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3 A(r)
(§ 1. 8)

• O a

A(r) =
µ0

4π

∫

i(r′)

|r − r′|
dV ′ .(1)

r = |r| r′ = |r′| r · r′ = rr′ cos θ′ r′ < a < r

1

|r − r′|
=

1

r

∞
∑

`=0

(

r′

r

)`

P`(cos θ′)(2)

A(r) =

∞
∑

`=0

A`(r) =
µ0

4πr

∞
∑

`=0

1

r`

∫

i(r′)r′`P`(cos θ′) dV ′ .(3)
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◦ ` = 0

A0(r) =
µ0

4πr

∫

i(r′) dV ′ .(4)

(cf. (1. 8. 7)) r′ = (x′, y′, z′)

∇r′ · (x′i(r′)) = (∇r′ x′) · i(r′) + x′ ∇r′ · i(r′) = ix(r
′)(5)

∫

ix(r
′) dV ′ =

∫

∇r′ · (x′i(r′)) dV ′ =

∫

S

x′i(r′) · dS = 0.(6)

(S ) y, z

∫

i(r′) dV ′ = 0 . =⇒ A0(r) = 0 .(7)

( )
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◦ ` = 1

A1(r) =
µ0

4πr2

∫

i(r′)r′ cos θ′ dV ′ =
µ0

4πr3

∫

i(r′)(r′ · r) dV ′ .(8)

(A × B) × C = B(A · C) − A(B · C)

(r′ × i(r′)) × r = i(r′)(r′ · r) − r′(i(r′) · r) .(9)

∫

i(r′)(r′ · r) dV ′(10)

=

[
∫

r′ × i(r′) dV ′

]

× r +

∫

r′(i(r′) · r) dV ′ .
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∇r′ · (x′(r′ · r)i(r′))(11)

= (∇r′x′) · i(r′) (r′ · r) + x′(∇r′(r′ · r)) · i(r′)

+x′(r′ · r)∇r′ · i(r′)

= ix(r
′)(r′ · r) + x′ i(r′) · r

∫

ix(r
′)(r′ · r) dV ′ +

∫

x′ i(r′) · r dV ′(12)

=

∫

∇r′ · (x′(r′ · r)i(r′)) dV ′ =

∫

x′ (r′ · r) i(r′) · dS′ = 0 .

∫

i(r′)(r′ · r) dV ′ +

∫

r′ (i(r′) · r) dV ′ = 0 .(13)

(10) (13)
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∫

i(r′)(r′ · r) dV ′ =
1

2

[
∫

r′ × i(r′) dV ′

]

× r .(14)

A1(r) =
µ0

4π

m × r

r3
.(15)

m ≡
1

2

∫

r × i(r) dV .(16)

(cf. φ1(r) = p · r/(4πε0r
3), p =

∫

rρ(r)dV )

A0(r) = 0 A1(r)

• C I
S

∫

S

i(r) dV = I dr .(17)
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m =
I

2

∫

C

r × dr .(18)

|r × dr|/2 C (
) n

m = ISn , S : C .(19)

m Am2

◦ m ( )
r = r′ + a (a: )

m =
1

2

∫

r × i(r) dV =
1

2

∫

(r′ + a) × i(r′ + a) dV ′(20)

=
1

2

∫

r′ × ī(r′) dV ′ +
1

2
a ×

∫

ī(r′) dV ′ .

ī(r′) ≡ i(r′ + a)
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(7) 2

m =
1

2

∫

r′ × ī(r′) dV ′ ≡ m̄ .(21)

m̄

•
B = ∇× A

A(r) =
µ0

4π

m × r

r3
.(22)

B =
µ0

4π
∇×

(

m × r

r3

)

(23)

=
µ0

4π

[(

∇
1

r3

)

× (m × r) +
1

r3
∇× (m × r)

]

.

∇(1/r3) = −3r/r5 ∇× (m × r) = 2m
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B =
µ0

4π

−3r × (m × r) + 2r2m

r5
.(24)

A × (B × C) = B(A · C) − C(A · B)
r × (m × r) = r2m − (r · m)r

B =
µ0

4π

3(m · r)r − r2m

r5
. (r 6= 0)(25)

• m

m ≡
1

2

∫

r × i(r) dV .(26)

i(r) Bext.(r)

Bext.(r) = Bext.(0) + (r · ∇)Bext.(0) + · · · .(27)
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§ 3. 2

F =

∫

i(r) × Bext.(r) dV(28)

=

(
∫

i(r) dV

)

× Bext.(0) +

∫

i(r) × (r · ∇)Bext.(0) dV .

1 2 (Bext. ext. )

Fx =

∫

iy(r)(rdV · ∇)Bz(0) −

∫

iz(r)(rdV · ∇)By(0)(29)

∇ · (xyi) = ixy + iyx ( )
∫

iyx dV =

∫

(iyx + ixy − ixy) dV(30)

=

∫

[∇ · (xyi) − ixy] dV = −

∫

ixy dV .
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∫

ixx dV = 0

Fx =

∫

iy

(

x dV
∂

∂x
+ y dV

∂

∂y
+ z dV

∂

∂z

)

Bz(0)(31)

−

∫

iz

(

x dV
∂

∂x
+ y dV

∂

∂y
+ z dV

∂

∂z

)

By(0)

=
1

2

∫
[

(iyx − ixy)dV
∂

∂x
+ (iyz − izy)dV

∂

∂z

]

Bz(0)

−
1

2

∫
[

(izx − ixz)dV
∂

∂x
+ (izy − iyz)dV

∂

∂y

]

By(0)

=
1

2

∫
[

(r × i)zdV
∂

∂x
− (r × i)xdV

∂

∂z

]

Bz(0)

−
1

2

∫
[

−(r × i)ydV
∂

∂x
+ (r × i)xdV

∂

∂y

]

By(0)
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Fx =
1

2

∫

[(r × i)dV ×∇]y Bz(0)(32)

−
1

2

∫

[(r × i)dV ×∇]z By(0)

=

[

1

2

∫

[(r × i)dV ×∇] × B(0)

]

x

= [(m ×∇) × Bext.(0)]x .

F = (m ×∇) × Bext.(0) .(33)

(A × B) × C = B(A · C) − A(B · C)

F = ∇(m · Bext.(0)) − m(∇ · Bext.(0)) = ∇(m · Bext.(0)) .(34)
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• Bext.(r) m W (r) F = −∇W (0)

W (0) = −m · Bext.(0) . (cf. § 1. 8)(35)

m r

W (r) = −m · Bext.(r)(36)

• 2
m1 r m2 m1

B1(r) =
µ0

4π

3(m1 · r)r − r2m1

r5
.(37)
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W (r) = −m2 · B1(r)(38)

= −
µ0

4π

3(m1 · r)(m2 · r) − r2m1 · m2

r5
.

◦ m1‖r m2‖r

W (r) = −
µ0

4π

3m1m2r
2 − r2m1m2

r5
= −2

µ0

4π

m1m2

r3
.(39)

F = −dW/dr < 0 .

◦ m1‖r −m2‖r

W (r) = +2
µ0

4π

m1m2

r3
.(40)

F = −dW/dr > 0 .
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◦ m1 ⊥ r m2 ⊥ r m1‖m2

W (r) = +
µ0

4π

m1m2

r3
.(41)

F = −dW/dr > 0 .

◦ m1 ⊥ r m2 ⊥ r m1‖ − m2

W (r) = −
µ0

4π

m1m2

r3
.(42)

F = −dW/dr < 0 .
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