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• O a

φ(r) =
1

4πε0

∫

ρ(r′)

|r − r′|dV ′(1)

r ≡ |r| r′ ≡ |r′| r · r′ = rr′ cos θ′ r a
r′ < a < r

1

|r − r′| =
1√

r2 + r′2 − 2rr′ cos θ′
(2)

r′/r

1

|r − r′| =
1

r

1
√

1 − 2(r′/r) cos θ′ + (r′/r)2
(3)

≡ 1

r

∞
∑

`=0

(

r′

r

)`

P`(cos θ′) .
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P`(x) (Legendre)
(cos θ′ = x)

P0(x) = 1 , P1(x) = x , P2(x) =
1

2
(3x2 − 1) , · · · .(4)

( )

P`(x) =
1

2``!

d`

dx`
(x2 − 1)` .(5)

(3) (1)

φ(r) =
1

4πε0r

∞
∑

`=0

1

r`

∫

ρ(r′)P`(cos θ′)r′`dV ′ ≡
∞

∑

`=0

φ`(r) .(6)

◦ (r � a) ` = 0 φ0(r)
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φ0(r) =
1

4πε0r

∫

ρ(r′)dV ′ =
Q

4πε0r
.(7)

Q ≡
∫

ρ(r)dV

( ) ( )
◦ ` = 1 φ1(r) ( Q = 0
` = 1 )

φ1(r) =
1

4πε0r2

∫

ρ(r′) cos θ′ r′ dV ′(8)

=
1

4πε0r3

∫

ρ(r′)rr′ cos θ′ dV ′

=
1

4πε0r3

∫

ρ(r′)r · r′ dV ′

=
1

4πε0r3
r ·

∫

r′ρ(r′) dV ′
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p ≡
∫

rρ(r) dV(9)

φ1(r) =
1

4πε0r2
r̂ · p .(10)

p ( )
: p b

r′ = r − b

p =

∫

rρ(r) dV =

∫

(r′ + b)ρ(r′ + b) dV ′(11)

=

∫

r′ρ(r′ + b) dV ′ + b

∫

ρ(r′ + b) dV ′ .

ρ̄(r′) ≡ ρ(r′ + b)
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p =

∫

r′ρ̄(r′) dV ′ + b

∫

ρ̄(r′) dV ′ = p̄ + Qb .(12)

(p̄ )
Q 6= 0 p ( )
Q = 0 p = p̄ ( )
◦ ` = 2

φ2(r) =
1

4πε0

3

2

1

r3

3
∑

i,j=1

Qij r̂ir̂j .(13)

Qij

Qij ≡
∫

(rirj −
1

3
δijr

2)ρ(r) dV .(14)

◦ ` ≥ 3
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• : (0, 0, d/2) (0, 0,−d/2) +q
−q (d > 0)

r = (x, y, z) r±

r± =
√

x2 + y2 + (z ∓ d/2)2 .(15)

φ(r) =
q

4πε0

(

1

r+

− 1

r−

)

.(16)

r ≡ |r| =
√

x2 + y2 + z2 � d

r± = r

√

1 ∓ zd ∓ d2/4

r2
= r ∓ z

2

d

r
+ · · · .(17)

1

r+

− 1

r−
=

r− − r+

r+r−
' zd

r3
.(18)
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φ(r) ' q

4πε0

zd

r3
=

1

4πε0

p · r
r3

=
r̂ · p

4πε0r2
, p = qd ẑ .(19)

ρ(r) = qδ3(r − d

2
ẑ) − qδ3(r +

d

2
ẑ)(20)

∫

ρ(r) dV = q − q = 0 . ( )(21)

φ0(r) = 0 .(22)
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p =

∫

rρ(r) dV = q
d

2
ẑ − q

(

−d

2
ẑ

)

= qd ẑ(23)

φ1(r) =
r̂ · p

4πε0r2
(24)

(19)

•

φ(r) =
1

4πε0

p · r
r3

(25)

∇(1/r3) = −3r/r5 ∇(p · r) = p

E(r) = −∇φ(r) = − 1

4πε0

[

p · r∇
(

1

r3

)

+
1

r3
∇(p · r)

]

(26)

=
1

4πε0

3(p · r)r − r2p

r5
. (r 6= 0)
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◦ 1:
p = pẑ

φ(r) =
1

4πε0

pz

r3
=

p

4πε0

cos θ

r2
.(27)

E(r) = −∇φ(r) (1. 7. 29)

Er = − ∂

∂r
φ =

p

4πε0

2 cos θ

r3
,(28)

Eθ = −1

r

∂

∂θ
φ =

p

4πε0

sin θ

r3
,

Eϕ = − 1

r sin θ

∂

∂ϕ
φ = 0 .
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•
φext.(r) ρ(r) φext.

W =

∫

ρ(r)φext.(r) dV . cf. (1. 4. 22)(29)

ρ(r)
ρ(r) 6= 0 φext.(r)
φext.(r)

φext.(r) = φext.(0) + r · ∇φext.(0) + · · ·(30)

= φext.(0) − r · Eext.(0) + · · · .

(29)
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W = φext.(0)

∫

ρ(r) dV − Eext.(0) ·
∫

rρ(r) dV + · · ·(31)

= Qφext.(0) − p · Eext.(0) + · · · .

Q = 0

W = −p · Eext.(0) .(32)

p Eext.
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