aDov�5Dov

[Luescher 1998]
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�5(1� aDov/2)�5Dov + �5Dov�5(1� aDov/2) = 0.
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�5H +H�5 = 0.
<latexit sha1_base64="T5CSlK946QI89QsfVvRAjKNF9NE="></latexit>

H = �5Dov, �5 = �5
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= a modified exact chiral 
symmetry but 
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Overlap Dirac spectrum lies on a 
circle with radius 1/a 
For complex eigenmodes 

(therefore, no contribu@on to the trace).
The real 2/a (doubler poles) do not contribute.

We can define the index !
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Tr�5
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= Tr

zero-modes
�5
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�†
��5

�
1 � aDov

2

�
�� = 0.
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Dov�� = ���
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[Hasenfratz et al. 1998]



But            is defined with the Wilson Dirac operator.
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HW = �5(DW �M)
<latexit sha1_base64="WCG4Fmc+V6i25ZLk+ywGu2ArfpE="></latexit>

M = 1/a
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Dov =
1

a
(1 + �5sgn(HW ))
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Dov
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IndDov = Tr�5
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But            is defined with the Wilson Dirac operator.

What is this ???
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HW = �5(DW �M)
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M = 1/a
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This quan@ty is known as the A@yah-Patodi-Singer η invariant (of the massive 
Wilson Dirac operator).

η invariant of the massive Wilson Dirac operator
<latexit sha1_base64="rAimG9ZsdKZqYqTUxf8o8N9oxH8="></latexit>

= �1

2

X

�HW

sgn(�HW
) = �1

2
⌘(HW )

[A-yah, Patodi and Singer, 1975]
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HW = �5(DW �M)
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M = 1/a
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In this talk, we try to show a deeper mathema5cal meaning of the 
right-hand side of the equality,
and try to convince you that the massive Wilson Dirac operator is an 
equally good or even beSer object than Dov to describe the gauge 
field topology in terms of K-theory [A5yah-Hilzebruch 1959, Karoubi 1978…]

The Wilson Dirac operator and K-theory
<latexit sha1_base64="hHpv6lk8EK8u8g1ZbYkLw8kk0GE="></latexit>

HW = �5(DW �M)
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M = 1/a
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A united manifold of space5me (= base manifold) and field (fiber)

The direct product structure is realized only locally.
In general, it is “twisted” by gauge fields (connec5ons).

In mathema5cs, the (isomorphism class of) total space  is  denoted 
by            or

What is fiber bundle (for physicists)?
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�(x)
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! (x,�) 2 X ⇥ F
Space-me
= base space

Field space
= fiber space
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What is fiber bundle?  Analogy for (phys) students

Figure from Wolfram Math worldX base space (space-'me) 
 = your head
F fiber (field) 
 = your hair
E (= locally XxF) (total space) 
 = your hair style
Connec'on 
 = hair wax (local hair design)



Let us consider the case F = some vector space.

Compare two vector bundles            and   .

It was proved that the homotopy theory can completely classify the vector 
bundles. But concrete computa@on is very difficult.

K-theory can classify the vector bundles when their rank is large enough, 
detec@ng some topological invariants. 
(more powerful than the standard (de Rham) cohomology theory). 

Classifica?on of vector bundles
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The element of K0(X) group is given by
[   ] denotes the equivalence class (concrete defini@on is given later).

Equivalently,  we can consider an operator and its conjugate,

 to represent the same element by  
where

* K0 group  describes classifica@on of Dirac operator which an@commutes with 
chirality operator. 

K0(X) group
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D12 : E1 ! E2
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E = E1 � E2, D =

✓
D12

D†
12

◆
, � =

✓
1

�1

◆

<latexit sha1_base64="8+3rmRvyQpjuxlY5+WBFpNg240o=">AAAB8nicZVBdSwJBFL3bp9mX1WMvQyL0ELIrUT1KIfRokB+ki8yOow7Ozi4zdwMR/0VPQUH02r/pqX/TqEukHrhwOOde7r0niKUw6Lo/ztr6xubWdmYnu7u3f3CYOzqumyjRjNdYJCPdDKjhUiheQ4GSN2PNaRhI3giGd1O/8cy1EZF6xFHM/ZD2legJRtFKT61Kx7sglU7J7+TybtGdgawSLyV5SFHt5L7b3YglIVfIJDWm5bkx+mOqUTDJJ9l2YnhM2ZD2ectSRUNu/PHs4gkpWKVLepG2pZDM1P8TYxoaMwoD2xlSHJhlbyr+eYWFVdi78cdCxQlyxeabeokkGJHp/6QrNGcoR5ZQpoU9lrAB1ZShTSlrU/CWf14l9VLRuyp6D5f58m2aRwZO4QzOwYNrKMM9VKEGDBS8wBu8O+i8Oh/O57x1zUlnTmABztcvHTuPvg==</latexit>

[E1, E2]

<latexit sha1_base64="RWMprCfPvhrkxCQFM8rIVhs2wX4=">AAAB9nicZVDLSsNAFJ3UV62vqks3g6XgopRERF0WH+Cygn1AG8vNdNIOnUnCzEQsof/hSlAQt/6LK//GSRvEtgcuHM65l3vv8SLOlLbtHyu3srq2vpHfLGxt7+zuFfcPmiqMJaENEvJQtj1QlLOANjTTnLYjSUF4nLa80XXqt56oVCwMHvQ4oq6AQcB8RkAb6bFzW7mp4O4AhAC30CuW7Ko9BV4mTkZKKEO9V/zu9kMSCxpowkGpjmNH2k1AakY4nRS6saIRkBEMaMfQAARVbjK9eoLLRuljP5SmAo2n6v+JBIRSY+GZTgF6qBa9VPzzynOrtH/pJiyIYk0DMtvkxxzrEKcZ4D6TlGg+NgSIZOZYTIYggWiTVJqCs/jzMmmeVp3zqnN/VqpdZXnk0RE6RifIQReohu5QHTUQQRK9oDf0bj1br9aH9TlrzVnZzCGag/X1C/KrkVk=</latexit>

[E,D, �]

* To be precise, D acts on 
the sec-ons of E.



When we are interested in global structure only,
We can forget about details of the base manifold X by taking 
“one-point compac@fica@on” or the K-theory pushforward :

Many informa@on is lost but one (the Dirac operator index) remains.

K-theory pushforward

<latexit sha1_base64="bazXlMniIzgMXc2Vydz8QV8zvgM="></latexit>

HE : The whole Hilbert space on which D acts.

<latexit sha1_base64="JfyzTsjjSBC8DkWhCV5WA10LICM=">AAACCXicZVDLSgMxFM34rPVVdenCYCm0mzIjouKq6ELBTQX7gHYsmTTThuYxJBmxDF268lNcCQri1k9w5d+YPhDbHggczrmXm3OCiFFtXPfHWVhcWl5ZTa2l1zc2t7YzO7tVLWOFSQVLJlU9QJowKkjFUMNIPVIE8YCRWtC7HPq1B6I0leLO9CPic9QRNKQYGSu1MgdX8Bze3Lv5eqFp5Ig1eSAfk0hSYQaFVibrFt0R4DzxJiQLJii3Mt/NtsQxJ8JghrRueG5k/AQpQzEjg3Qz1iRCuIc6pGGpQJxoPxkFGcCcVdowlMo+YeBI/b+RIK51nwd2kiPT1bPeUPzzclOnTHjmJ1REsSECjy+FMYM287AW2KaKYMP6liCsqP0sxF2kEDa2vLRtwZvNPE+qR0XvpOjdHmdLF5M+UmAfHII88MApKIFrUAYVgMETeAFv4N15dl6dD+dzPLrgTHb2wBScr182q5gS</latexit>

G : K0(X) ! K0(point)
<latexit sha1_base64="l9+iLq2MsD2NVW0mYnLG2NHwK9c=">AAACDXicZVDLSgMxFL3js9ZX1aWbYCm4KGVGRF0WH9BlBfuAmaFk0rQNTWaGJCOUoR/gyk9xJSiIWz/AlX9j2g5i2wOBwzn3cnNOEHOmtG3/WCura+sbm7mt/PbO7t5+4eCwqaJEEtogEY9kO8CKchbShmaa03YsKRYBp61geDPxW49UKhaFD3oUU1/gfsh6jGBtpE6h6N6V0W0ZeX0sBPaRpyPk1jpzopmyK/YUaJk4GSlChnqn8O11I5IIGmrCsVKuY8faT7HUjHA6znuJojEmQ9ynrqEhFlT56TTMGJWM0kW9SJoXajRV/2+kWCg1EoGZFFgP1KI3Ef+80twp3bvyUxbGiaYhmV3qJRyZyJNqUJdJSjQfGYKJZOaziAywxESbAvOmBWcx8zJpnlWci4pzf16sXmd95OAYTuAUHLiEKtSgDg0g8AQv8Abv1rP1an1Yn7PRFSvbOYI5WF+/2USY0A==</latexit>

[E,D, �] ! [HE , D, �]

The map just forgets all 
but the chiral symmetry.



The “point” can be suspended to an interval:

There is an isomorphism between 

where the superscript “-1” reflects removal of the chirality operator. Instead, 
the Dirac operator must become one-to-one (no zero mode) at the two 
endpoints :

Physical meaning of the isomorphism will be given soon later . 

Suspension isomorphism

<latexit sha1_base64="K9Me/WUPvQWuffoovyZzEd2mIOc=">AAACGHicZVBbSwJBGJ21m9nN6rGXIREUSnYjqkepl8QXg7yAqzI7jjo4O7PMzEay+C966qf0FBREr/XUv2nUJVIPDBzO+S7zHS9gVGnb/rESK6tr6xvJzdTW9s7uXnr/oKZEKDGpYsGEbHhIEUY5qWqqGWkEkiDfY6TuDW8mfv2BSEUFv9ejgLR81Oe0RzHSRuqkC+W2nXN9TzxGgaBcj/PQxYL3YbkdnTrjXOkEugGSmiIGSzDfSWfsgj0FXCZOTDIgRqWT/na7Aoc+4RozpFTTsQPdiiYTMSPjlBsqEiA8RH3SNJQjn6hWNL1rDLNG6cKekOZxDafq/44I+UqNfM9U+kgP1KI3Ef+87Nwq3btqRZQHoSYczzb1Qga1gJOUYJdKgjUbGYKwpOazEA+QRFibLFMmBWfx5mVSOys4FwXn7jxTvI7zSIIjcAxywAGXoAhuQQVUAQZP4AW8gXfr2Xq1PqzPWWnCinsOwRysr19r+J4A</latexit>

K0(point) ⇠= K�1(I, @I)

<latexit sha1_base64="7+uNsKGk0mP+alzy/DCWwzuZVLE=">AAAB8nicZVBNSwMxEJ2tX7V+VT16CZaCp7Iroh6LXvRWwX5gu5Rsmrah2eySzAql9F94EhTEq//Gk//GbLuIbR8EHu/NZGZeEEth0HV/nNza+sbmVn67sLO7t39QPDxqmCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxGt6nffObaiEg94jjmfkgHSvQFo2ilp05MNQoqyX23WHIr7gxklXgZKUGGWrf43elFLAm5QiapMW3PjdGfpP8xyaeFTmJ4TNmIDnjbUkVDbvzJbOMpKVulR/qRtk8hman/OyY0NGYcBrYypDg0y14q/nnlhVHYv/YnQsUJcsXmk/qJJBiR9H7SE5ozlGNLKNPCLkvYkGrK0KZUsCl4yzevksZ5xbuseA8XpepNlkceTuAUzsCDK6jCHdSgDgwUvMAbvDvovDofzue8NOdkPcewAOfrF6y2kME=</latexit>

@I

<latexit sha1_base64="zv7hDno+iTeZFGvXB5IXfWdrQbA=">AAACGHicZVDLSgMxFM34rPVVdekmWASRUmZEqsviA1wqWBXacbiTZtrQZGZI7iil9C9c+SmuBAVxqyv/xvSBWD0QOJxzLjf3hKkUBl33y5manpmdm88t5BeXlldWC2vrVybJNOM1lshE34RguBQxr6FAyW9SzUGFkl+HneOBf33HtRFJfIndlPsKWrGIBAO0UlAo18+C0xI9KdFGC5QCnzYkj1CLVhtB6+Se1tPb3VEmQD8oFN2yOwT9T7wxKZIxzoPCZ6OZsEzxGJkEY+qem6LfA42CSd7PNzLDU2AdaPG6pTEobvze8K4+3bZKk0aJti9GOlR/T/RAGdNVoU0qwLb56w3EH297YhVGh35PxGmGPGajTVEmKSZ00BJtCs0Zyq4lwLSwn6WsDRoY2i7ztgXv783/ydVe2auUKxf7xerRuI8c2SRbZId45IBUyRk5JzXCyAN5Ii/k1Xl0np03530UnXLGMxtkAs7HN3nenhs=</latexit>

[HE , D, �] $ [p⇤HE , Dt]
<latexit sha1_base64="m+rnEm/w9uT6xoyufBFEc4pOWsk=">AAACGHicZVDLSgMxFM3UV62vqks3wVYQwWFGpEpXRTe6q2Af0NaSSTMamklCkhHL0L9w5ae4EhTEra78G9N2EFsPBA7n3MvJPYFkVBvP+3Yyc/MLi0vZ5dzK6tr6Rn5zq65FrDCpYcGEagZIE0Y5qRlqGGlKRVAUMNII+ucjv3FPlKaCX5uBJJ0I3XIaUoyMlbp5V94clNtRIB4SGTN2GCDchyKERVm+bBsBU0tQbobFodvNFzzXGwP+J35KCiBFtZv/avcEjiPCDWZI65bvSdNJkDIUMzLMtWNNpM1Et6RlKUcR0Z1kfNcQ7lmlB0Oh7OMGjtW/GwmKtB5EgZ2MkLnTs95I/PX2pqJMeNpJKJexIRxPksKYQXvxqCXYo4pgwwaWIKyo/SzEd0ghbGyXOduCP3vzf1I/cv2SW7o6LlTO0j6yYAfsgn3ggxNQARegCmoAg0fwDF7Bm/PkvDjvzsdkNOOkO9tgCs7nD6nnn3U=</latexit>

p⇤ : pull-back of p : I ! point.
we omit in the following.



We have another isomorphism 
(BoS periodicity theorem) :

”+1” adds a Clifford generator.

In the following, we simply denote it by          .

  
In this talk,                        is the most important.

BoU periodicity theorem

<latexit sha1_base64="IXgKwoL8fouQexaZhe3szsOHsmk=">AAAB7HicZVBNSwMxEJ2tX7V+VT16CZaCp7Iroh6LXgQvFewHtGvJptk2NJssSVYoS/+CJ0FBvPqHPPlvzLaL2PbBwOO9GWbmBTFn2rjuj1NYW9/Y3Cpul3Z29/YPyodHLS0TRWiTSC5VJ8CaciZo0zDDaSdWFEcBp+1gfJv57WeqNJPi0Uxi6kd4KFjICDaZdP/koX654tbcGdAq8XJSgRyNfvm7N5AkiagwhGOtu54bGz/FyjDC6bTUSzSNMRnjIe1aKnBEtZ/Obp2iqlUGKJTKljBopv6fSHGk9SQKbGeEzUgve5n451UXVpnw2k+ZiBNDBZlvChOOjETZ52jAFCWGTyzBRDF7LCIjrDAxNp+STcFb/nmVtM5r3mXNe7io1G/yPIpwAqdwBh5cQR3uoAFNIDCCF3iDd0c4r86H8zlvLTj5zDEswPn6BZzvjc0=</latexit>

K1

<latexit sha1_base64="NIf+U47MdmMtADtobVpyOdssAzg=">AAACBHicZVDLSsNAFJ3UV62vqDvdDJZCBS2JiLosuhG6qWAf0qZlMp20QyeTMDMRSii48lNcCQri1p9w5d84TYPY9sCFwzn3cu89bsioVJb1Y2SWlldW17LruY3Nre0dc3evLoNIYFLDAQtE00WSMMpJTVHFSDMUBPkuIw13eDPxG49ESBrwezUKieOjPqcexUhpqWseVDp2sXnycAzbOOB9WOnEp/Y4Ubpm3ipZCeAisVOSBymqXfO73Qtw5BOuMENStmwrVE6MhKKYkXGuHUkSIjxEfdLSlCOfSCdOfhjDglZ60AuELq5gov6fiJEv5ch3daeP1EDOexPxzyvMrFLelRNTHkaKcDzd5EUMqgBOEoE9KghWbKQJwoLqYyEeIIGw0rnldAr2/M+LpH5Wsi9K9t15vnyd5pEFh+AIFIENLkEZ3IIqqAEMnsALeAPvxrPxanwYn9PWjJHO7IMZGF+/fXmVWA==</latexit>

K1(X,Y ) ⇠= K�1(X,Y )

<latexit sha1_base64="vXRXPi0C1C97LJWmaBSaXkZmumM=">AAAB+3icZVDLSgMxFL3js9bXVJdugqVQQcqMiLosurG4qWAf0I4lk2ba0MyDJKOUoZ/iSlAQt36JK//GTDuIbQ8EDufcV44bcSaVZf0YK6tr6xubua389s7u3r5ZOGjKMBaENkjIQ9F2saScBbShmOK0HQmKfZfTlju6Sf3WExWShcGDGkfU8fEgYB4jWGmpZxbuHu1y7bQbYaEY5qh20jOLVsWaAi0TOyNFyFDvmd/dfkhinwaKcCxlx7Yi5STpQMLpJN+NJY0wGeEB7WgaYJ9KJ5mePkElrfSRFwr9AoWm6v+OBPtSjn1XV/pYDeWil4p/XmlulfKunIQFUaxoQGabvJgjFaI0CNRnghLFx5pgIpg+FpEhFpgoHVdep2Av/nmZNM8q9kXFvj8vVq+zPHJwBMdQBhsuoQq3UIcGEHiGF3iDd2NivBofxuesdMXIeg5hDsbXL7f5ktg=</latexit>

K1(I, @I)
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We revisit the la/ce index theorem with a K-theore5c treatment of  Wilson Dirac op.
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#sol with + chirality #sol with - chirality

Index theorem
A?yah-Singer index

In the standard formula2on, we need a massless Dirac operator 
and its zero modes with definite chirality : 
But we will show that it is isomorphic to

<latexit sha1_base64="kjYHfdWWv10Gwqbl5WI0hzXOPIY=">AAACDnicZVDLSgMxFM34rPVVdekmWAsVSpkpoi6LDyi4qWAf0BlLJk3b0CQzJBmhDP0BV36KK0FB3Lp35d+YtoPY9sCFwzn3cu89fsio0rb9Yy0tr6yurac20ptb2zu7mb39ugoiiUkNByyQTR8pwqggNU01I81QEsR9Rhr+4GrsNx6JVDQQ93oYEo+jnqBdipE2Ujtz3Kq0bwrwugDdHuIcedClAt4+2HlX8jgMqNCjk3YmaxftCeAicRKSBQmq7cy32wlwxInQmCGlWo4dai9GUlPMyCjtRoqECA9Qj7QMFYgT5cWTb0YwZ5QO7AbSlNBwov6fiBFXash908mR7qt5byz+ebmZVbp74cVUhJEmAk83dSMGdQDH2cAOlQRrNjQEYUnNsRD3kURYmwTTJgVn/udFUi8VnbNi6e40W75M8kiBQ3AE8sAB56AMKqAKagCDJ/AC3sC79Wy9Wh/W57R1yUpmDsAMrK9f/NaaHg==</latexit>

[HE , D, �] � K0(point)

<latexit sha1_base64="YjXINF/5EEoqQa5sLcDrYA2DPos=">AAACEnicZVDLSgMxFM3UV62vqks3wVKoKGVGRF2KD1DcVLCt0BnLnTRtQ5PMkGSEUvoLrvwUV4KCuHXnyr8xfSC2HggczrmP3BPGnGnjut9OamZ2bn4hvZhZWl5ZXcuub1R0lChCyyTikboLQVPOJC0bZji9ixUFEXJaDTtnA7/6QJVmkbw13ZgGAlqSNRkBY6V6tlC7rF/sYb8FQkDhfFfsBNhnEl/fe4WrPT8GZRhwfLVTz+bcojsE/k+8McmhMUr17JffiEgiqDSEg9Y1z41N0BsMJJz2M36iaQykAy1as1SCoDroDS/q47xVGrgZKfukwUP1b0cPhNZdEdpKAaatp72B+OvlJ1aZ5nHQYzJODJVktKmZcGwiPMgHN5iixPCuJUAUs5/FpA0KiLEpZmwK3vTN/0llv+gdFg9vDnInp+M80mgLbaMC8tAROkGXqITKiKBH9Ixe0Zvz5Lw4787HqDTljHs20QSczx9e+pqy</latexit>

[HE , �(D +m)] 2 K
1(I, @I)



Eigenvalues of con1nuum massive Dirac operator                                

For   

For  
The eigenvalues are paired:

As                                              , we can write them

<latexit sha1_base64="Un4+JbZglY9f+FS62HtrBLuyQ5w="></latexit>

H(m)� = �5m� = ±|{z}
chirality

m�.

<latexit sha1_base64="xB8/Qb7fByYf8USI5X+i07FdwZ0="></latexit>

H(m)��m = �m��m

<latexit sha1_base64="ys4yt/hxhgLmflL5SQsWcDEmiBY="></latexit>

�m = ±
q

�2
0 +m2

<latexit sha1_base64="+ayeS926fT9KtKJmik8zpj027+Y="></latexit>

H(m) = �5(Dcont. + m)

<latexit sha1_base64="9VrjkXh8FliIK0db65pMfv7y/1k="></latexit>

Dcont.� = 0,

<latexit sha1_base64="C1zOs6/SizyO9kaJeYsZg5cuk3A="></latexit>

Dcont.� �= 0,
<latexit sha1_base64="RceVqc20tarmkq1E1nAHPOL5EGo="></latexit>

{H(m), Dcont.} = 0.

<latexit sha1_base64="cUWqxGtePaA8Opy/1c6FBsnH66g="></latexit>

H(m)Dcont.��m = ��mDcont.��m

<latexit sha1_base64="HC2Cd/tVPeAsF1yBVhHMiDhynSs="></latexit>

H(m)2 = �D2
cont. + m2

on Euclidean even-dimensional manifold.
Gauge group is U(1) or SU(N)



Spectrum of

<latexit sha1_base64="FjfJczDPV1qoOyNL4pKCkMEVHBc="></latexit>

m
<latexit sha1_base64="ydVHfwsMll9ckACVphg1Q4KTDZw="></latexit>

M
<latexit sha1_base64="Voa4UOoCE1/DxRJ3sFQ5iWx33cI="></latexit>

�M

<latexit sha1_base64="JTvtEWe6Ys5Njh0YNad5Y2CEj8E="></latexit>

�m = ±
q

�2
0 +m2

<latexit sha1_base64="Ft/QDT4YnJkmQ21YTMYboomRRJo="></latexit>

�m = +m
<latexit sha1_base64="SVbgoWU1rNBWsxZAH+z7vIlhKTQ="></latexit>

�m = �m
<latexit sha1_base64="riQeoE1y7xssVSPXmdOMsTCJtS8="></latexit>

n+ modes
<latexit sha1_base64="gl/vAqtkd9tTFJwLAdzYMRFlqK0="></latexit>

n� modes

�m
<latexit sha1_base64="cK0yn+LV8bKVBkGQUgGZAoWFVLQ="></latexit><latexit sha1_base64="cK0yn+LV8bKVBkGQUgGZAoWFVLQ="></latexit><latexit sha1_base64="cK0yn+LV8bKVBkGQUgGZAoWFVLQ="></latexit><latexit sha1_base64="cK0yn+LV8bKVBkGQUgGZAoWFVLQ="></latexit>

<latexit sha1_base64="+ayeS926fT9KtKJmik8zpj027+Y="></latexit>

H(m) = �5(Dcont. + m)



Spectral flow = A1yah-Singer index = η invariant
= # of zero-crossing eigenvalues from - to +

 = # of zero-crossing eigenvalues from + to -

           =: spectral flow of 

Equivalent to the eta invariant: whenever an eigenvalue 
crosses zero,
                               jumps by two.

<latexit sha1_base64="KW02skoib1LYEIc3sAmzN3EEM4I="></latexit>n+
<latexit sha1_base64="h64aapXiru0b91Y+vGAMb4iqmiY="></latexit>

n�
<latexit sha1_base64="H0yDG4rSBytwPnpSC4ts6qrr4EM="></latexit>n+ � n�

<latexit sha1_base64="/bRAc5/mE2Y+nChukySX3Jl53RE="></latexit>

H(m) m 2 [�M,M ]

<latexit sha1_base64="oF4MioKbRAgyZApMSAQIV+ZrUko="></latexit>

⌘(H(m))
<latexit sha1_base64="KCsPYKO8BopnMb4qMIYjqiKTt/c="></latexit>

1

2
⌘(H(M))� 1

2
⌘(H(�M)) = n+ � n�.

Pauli-Villars subtrac-on

<latexit sha1_base64="+ayeS926fT9KtKJmik8zpj027+Y="></latexit>

H(m) = �5(Dcont. + m)



Suspension isomorphism in K theory

with chirality operator without chirality operator
point line=interval

Massless=
coun2ng index 
by points

Massive=
coun2ng 
index by lines

⇨  The two defini2ons of the index agree.

<latexit sha1_base64="FjfJczDPV1qoOyNL4pKCkMEVHBc="></latexit>

m
<latexit sha1_base64="ydVHfwsMll9ckACVphg1Q4KTDZw="></latexit>

M
<latexit sha1_base64="Voa4UOoCE1/DxRJ3sFQ5iWx33cI="></latexit>

�M

<latexit sha1_base64="JTvtEWe6Ys5Njh0YNad5Y2CEj8E="></latexit>

�m = ±
q

�2
0 +m2

<latexit sha1_base64="Ft/QDT4YnJkmQ21YTMYboomRRJo="></latexit>

�m = +m
<latexit sha1_base64="SVbgoWU1rNBWsxZAH+z7vIlhKTQ="></latexit>

�m = �m
<latexit sha1_base64="riQeoE1y7xssVSPXmdOMsTCJtS8="></latexit>

n+ modes
<latexit sha1_base64="gl/vAqtkd9tTFJwLAdzYMRFlqK0="></latexit>

n� modes

�m
<latexit sha1_base64="cK0yn+LV8bKVBkGQUgGZAoWFVLQ="></latexit><latexit sha1_base64="cK0yn+LV8bKVBkGQUgGZAoWFVLQ="></latexit><latexit sha1_base64="cK0yn+LV8bKVBkGQUgGZAoWFVLQ="></latexit><latexit sha1_base64="cK0yn+LV8bKVBkGQUgGZAoWFVLQ="></latexit>
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K0(point) ⇠= K1(I, @I)



With chiral symmetry breaking regulariza4on (on a la7ce),  
coun4ng points (massless) is difficult but  coun4ng lines 
(massive) s4ll works.

Standard 
defini5on:
Where is 
m=0? 
What are zero 
modes?

Eta invariant:
If m= ± M points 
are gapped, we 
can s5ll count the 
crossing lines.
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Note)  this fact is known even before 
overlap Dirac by Itoh-Iwasaki-Yoshie 
1982 and other literature, but its 
mathema-cal meaning was not 
discussed. See also Adams, Kikukawa-
Yamada, Luescher, Fujikawa, and Suzuki
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Dirac operator in con1nuum theory
E : Complex vector bundle
Base manifold M: 2n-dimensional flat torus T2n 
Fiber F : vector space of rank r with a Hermi@an metric
Connec@on :  Parallel transport with gauge field
D : Dirac operator on sec@ons of E

Chirality (Z2 grading) operator: 
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{�, D} = 0, {�, �i} = 0.
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Dcont. = �i(�i + Ai)
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Wilson Dirac operator on a laCce
We regularize T2n  is by a square laWce with laWce spacing              
(The fiber  is s@ll con@nuous.)
We denote the bundle by          and
link variables : 
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a

<latexit sha1_base64="BfvW4/3bRzzRit4VYvEgtw7c8CM="></latexit>

Ea
<latexit sha1_base64="2FuJlpcE6qoBa+rcVX+0sfb7Cko="></latexit>

Uk(x) = P exp
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Wilson term
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arf
i  (x) = Ui(x) (x+ ei)�  (x)
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arb
i (x) =  (x)� U†

i (x� ei) (x� ei)

Note: In our paper, we 
consider ”generalized 
link variables” to 
determine the gauge 
fields both in con-nuum 
and on a la]ce 
simultaneously. But the 
standard Wilson line 
works, too. 



Defini6on of                      group
<latexit sha1_base64="kyhTmyOHrY2UPFBNQVvV+/rjoSg="></latexit>

K1(I, @I)
Let us consider a Hilbert bundle with 
  Base space         =  range of mass [-M, M]  
   boundary          = ±M  points 
  Fiber  space            =  Hilbert space to which D acts
              : one-parameter family labeled by m.

We assume that           has no zero mode.
The group element is given by equivalence classes of the pairs:
               having the same spectral flow.
Note: K1 group does NOT require any chirality operator.
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[(H, Dm)]



Defini6on of                      group
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K1(I, @I)

Group opera@on:

Iden@ty element:

We  compare    and          
taking their difference, and confirm if the laWce-con@nuum combined 
Dirac operator

has Spectral flow =0  where                      are “mixing mass term” with 
some “nice” mathema@cal proper@es.
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m)} ± {(H2, D2

m)] = [(H1 � H2,

�
D1

m

±D2
m

�
)]
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[(H, Dm)]|Spec.flow=0
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fa : H lat. ! H
cont.

maps from finite-dimensional Hilbert space on a discrete laWce to infinite-
dimensional con@nuum one :

                   : parallel transport (or Wilson line) to ensure the gauge invariance.
                   : weight func@on (mul@-) linearly interpola@ng the nearest-neighbors. 
To control the norm before/ater the map, it sa@sfies
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fa�(x) := an
X

z2lattice sites

⇢a(x� z)U(x, z)�(z).
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X

z2lattice sites

⇢a(x� z) = 1.
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Is defined by

 

Note)               is not the iden@ty but smeared around nearest-neighbor sites. 
(The gauge invariance is maintained by the Wilson lines.)
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⇢a(z � x)U(x, z)�1 1(x)d
nx.



Ellip1c es1mate
In con&nuum theory, For any      and i,  
a constant c exists such that

When a covariant deriva&ve is large, D is also large.
This property is nontrivial on a la=ce.

Without Wilson term, doubler modes would  have small Dirac eigenvalue with 
large wave number.
->   Wilson term is mathema&cally important to make the Dirac operator ellip&c.
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Con6nuum limit of 

1. For arbitrary                  
               weakly converges to a 
   where     js a subspace of                 where the elements and their first deriva5ves are 
square integrable. 

2.                                                  weakly converges to  
             
3.  There exists c s.t. 

4. For any ,
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Main theorem
Consider a con@nuum-laWce combined Dirac operator

on the path P :                     
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Main theorem
There exists  a finite laWce spacing        such that for any   

    
               
is inver@ble (having no zero mode) on the staple-shaped path P  
[which is a sufficient condi@on for Spec.flow=0]
⇨                  have the same spec.flow

⇨  
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The con@nuum and laWce indices agree.
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Proof (by contradic6on)
Assume 

has  zero mode(s) at arbitrarily small laWce spacing.
⇨  For a decreasing series of

 

is kept.
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Con6nuum limit

Mul@plying                                  and taking the con@nuum limit 

is obtained.

requires 
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(Rellich’s theorem)
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Numerical test
We consider a two-dimensional 
square laWce (or torus) 
We set link variables as

Then every green plaqueve has a 
constant curvature

so that geometrical index will be Q.
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This constant curvature background can be extended to any 
even dimensions with SU(N) gauge connec-ons  
[Cf. Hamanaka-Kajiura 2002].



Massive Wilson Dirac 

with periodic b.c. in x-direc2on and  an2-periodic b.c. in y 
direc2on. We set L=32 and L1=10.

We compute near-zero eigen-spectrum
in the range   
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Numerical result at Q=0

There is no 
zero crossing : 
index=0.
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Numerical result at Q=+1
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There is one 
crossing from 
posi5ve to 
nega5ve: 
index=+1.



Numerical result at Q=+1
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Numerical result at Q=-2

There is two 
crossings from 
nega5ve to 
posi5ve: 
index=-2.
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Numerical result at Q=-2

There is two 
crossings from 
nega5ve to 
posi5ve: 
index=-2.
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Our 32x32 la=ce reproduces the A?yah-Singer 
index theorem on a torus.
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By 
for sufficiently small la/ce 
spacings

Wilson Dirac operator is equally good as Dov to 
describe the index.
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Periodic b.c. 

Dirichlet b.c. (Shamir domain-wall fermion) we can show

But the overlap Dirac is missing because Ginsparg-Wilson 
rela2on is broken by the boundary [Luescher 2006].

Applica'on to the manifolds with boundaries
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Real Dirac operators and the mod-two index
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For general complex Dirac operators,

For real Dirac operators, for example, in SU(2) gauge 
theory in 5D (origin of Wicen anomaly),  we will be able to show
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But there is no overlap Dirac counterpart. 
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classifies the vector bundles.  K1(I, ∂I) is important in this work.
4. Massless Dirac (K0  group)  vs. massive Dirac (K1 group) in con@nuum

 Coun5ng lines (massive, K1) is easier than coun5ng points (massless, K0).
5. Main theorem on a laWce

 The  proof is given by la/ce-con5nuum combined Dirac operator, which is gapped.
6. Comparison with the overlap Dirac index

 we expect wider applica5ons (to APS boundary and real case) than the overlap index.
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We have shown a deeper mathema5cal meaning of the right-hand 
side of the equality,
and that the massive Wilson Dirac operator is an equally good or 
even beSer object than Dov to describe the gauge field topology in 
terms of K-theory [A5yah-Hilzebruch 1959, Karoubi 1978…]

Summary
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Backup slides



What are the weak convergence and 
strong convergence?

The sequence     weakly converges to
when for arbitrary  

Note)                                                is weakly convergent. 

Strong convergence means

Rellich’s theorem:
            weak convergence =    convergence
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