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4φ(r) = −ρ(r)

ε0

,(1)

E(r) = −∇φ(r) .(2)

φ(r) (1)
E(r) (2)

(ρ(r) = 0)

4φ(r) = 0 , (Laplace) .(3)

• ( )

4 =
∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2
.(4)
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◦ 1:
2 A B d

z z = 0 A z = d
B A φA B φB AB

φ(r) z φ(r) = φ(z) AB
(1)

∂2

∂z2
φ(z) = 0 .(5)

c0 c1

φ(z) = c0 + c1z .(6)

φ(0) = φA φ(d) = φB

φ(z) = φA +
φB − φA

d
z .(7)
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(2) V ≡ φB − φA

Ez(z) = −V

d
, Ex = Ey = 0 .(8)

(V > 0 )

• ( ) (r, ϕ, z):

x = r cosϕ , y = r sin ϕ , z = z . ( : |r| 6= r)(9)

( ) r̂ ϕ̂ ẑ

r̂ = x̂ cosϕ + ŷ sin ϕ , ϕ̂ = −x̂ sinϕ + ŷ cos ϕ , ẑ = ẑ .(10)

dr = r̂dr + ϕ̂ rdϕ + ẑdz .(11)
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df =
∂f

∂r
dr +

∂f

∂ϕ
dϕ +

∂f

∂z
dz .(12)

df = dr · ∇f = r̂ · ∇f dr + ϕ̂ · ∇f rdϕ + ẑ · ∇fdz(13)

r̂ · ∇ =
∂

∂r
, ϕ̂ · ∇ =

1

r

∂

∂ϕ
, ẑ · ∇ =

∂

∂z
.(14)

(r, ϕ, z)

∇ = (
∂

∂r
,
1

r

∂

∂ϕ
,

∂

∂z
)(15)

∇ = r̂
∂

∂r
+ ϕ̂

1

r

∂

∂ϕ
+ ẑ

∂

∂z
.(16)
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∂r̂

∂ϕ
= ϕ̂ ,

∂ϕ̂

∂ϕ
= −r̂(17)

4 = ∇ · ∇ =
1

r

∂

∂r
r

∂

∂r
+

1

r2

∂2

∂ϕ2
+

∂2

∂z2
.(18)

◦ 2: a b (a < b)
φ(r) = φ(r)

φ(b) − φ(a) = V (3) (18)

∂

∂r
r

∂

∂r
φ(r) = 0 .(19)

φ(r) = c0 + c1 log r .(20)
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φ(b) − φ(a) = V

φ(r) = c0 +
V

log(b/a)
log r . (a < r < b)(21)

E = r̂Er + ϕ̂Eϕ + ẑEz = −∇φ(r) (16)

Er = −∂φ(r)

∂r
= − V

log(b/a)

1

r
, Eϕ = Ez = 0 . (a < r < b)(22)

• (r, θ, ϕ)

x = r sin θ cos ϕ , y = r sin θ sin ϕ , z = r cos θ .(23)

r̂ θ̂ ϕ̂

r̂ = x̂ sin θ cosϕ + ŷ sin θ sin ϕ + ẑ cos θ ,(24)

θ̂ = x̂ cos θ cosϕ + ŷ cos θ sin ϕ − ẑ sin θ ,

ϕ̂ = −x̂ sin ϕ + ŷ cosϕ .
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dr = r̂dr + θ̂ rdθ + ϕ̂ r sin θdϕ .(25)

df =
∂f

∂r
dr +

∂f

∂θ
dθ +

∂f

∂ϕ
dϕ .(26)

df = dr · ∇f = r̂ · ∇f dr + θ̂ · ∇f rdθ + ϕ̂ · ∇f r sin θdϕ(27)

r̂ · ∇ =
∂

∂r
, θ̂ · ∇ =

1

r

∂

∂θ
, ϕ̂ · ∇ =

1

r sin θ

∂

∂ϕ
.(28)

(r, θ, ϕ)

∇ = (
∂

∂r
,
1

r

∂

∂θ
,

1

r sin θ

∂

∂ϕ
) .(29)
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∇ = r̂
∂

∂r
+ θ̂

1

r

∂

∂θ
+ ϕ̂

1

r sin θ

∂

∂ϕ
.(30)

∂r̂

∂θ
= θ̂ ,

∂r̂

∂ϕ
= sin θ ϕ̂ ,

∂θ̂

∂θ
= −r̂ ,

∂θ̂

∂ϕ
= cos θ ϕ̂ ,(31)

∂ϕ̂

∂ϕ
= −(sin θ r̂ + cos θ θ̂)

4 =
1

r2

∂

∂r
r2

∂

∂r
+

1

r2 sin θ

∂

∂θ
sin θ

∂

∂θ
+

1

r2 sin2 θ

∂2

∂ϕ2
.(32)

dV = r2 sin θ dr dθ dϕ .(33)
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◦ 3: a b (a < b)
φ(r) = φ(r) (3) (32)

∂

∂r
r2

∂

∂r
φ(r) = 0(34)

φ(r) = c0 +
c1

r
.(35)

φ(b) − φ(a) = V

c1 =
ab

a − b
V .(36)

E = r̂Er + θ̂Eθ + ϕ̂Eϕ = −∇φ(r) (30)

Er = −∂φ(r)

∂r
=

ab

a − b

V

r2
, Eθ = Eϕ = 0 . (a < r < b)(37)
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•
|r| → ∞ φ(r) → 0 (

)

4φ(r) = − 1

ε0

δ3(r) .(38)

φ(r) =
1

4πε0

1

|r|(39)

G(r) ≡ 1

4π

1

|r|(40)

4G(r) = −δ3(r) .(41)
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G(r)

4φ(r) = −ρ(r)

ε0

(42)

φ(r) =
1

ε0

∫

G(r − r′)ρ(r′)dV ′(43)

4φ(r) =
1

ε0

∫

4rG(r − r′)ρ(r′)dV ′(44)

= − 1

ε0

∫

δ3(r − r′)ρ(r′)dV ′ = − 1

ε0

ρ(r) .

(42)

φ(r) =
1

4πε0

∫

ρ(r′)

|r − r′|dV ′ .(45)
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◦ 4: : ρ(r) = ρ(r)
r z r r′ θ′ (45)

φ(r) =
1

4πε0

∫

ρ(r′)

|r − r′|dV ′(46)

=
1

4πε0

∫

∞

0

r′2 dr′
∫ π

0

sin θ′ dθ′
∫

2π

0

dϕ′
ρ(r′)√

r2 + r′2 − 2rr′ cos θ′
.

ϕ′
∫

2π

0
dϕ′ = 2π θ′

∫ π

0

sin θ′ dθ′√
r2 + r′2 − 2rr′ cos θ′

=

∫

1

−1

d cos θ′√
r2 + r′2 − 2rr′ cos θ′

(47)

= − 1

rr′

√
r2 + r′2 − 2rr′ cos θ′

∣

∣

∣

∣

1

−1

=
1

rr′
(r + r′ − |r − r′|)

=

{

2/r , r > r′

2/r′ , r < r′
.
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φ(r) = φ(r) =
1

ε0

[

1

r

∫ r

0

ρ(r′) r′2 dr′ +

∫

∞

r

ρ(r′) r′ dr′
]

.(48)

r

Q(r) =

∫ r

0

ρ(r′) r′2 dr′
∫ π

0

sin θ′ dθ′
∫

2π

0

dϕ′(49)

= 4π

∫ r

0

ρ(r′) r′2 dr′ .

φ(r) =
1

4πε0

Q(r)

r
+

1

ε0

∫

∞

r

ρ(r′) r′ dr′ .(50)
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� a Q = Q(a)

φ(r) =
Q

4πε0r
. (r > a)(51)

( Q )
� :

ρ(r)

{

6= 0 , r1 < r < r2

= 0 , .
(52)

r < r1

φ(r) =
1

ε0

∫ r2

r1

ρ(r′) r′ dr′ = .(53)

E = 0 ( )
r > r2 (Q = 4π

∫ r2

r1

ρ(r′)r′2 dr′ = )

φ(r) =
Q

4πε0r
. ( )(54)
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