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Introduction

Quantum Field Theory (QFT )

～ A kind of Quantum Mechanics (QM )

degrees offreedomateachpoint on the space
～ field

. Describe the physics of elementary particles.

Formulation of QM

① Operator formalism
Hilbert space .

Hamiltonian

② Path integral formalism
～

"

Very large dimensional integral
"

( infinite )

｡ Both of them are useful

D is useful as you know

② is also useful as I will explain in this lecture



You should learn both of them and relation

between them , and utilize them .

Is path integral useful ?

In path integral

Time and space are equaly treated .
X必 In operator formalism, this is not the case

Easy to derive Feynman rule .

In particular ,when including derivative interactions,
such as non - abelian gauge theory .

Eucdidean bath integral formalism
- Renormalization group

- Saddle point approximation



Difficulty in learning QFT
>

physics
physics
↓

Abstract Fields
,
canonical ,

effective action
, Scattering

crosssection'

'Theory "action
,quantizationpath integral

,Feynmarule
,
…

Energyspectrum

く '

Intermediate steps , not physics
very long !

compared to undergraduatesubjectslike
dassical mechanics , lectromagnetism ,
quantum mechanics , "

. Be patient .

. Be aware where you are .
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.

Review of Quantum Mechanics

States and observables

Hilbert space 2H : Complex vector space
with Hermitian inner product

finite or infinite dimensions

State 14> ε 4 \ { 0 }

CEC 130314> ～ C 14>
"

Same state
"

Observable A
:

Hermitianop.onaH

Expectation value

< A 74 =

4>[
41 A14>

A
^

is diagonalizable dmaybe integral
A la > = ala

> , U lasal = 1

( acIR )

Ula>sal a = A



Time evolution

Hamiltonian t : Can observable )
( Enerigy )

14(t )) : State at time t

Sutisty
; 141t1 ) = ↑ 14 (t ) >

'

Schrodinger equation
"

When tT is independent of t ,
aformal solution

へ

14(t) = e
- itH

14>
Expectation value at timet

< A
)̂
ψ( t )=

要 14><
4(t ) / A

^

14 (t ) >

'

'Schrodinger picture
"

｡ States depend on time

∞ Observables do not implicitly depends on time
( Can depend explicitly time )



Heisenberg picture

( A ^) ψ( t )
= < 4( t ) / A 14itI
< 414 )

< 4 /A (t ) / 4>
=

<414>

A
(

t) : = eiti A e - itti
'

Heisenberg operator
"

Satisfy
表 Ait ) = I [ T

,
A (t> ]

'

Heisenberg equation
"

. State is independent of time .

. Observable depends on time .

様 In the operator formalism of QFT ,

Heisenberg picture is by far more often used

than Schrodinger picture



Examples
a み =
42

"singlespin
14>= 1) , 40. 4, ε¢

M: 2 × 2 Hermitian matrix

H = - E σ
M σ^= ( % % )

Two spins
み ､

= 42

←
み z = 2

②

1 2

Combine two systems ⇒ Total Hilbert space is

the tensor product

み = み ､ * 2

Observables

σ,
i
- jixl σ iacting on a4 ,

σ℃ = 1 * σ
i

: alz

Eg .H = J σ! σ?



Spin chain
r ∞ o.—-on,

2 . "
Put
a spinoneaclsite

θ=a 4 ,
x 22D … DHN

∂4 n =42
observable M

σ
n
:

= 1 D . … DIx σIx 1 D …D 1 σ iacting on siten
Hamiltonian

N- 1

最前 Jin
Nontrivial

必 You may obtain QFT by appropreatecontin
(dot at eachpt inspace )lattiN→o^ (spacingo)

of spin chain

み = L( IR ) ( QM of aparticle on a line )

に (( R ) = { f : 1 R +41C + o3 /～

fng def .1fq -g'= 0

H - -i( + V (q )
^ "

potential
"



H = め … * UN- LECIRN )

みn = L
2

( IR )
& coordinate qn

片
=一張 (品 )

“

+ V (q )

V (8 ) 荒” 式Kqu+ ､ -Eu )+ 式 '+ 4 )
⇒ 0 0 00 , . o .mmmonmmommo 3 3 3333

必 You may alsotain QFT from this model

by taking appropreate continuum limit笄
nontrivia

Density matrix
a spin

,
a1 =¢

2

10>= ( δ ) ,
117 = 19 )

Consider a state prepared by cdassical probability
( dice, cointoss )

" mixed state
"

(⇐ pure state " )



prob . Po → 10> PotP, = 1

prob . Pr → 11> Po . P , 20

Expectation value

< A ) = Po <olA ' 10 >+ P ､ < ilA 11 >

= π (' A )

e ' := Polokol tP , l 1kl 1
"

density matrix
"

In general ,

e : Hermitian , all eigenvalues 20 .

Tri = 1

can represent a ( mixed or pure ) state

Expectation value

< A )e = r( A )

Examples

pure state (4) ⇒ 94 : = 1147
Canonical ensemble ( thermal ensemble )

Λ

↑= そ E
- BH

,
2 : =Tr

e - Bt "

partition function
"

B 20 inverse temperture .



Componente of e
- B 'tlincludes usetul information

1 ): basis. in) : Energy basis 版 in>= En \ n>

<$
e - Bi 1 l $> くや \nxnle

- BH 1 ゅ >

=Ʃ E
- BEn

<$
'

\ n><m 1つ
n

= E
- BEO

と0>x 01 $7 + e
- βEと><1'
十 …

儿

En
,
.Energyeigenvalke

くゆ 1n>くm 1 で: densitymatrixelement
of m>

～ wave function [$ \ n>
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.

From Operator to
Path Integral

sketch
now

Operator formalism ↓
> Pathintegral formalism

み
.
H く

dlater Classical statistical
mechanics

equivalence
= り

conf
.C'

SE( カか

Generic strategy
$ EA : label of basis

1 $) : basis of 21 E Λ= {0 , い
for spin

Ʃ 1 つく41 = 1 A = 1R
ゅ ( for a particle1
↑ may be integral on a line( Sdb1かつく中 =1 )



consider

A : =<F 1 e
- BH 1t > 中F ､ 中加 EA

=<中Fle
-ate- ai … e-at 1$>

( aN =β )

= Ʃ < 中a \ e
-atiが- ><中が* ､ 1 …

か｡

< ble -ati 1 %>
β 0

トい ( ( ) 1 J 7 1

N N-( 1 0

h中 中 . 加 =エ

= 希｡ <bnle -ati 1 bn >

DetineLi' bby

くかり e -aH 1 b ) =
e - aLか

5k
,
a
( $ ):“ ｡'
a

よ bm
+､ 4m

⇒ A =Ʃ e
- 5

E
,
a
( b )

{中 }
= 中F , 0 = エ



Problem : 5Ea( $) isnotsimple enough
for given simple ti

⑪
Find simple SE

,
a
($ ) such that

SE
,
a ($ ) ≈ 5 k

,
a
(b ) for small a

( Aa : = C -
SEa( カか

A = limaso Aa

finite a :

"

cut off theory
"

'

regularized theory "

spin$ E { ±1, - 13

H = - E σ,

e
-ata 1 -at - Ii ε ,

"

1
a しか= {

0 if $= 中

log( aq ) it b キ

= + Ja ( にかゆ )

Ja = - ilog ( a ε ) 70 for small a



SE
,
a
($ )= Ja ( 1- 4 )

= -Ja 吾中 ゆn +Ʃ Ja
M

ー

Dindependent , local

Aaxp ( Ja ゆ 加 + 芸 Ja )

⇒ I - dim classical Ising model

Eg .
中 E 1R

( [ か , PJ = i )
H= 前 + V (か )

くゆり e
- aH

1 b >

? くゆ' り
e -a ㎡

e
-aVi や )

18>

( e ^ eB
-

eA
t̂B + IIA, BJ +… )

=<blee -
aviか



～ = { dp <か 1pxple
- a品 Piか
seit
π ab

"

e
- an院EiPカ

ー

= 装eipl 遊wpletesquare
-

(p ㎡_ ipim ) や( 花品 +hand
中
)

= - zm ( IP _ im や P+㎥かり
= 一品 ( P - i岳か P- aim 2

=流製 e - akm

= ae
- aim か

くかり e-ai1 :
ealim'

+ V (か )



JD カ = 感 d 加飛)
“

SE ,aCか臨式m- ( プ + V( ) )

Aa = SD カ E
- SEa ( カ)

( 加険 )

Naive limit

Above example
Introduce $ (t ) OEIEB

st. $ (an ) = bm

中n+ 1一 : 喪 (T た an )

14-1

表｡ a → )
0

?
d±



Ifa isverysmall
SECか =0dt ( imや + V 1か )

SE
,
a () ≈ SE( $) , forgiven中 に )

In the liferature ,weusuallywriteSE 14 )

instead of SE
,
a
($ )

｡

Regularization is implicit .

い必 1
a0
SE,a ($ ) = SE ($ )

"
make sense ?

( 1N→ 4 )

How you can compare
SE

, a (中か 加 ､ …中 ω-+ ､ ) two such functions

SE , G : IRN' → IR with different domain
of definition 2

.

lim Aa = A make sense
axo

You have to take a→ o limit AFTER evaluating

the integral .



Typical configulation

SE ､ aL ) =臨( ぎ松 taVh )

｢V. S .

SE (中 ) =北km+V (か )
One may sayし@Duetothisterm, the probability of contigulation(

withlarge ) is exponentially small .

儿 99

Smooth configulation dominate for small a

Is it true ?
?



Why ?

Although probability of each configuration is small ,
number of such configration is buge compared to

smooth configuration .

Restore ち
Use dimensional analysis .

dim oth = dim of s

E
- SE (4 )

⇒ e
一宏 SE ( カ )

small h ⇒ ～ Saddle point approximation .

around the minimum of SE (4 )

* 必This is just anicewayof approximation .

No physical meaning . (Tis NOT the time )



Lorentzian path integral
T : time interval

A =(1 e -
iTH1 bェ > (aN = T )

= 声 ( bnwl e -
iati

1 bn >

くか leiai 1 b>= eial
か

N- 1

5 a (ゆ ) =品albnei 4n
simple

Sa (x ) ≈ 5 a (8 ) ( a : small )

Aa = 彦 eiSalb
)

げ = P ' + V 1か )

くか le
- iai1 か 合製

eialim
が

V (か )

( Exercise ) か( =π
- ゅ )



SD カ : =感側加 )
”

Sal か
=

a ( im() - V () )

Aa = {DbeiSa
(b )

加 = 帖
､
帖に 中F

For small a

Salt ) = SC) = ( im が_iか )
Action

Regularization is implicit .
Restore h

Aa = {pbeGSalb
)

す → 0 limit

Stationary configurationAn
=

0 .

"

dominate
" classical trajectory

Other configurations cancell to neiboring ones .



QFT
( defined )

QFT ← QM with d . of. at lattice sites
continuum
limit on the space
(subtle )

@
'a

@

a'a'思
> space

山 path infegral

Aa = SDbe
- Salb )

( cut off theory )

We have to take subtle "continuum limit "

in any case .
ー② ② ⑧ ③ ③ ⑧ ⑨

¤ “ ③⑧

⑨ ③ ③ ③ ② ⑧ @ ℃

↑

n -( n ,.M 2 ., nd.
⑨⑩ dim fot

space
a

㉘ ⑩ ② ③ ⑧ ② ⑧ ⑨

"
ー← no

Integration ( summation ) variable at each site

on the Eudidean spacetime . $no
,
in

SD カ ～ 5品ndbnocm
Aa = {pbe

- sal$ ≠
d
- dimclassical statistical
mechanics .



gItI dimscalar field

み = み .
xみめ … * ∂QN

4n ､
= L
2

( IR ) にし中､ … が )
' periodic boundary condition
ー

¤
$0 =$N , for simplicity

げ = 表P ㎡+i @(π *-加こ )+臨歳“
“

aVim1

Complete basis 1 $7 =1 ゆ… 中w>
やm ､ 1>= ゆm ､

1>

d ゆ nいかくかに1

Prepare many labels of complete basis
1 ゆn｡ 7 = 14ho 7 ,

4mo, 2 , … bmo
,
Ni >

18n ､ 4n ｡) = 中no .m .
14mo)

{ dbmon､ 1 bno>< ゆm｡= 1



A = 〈 le -
Bi

1 bェ > ( β= Noa )

=品時U , dbnon , 品

｡

N "
($

noeil e -
ati

1 bno>

<や le
- aH

1 b $ 7
4Exercise )

= ”expfaan- +ia
+ a V(bn ､ ) ] )

Aa = (Dpe
- SE

_

a (b )

SD カ : ={ dbmom､ () NoN
,

SEa = 荒 @ ( i & no+ im､-( P

+ i (π☆non ､+ ､ -
川) で

+ V ( 4non､ )



Naive continuum limit

中Gx ) : 中 ( ano , an. ) = 4 non､

SE () = 悲 ” 卿位Ψが+ i (Oxが
+ V() )

必 No ,
M . are treated equally :

芒 虍
both of them are labels of the integration
variables

.

必 In Lorentzian path integral , t . x are
equally treated .

S (か = fdtfdx ( i℃が - な10x - V1か )
必 Here

,
we employ so - called

"

lattice regularizaTion
"

Some other regularization , such as

Panli -Villars regularization , dimensional regularization
,

… are also used in text books .
X必 Regularization is needed, thoughtheyare
often implicit .



ld quantum Isingwithtransversefield.

み = み .
め ∂zD … の∂ &N,

^

-

ご :

n. =¢
2

( spin ) 司ー
1+ 1 >= ( 0 )

.
, - 1 >= ( % )

8310>=σ 10> 83 = (! -i )

H =一部品 + K 前 )

<σ' Ye
-ai

1 σ>
Eigenvector

ゃくのり e
+auK 前 ､

e +a 品別σプ器
= (σopictspirs.kt!

,

笥感 ",
= exp [ 8 n､σ n

､
+
J ” ､+i σm ､ ) I

(σ independent terms are ignored)



<σF 1 E
- BM

1σI>

= exp[ 臨 m､ ( J
'
σ
no+ i, m
､σnon ､

+ J
"

σmo
, mi + ( σu .

) ]
⇒ Classical 2 d Ising model

J: J
"

≠ space and Eucdidean time are treated

more equally .

X Lorentziain path integral is similary obtained .



3
.
Correlation

Functions

operator formalism pathintegral
cdassical statistical

mechanics
< O 1 A 10> →
θ < A>=去 SD & Ae

- S(か
an operator



∞ interval

So far <中rle
- BH

1 b) = SDbE -
SELか

SE (か ={社 LE

(I is shifted )
Regularization is implicit .

ー←七

話 ¿ 冷

β→∞ .

< 中F 1 e
-BH 1$>

In) : Energy eigenstates

= 芸 く\ n><m \
e - β i 1$) Assume ground state

(
"

vacuum
" )

ー β Em is unique .

=Ʃ e く中\ m >< m 1 $ェ >
n

→ E
- BEo

< 4F 10>< 014> … * 1

Assume <中10 >, < 01>≠ 0



Want to consider expectation value

<中a 1 e
-号 iAe-号 1$>

=Ʃ <中MF><MFle
-号 HAe
-

号別M ><M 1>
MF ,MI

=Ʃ @
- BEna - PEMェ

<中MF><MFIAM><MI|>
NF ,MI

B→∞ Only MI = MF = 0 survive訊
ー β EO

→ e <中F 10><01A 10 >( 01$>

Combined with k )
一号成 へ

⇒ <$Fle Ae
- iPi

國β>→
[ 01A ^ 10>

Vacuum expectation value (VEV )
of A

必 Independent of $, $ Fasfaras

<中k 10 > , < 018) キロ



<中| e
- HAe - 号1) intermsof PI

一げ
“ 管加 く無 <01 A^ 1 %く01 e遂
=Ʃ Ʃ Ʃ X

加% ゆが… 中 が ”中冷

xe
_ SE

､
+
(中 )

<｡'1 A 1 %>e -
SE -1 か… *1

N
_
1

SE
.
+ L8)｡@ んかゆn ,

｡ = 加

SE ､-18光 a し､中 = 加
When

A = や i (a component , a label of site in thespace.)

く 0いか ; 10 )= 0, ,8‰｡

* =部
o ,
i
℃ -SEa(b )

= { Dカ 中 ( o)E -
SE (か

飛 き( 中mn =-☆+1… - 1 ) ( Regularization
is implicit )

中ー式= 中ェ



For general A

* 1 is written as Sp$ Alo ､ e
- SE (4 )

-aっ
e e

-aH

↓

A00
mry ree

ー⑧Q℃

☆ 0
'

0 x
Ʃ

Sometimes called a
" defect "

Take βox limit

⇒ You canforget $ , boundary condition

(01 A ^ 10 )=e - ｢ B (か
(Dカ Aco , e

-SE( )

! !

< A >



Correlation function

An Eudidean analogue of the Heisen berg operator

A (ε ) : = etHAe-tt

必 A (τ )
｢
= e
-τ * Aeti (AT =A )

= A (-τ )

t is not intuitive in Eucdidean formalism.

Back to operator formalism if you want to

consider 十

I ,
… , TK st . >τ 1 >

… > IK > 一長
consider

- HA
, ( I)… Ak( ek ) e 号け bェ>くbale

=<e -A
.
e -答成 Az …

0

… Ake
-答げ !b>

= * )



A … Ak ← cl
. Stat

. mech
.

二いいいいいいいso

We already knew how to manipulate when τ=0 .

Generic I is similar .

* 凶 = / D カ A
､1T ) … AK(ek )

E -SEC)

B. C .

For generic order of τ i

⇒ Eudicdean) time ordering
T( A ､ (t . ) … Ak (ek ) ) : = Ai , ( τi . ) … Aiklkic)

s
.
t
. Lin > tiz > … >Tik

choose β 20 large enough so that

β> [i > - ☆

<Ple
- 号
HT(ATにリ …Ak(tc )

)e1>
= {照 A ､(I ) …Akkc )

e -S (か

B →O COLTAIE) … AK (τK ) ) 10>

SD や A ､ (τ) … AK (tK ) e
- SE (カ)

=

SpPe
- SELか



Lorentzian formulation

iE prescription

① E 70 ,

small

T 70
. large

consider <中ale
- iT( - i ε )

H 1カ>

=<中] e -ETHe
- iTH 1 b>

"

Heisenberg operator
"

with is
て

. t ε IR Λ

Aic
(
t) : = eit (- iElH Ae - it ( 1 - i ε)H

儿
Same wayas

Euclidean case

② T →∞
< 中 a \ e

- iTlu - is ) H 1 $ェ>

→ e
- iT ( tis) Eo <010> <ゆF 10><01 k >

儿



<OLT (Al
, iE
(t . ) ^z

,
ic
(tz ) …Akia (tk) ) 10>

iSis

LeissitA , it. " .…Ak θ"

"" 井ノ

③ E → 0 Heisenberg operators
ー

<OIT ( Ai (ti ) … Ak (tk ) ) 10> = 1 im (# )
E → 0

X In QFT text books , almostall Loventzian path integrals
are those with iE prescription . However, iE is

often implicit , ine . ihs is simply written as

i ($ かS
(D4 A .
lt' - ' Ak(tk ) e

Spp e
' S (x )



4
.

From Path Integral
to Operator Formalism

Operatorformalism Path integral
Hilbert space

finished . cl . Stat. mech .

→
aa SDbE

- SEL か)

Hamiltonian %
now

H

Key word :
" transfer matrix "

I dim Ising model
ain …

a ld lattice
.

いいいいいい
σ, 52 … σ

N
periodic boundary condition

( for simplicity)
σm

= ± 1

て = 育 ､exp ( K 吉5､ σn )

=､exp( KOµON-｣ ) ep (KON 1 O- 2 )

…

exp ( K 52O､ ) exp ( K 5. OK )



=T σNσ *e … T02 o,
To

. σN

Tσ 'σ : = exp ( K σ
'
σ )

T: operatoronH = C 10 -1 > は 410=- 1 >

くσ4 T 15>=Tなσ

= TrTN )
' transfer matrix "

Hilbert space al

Hamiltonian e
- ata T

⇒ Quantum mechanics
( with cutoff )

Generic argument
d - dim latfice

,
periodic boundary condition

① Choose Eudidean time direction

τ .

I-lotonacaussant sslice



② Find Tib s. t .

が… や､成 かw

⇒ Z = TV TN

み :

"

linear combination
"

of 18>

Λ

T : an operator on 2e

s. t . T187 = 第 1か >｢ か8

2 dimIsingmodel M.

i

Oma
, nz =± 1

ni = 1
,… ,Ni →U ,

periodic boundary condition
“ 前 exp (Km(On ､+im.Omim_+ Om､umtiσmn､) )

Let us choose ne as the Eucdideantime divection

⇒ す = (5, , 52 ､
… σµ, )

いいいい ( ト

72,



Vertical links
TE 'z = exp ( K 育

σ

n､
σ
m､

fis
… *t…

t… .

ー

+ iK吾 ､rri ､on､｢ … σ
,

tik 吾
､

σm ､+ ､ σni )
で Horizontal links

I because both horizontallinks of Jand J !

⇒ Z = TrTN2 )



5 . Perturbation

Problem

Path integral of regularized QFT

SDbe
- SE 1か

､
かか … が EIR

SD カ : =倒､ SE : IRN→ C

How to evaluate
?

｡ SE ( $ ) is quadratic ⇒
" exacily

" evaluated
as Ganssian integral

｡ SE ($ ) is dose to quadratic

⇒ Perturbation

The most important technique
in QFT

"

Feynman diagram
"



Gaussian integral
中 EIR

,

AEC
,

ReA >0

① {
0

喪 e
-ZA か

= 高
必 branch ofr ? r is holomorphic .

凶 singlevalued

鼗 on
ReA 70

S. t . A 70 ,
A70

② か … が IR ( Ai > O )
SDbeAi がが

恋氏が
= な ( 50 e

- iAiがが )=
③ Aij : Aij: real symmetric , positive detinite

( all the eigenualues 7o)
S0 (4 )=Aiji

20 = {pbe
' -so( か

=
武A



θ
ョ Ui : qUcU

'
k
- δ
il

⇒ detU =± 1

st .歩 AijUi Q
'
e
= Ak δke

( AK 70 ) ( positive definite )

が Uik や k
⇒ Sp カ= SD や

育Aij がが = keAijUitUieやか
= Ak δ ke やkbe

= 表 AK やkbk

I0 =SD やe 表AKやか､感肉
④
Ais : complex symmetvic , ReAisis
S0 (4 )=Aijii

)20 = { Dカ e
- so (か

=A( Phase
i"

byanalyti, determinedontinuation



θ Use complex analysis

( ) {DbC
- S0 lか

are absolutely convergent

｢( e
- soかり = eiReAiiが ifi )is rapidly decreasing inlb 1 → x

( ii ) Z0 is holomorphic function of Aij
in the domain # )

.

Thm : DCCidomain , f : IRXD → 4
,

st .

u f (t ,z) is holomorphic wrt Z

( " ｢ KCD . ag (t) ,st 1 f( t, z ) ) <
g( t

)
,
f.

xzctidtstx
for FZEK

'

dominant functron
"

≠ F1R 1 に 1
.

0 f (t , zidt is holomorphic in D

下 (2)= { . ℃ f (t , zidt

( iii ) 20 =武A
if Aij are real (③ )

⇒ 20 = tA for Aijin

Identity( .
theorem )



Expectation value

< p〉 ｡: = 言｡ SD カ … e
- So (b )

function of

bi 's
(polynomial How to evaluate ?
of b ' s )

Generating function

J .
,

…

, JN : formal Creal or complex ) variables

Z (2 ) : = くei
が
>
｡

J
:
､20( J ) = くが ､eJiが >｡
:､Ji ,201J にくが

中zei が >｡
:

K - pt function

くがっがて … が * )｡ =i､ iz … ic20 (5 ) |J= o
or

20 (J ) =えくが …が K >Ji
､

… Jik



Calculate Z0 (J )
- S 0 C) + 肓Ji が

I ｡ (J ) = 話 )pbeー
←
complete square

FC 8) = 一前 Aij がが + Jiで

Solve = 0

凶 .

- ƩAiji +Ji = 0 予Aij = Ji
J

solution が = で: =
0iJj

wij : inverse of Aij Aijoik =δ ik

Change variable が →か = がー'

F ( 中 ) = F 1 Ae + か )
= F1b 0 ) +勢や 8やかか
= F 18c 9 ) - S 0 (8 )



I｡ (J ) = 表 SDや eF
( te ) - s↓ か ) ( SD カ = SDか )

= EF 18 e )0 z ｡

= eF (bce )

ト (8 c 9 ) = 一成が + Jibid

DJi
へ

= - ジJiPce +Jid

= 吾 Jie *( 中0 = oiT; )
=≠ OjJiJj

Z0 (2 ) = eioijJiJi



Wick 's theorem

(= 臨作 くが …… が K)｡ Ji ､
… Jic )

Z0 (J ) = exp(第ojJiJi )

“ ‰
前

(話前oiJiJi )
”

(⇒ If kieven くか… が k>｡ = 0 )
K = 2m

恭iznくが … が…
)
｡
J
… Jizn

= iin inizDisie . fizmyiznΔ

× Ji
. Jiz … Jizm. Jizn儿

くがつ … がn) =m! 2

n' !oliiz …Oiznyizn )
√

totally symmetrize



=m! Diras itk)
. Oitames iolan )

Permutation
's

12､…n)
Many identical terms

2
m
n !

exchange permutations
oii -oii of O ' s

= Ʃ Oiacisibly . Dialn , ibim ,
(a( u ) , b (7) )

… ( a (n ) , b (m ) )

all possible pairing Wick 's theorem

of1 , . … , 2n

與 ¤
⑦

J

くがつ 0= 0 ^
5=
:
÷

くかか 中 k 70
=

0 iioke + DikoiltDieoik
. ～

=
∞｡ 回 十 ∞ . へ

a¤⑨ 十 ⑧ ①

ijk e ij ke i jk e



XThis is just a nice way to organize

a Gaussian integral . Nophysical interpretation .

必 Label i may be a combination
of several variables

i = (α , x )

α= 1. 2
,

x = しx
… )が

xu
-
a .

2
a,

… ,Na

is often written as $(x )

The above argument is generic enough
to include such cases .

XFinding Ois is a non
- trivial task .

d - dimrealscalar field

加い

SE, 0 ( 4) = (i µ % @ ゆな㎥ )
( regularization is implicit )

=£ % /dyAlbl. y ) 加いかは )



Abl , y ) = OµOymδ dbl- y ) t? δ
d
(e- y )

⇒ < 中 (x ) $ (日 ) ) = D (6 , Y )

0 : Sa時 APl , y ) O( y , z ) =δ↑(x- z )
Find O u

- Oyu

{情 A' Y ) O (Y , Z ) = d特i ( ^Oy ^δd ( ex- y )
t㎡ δdp( - y ) ) OLy , iZ

= { dyδ dpi-y ) (- Oy
'

+㎡ ) O (Y
.
Z )

= (一0☆ +㎡ ) O1 , Z )

(一 0+㎡ ) O ( 61, Z ) = 8 dx- z )

① (7( , 0 ) = : ODリ

( - 02 t㎡ ) □ b) = δ
4
x ) … * )

x → x - て ⇒ O (x , Z ) = D (x - z )

Solve )

Fourier transform Obi ) = SpeP "
δ
bl)

Sp : ={t
δil = Speipx



* Ins= ( - 0 ' +' ) Sp eiP" Elp )
= Sp (- 0't㎡ ) eip

"
℃ (p )

二 Sp eip
"
( p
'

t㎡ ) δ (P )

ihs =Sp
eipl

⇒ ( p'+㎡ ) δ( P ) = 1 ⇒ ☆( P ) =㎡

O1 = {peip
'c

Another nice point of view

加 ) =
{
pep” か (p )

50 =% ( i % ゅ µ ゅ +なか )
= %､ ( q(ineip

'ne '
” '
z ㎥eip" eiq')

× や (P ) や (q)



= { d! , ､ (, { ε
i ( - p. qtm

)eilpto
)

"やt
や P ) や1ε ,

: = (2π )
d δ
d
(p + q)

= {% ≠ (p+㎡ ) δ ( P+ql や (p) やiq)

A~ (P , q ) : =(
p

+㎥ ) δ (ptq )

→ inverse δ( p , q ) =㎡ δ (Ptq )

く 中 (p) $ 1q) 70 =℃ (1 ,q ) =㎡δ lp+ q )
This

'

'momentum basis " isoftenmoreconvenient.

X P . q are often called
"

momentum
"

,
but they are

not physical momenta .

必 く 加い 中 ())｡ - Sp (qeipxtiq
〈
か ( p ) や (q>>

0

=
Sp {aeinP
' ti 6☆ oum
σ

'l'

ta,

= O ((-な )



Introducing interaction

S($ ) = S｡ (中 ) + Sint (b ) Sint (中) ≈ 入
small parameter

S 0 ($ ) = iAiji が ､ ( for counting
order )

Sint () = Vijkeがか
Vijke : totally symmetric

* 入

F1$) : polynomial of $

< F (8 )〉 = そ D$F 1 かe -
S 1ゅ )

Z : = SD や E
- S () “

partition function

Want to evaluate <F (4 か 〉 for small λ
"

Perturbation
"

Power series of λ

Pertition function

て = Sppe
- s)= fDpe -

Sin +”

e
- SoCか

= 20 < e
- Sint (b )

>
0

( <
… )｡ “Gussian ☆(egrale
'

sory ) )



会 = く e
- sintしか 7

｡

=臨( -Sin+ (か )” 〉｡
( =キ広 く (- Sin+ (か )

” 〉｡ )
=!

(-

Sin+(か )” + O ( λ*) >
｡

=臨“ 前 < (- Sin+ (か ) ”
〉 ｡

+

O ( λN
*' )

Evaluate by Wick 's thecrem

Key to understanding :

Don't consider all the terms at the same time .

Look at each term one by one .

Sint = Vijke がか b か

く ( - Sin+ (か )^ )｡
迅

= 率(- Vi､jik ､ e )がががー
× (- Vizjok .)ががか 70

M = 0

く 170 = 1



E玉 . n = 1 contraction

込 た
7 ~

( -Viike )oiioke

十 …

Cn = 2 contvaction へe
* * *

t …

~ Hliijikil , )(-Vizjckiz )
× Diniz o' iiz okika olil.

⇒ Diagrams made by
…

式 and 一
"

Feynman diagram
"

X M= 0 1 =

"

empty diagram
"

｡ Ʃ 享 ウI + O (λN*)
all diagrams I ↑ くup to λ

N

combinatrial contribution of √
, 0

factor

independent of o , V
First consider BI "

symmetry factor
"

ifik = - Viike
,

si - oi;

"

Feynman rule
"



Eg ,-

8" → - Viike of; oke

We want to discuss symmetry factor later

Correlation function

< F (か ) = 主 /D 中 FCか e
- S (ゅ )

=Ʃσ < FCか e
- Sint しか

>
0

ュ

<eFelsineine
;

｡
か

< F 18 ) e
- Sintiか

>0

= … + 前
<

F 18か ( - Sin + しか )
” 》
｡
+ …

Sinf (か=Viikeがか → 世

FC中) にか → ! :



=… く ! ! 生 も … >

n =1
contraction

C⇒ へ い! j 1
i j

0
⇒ …

j
another contraction l

⇒

I7 O→ .
t
vacnumbubble

i ;

⇒ Feynman diagrams with external lines

くがが… がに @
- Sint しか

>
｡

=@
grams
IDI ← O (λ'*

"

)

external lines

in . …

, Ik
UP to O(λ

" )



Symmetry factor

Sint ($ ) = 広 Viike がかか
kか

I determined so that a
"

generic diagram
"

has the symmetry factor 1

くがか be - Sin+しか >｡
= … + 広 いい 生

｡

幽
) 4 ! ways of contraction

to get this diagram .

⇒ 方 = 1

⇒ In general , S - Corder of the symmetry group
of the diagram )

symmetry factor = 方
感 ?し → ( - レ …1 心" ^



checkgi義 ⇒ 3 way , ot cont

to get 8

方 = 邸 = 8 o .k .

.tzeu.loioi
check

1
1 θ ⇒ 4 . 3 ways平! ! i to get ①

i
へj

43 1= 2

XYou can easily make a mistake
when finding the symmetvy group .

In general, it is more reliable

to count the ways of contraction .



Vacuum bubble

:; × 8
( including symmetry

くが… がKe- Sint (か >｡ factor)

cindude ェ
=Ʃ DI + O (λ

N* )
all diag .

= ( Ʃ DI J (Ʃ DI ) + OCλN*
'

)
all diag all

Without vac .

bub .
vacuum
ー

< e
- sint (か 〉

0
+ O (λN

*

)

儿
くがつ …

中 k
) =

くがつ … がke - Sin+ しか 〉｡
< e
- sint (か )0

=Ʃ DI T O (λ
N" )

all diagrams with external lines in. -ik

Without vacuum bubble
.



亞

$ EIR single variable

SCか =+ 形 す ⇒ 2 = { ppe -Siか

⇒ ー = 1

や = 一入

くゆゆ 〉 = 一 +≈+ O' )

ー = 1

ペ =≡ (- λ ) ⇐ <ゅ $ e
- Sin+ 1か

>
｡

symmetry =… … く 中中 $ 4 >

fuctor
い Ψ

4×3 ways of contvaction

くゆゆ) = 1 一 λ+ OLR )



d - dim $ 4 theory

SE () : ‰ でu カ ‰ 中 + 当m +形 )
必 regularization is implicit . dimensional regularization)
必 If you want to consider continuum limit,

there is a more useful convention
( renormalized perturbation )

加 い =
{
pep” か (p) p

:
= {臨山
δ(P) : = (2π )

↑
8
d
(p)

⇒ {pilp) = 1

SE = SE
,
0
+ SE

,
int

SE 10 =≡ {p,q (p+㎡ ) δ (p+q) $(p) $ 1q ) ( alveady done)

可ε =㎡ δ (P+ q )

Sa
､
iint =(% 形中( )4
“形然
{

p
. iP4

e
δ

(Pit
- tPi )

中(P､ )中(P_ ) や (Ps )中(P 4

= 広 {
pr
,1 P4
λδ (Pit … + P4 ) $ (p ､ ) … や(P4 )



P . Pz

Aps = - N δ (P+ … + P4 )
P4

Some simplification
Lots of δ(. … ) ←(translationinvariauce )

Eliminate integrations

凹 a connected diagram
↓
symmetvy factor

｡
=

i , ,
{

y
. Sky ×- λ ) δ ' ckitks + kstky )
≈

“

I't や(pek)" i'㎡
×

㎡δ ( K4tks)

K -
- p .kz= - q , ks = - K 4､ 《 u =

: K )



s= ェに感器募感撃wm

③
( K : loop momentum )

①
万ε ⇒ 式 assign momentum

for each line

with arrow

so that momenta are conserved

at each vertex

凸P
1へ～
PtPK '

ー入
皿一 P2 → K

②
P
' cP
P
4A .Ps = - λ ( independent of momenta )

④ δ ( total incomming momenta )



Lorentzian covrelation tunctions of $
4

theory

SLC に勝 ☆Oかな㎡が一形 )
( Be caretul

about)the sign
iE prescription rrD In perturbation ,

㎡ is replaced by
㎡- iE

Path integral is Re Ax ,Z) = E δlx- y )
SDbeiSclか is positive definite

iSc = iSL
,
o ti SLiint

iSt
. 0

= - Sp
.qi
( p '+㎥_ iE ) δ '( P+E ) $CP ) や(q)

( P㎥= nuvPuPo )
A
~

(pq) = i (p
'
+a_ iE ) δ (P+q )

.

⇒
<中 (p ) 中(ε ))

｡=㎡iε δ (p+ q )

二 =㎡is-



iSl
,
int

= 形 {p.. ;P (- ix ) δ (P ､
+ …+ P4 )や(p ) … 中(Pa )

儿

A = - in



6. Renormalization Group

Introduction

So far
,

cutoff theory (regularized theory

Path integral - finite dimensional integral,

mathematically well-defined

How to get continuous &FT from this ?

key concept : "Renormalization group"
(K . G

. Wilson

· Not focus on a theory ,
but a class of theories

the space of theories

· Universality : physics in the long range Crelevant in
compared to lattice spacing. continuum

# limit

fixed point theory ,
relevant deformation
conformal field theory )(scale invariant theorymost of them



Correlation length
cutoff theory on a lattice (eg. Ising model (

coordinates U = (M1
,
12, ·

.

., Nd)

Nu = 2

In : dot at each site
(such as spin)

two point function

< On 50)~expl-) = 3 : "correlation length"

:
"

-

-. dot within this region are
correlated and cannot be separated.

dimensionful lattice spacing a a(m)
&

Continuum limit a - 0 -n

alm) : dimensionful physical distance
from O to1 phys,dist.

(Into) - expl-) = exp)-)
If alml fixed finite

,
(OnTo) + 0

,

unless 3 -> *



=> If z is finite in ato ,

"

empty" theory

no propagating dot. Stopological field theory

This is not our target.

To find &FT with propagating dof ,

we have to find cutoff theory with 3 =*

(or series of cutoff theories 3 +x

Eg. Ising model d > /
In = 11

S(r) =-Kat
M

M = 10 , .., 0 ,
1

,
0 .... 0

I > K
O i
disordered phase ordered phase
symmetric phase spontaneous symmetry breaking
S/ Il

[Tn) = O "(5m) +O"

lim <Into) = i lim <On 50) +0
(n1+* (n)+ x

2nd order phase transition



In K -> Kc-0
,
3 - *

Questions :

· What is Kc ? (not universal

· How rapidly 3 + x in K + Kc ?

1
(V : a critical3 -

CKc-K0
exponent (

First look at RG

RG : D course graining , scaling.

Microscopic theory So 30 /

① Course graining (block spin transformation)

without changing the long range physics

⑧
&

Gi & & ⑳

↑2⑨ & ⑳

24 spins = I spin

② Scaling ,

redefine unit length !
new lattice spacing

=> Si
, 31 = 30 = 1



Repeat => Su , n= 30

SuS
is called "RG transformation"

·
T

-- Spaceofcutoff theories

.. -A
- ->

1 .

-
&

·-------
&

"RG flow"

Fixed point

S*: invariant by the RG transf .

S
*
- S
*

correlation length
3
*

= ** = 3
*

= 0 or D

& &
"empty" "non-empty" &FT



Ising model and"theory

Rewriting Ising model

=- + G(r+)

>5
- I +

↑ limit A + 0 with a good
choice of NCA)

M
Y >G
+ + 1

Nexp)- A(o2 12)

↑ specialize

exp) -2652- 404 = c)
↑

Ignore these constant

I = exp(KEOutn)
terms for simplicityo

= (prexp)- S(r)
↑ TndTn



S(t) = [b'On + n'On" -KI]
- (On+ - On)

+T + OnEn
= [KI(uti-Onl + 1 b5n + uOnP]

(b = b' 2dk)
Pu : = Mon

S(b)= Put - Pn +t+ I
(r =E =)

Dr = Datesudent constant

-> ignore

I = (Dde
- S(b)

Fourier transformation

(Large volume
bm = ), eip

.n

op + p-continuous



gi +2) -n - gip .n22xim - eip. n

=> P-p +2π
We choose 1st Brillowin Zone -Th[PuET

(finite region)

(p :=
= (

,
eip

. n
= On

zeip
. n
= (p): (nptk

Pnn- Pn = (p(eip
.m+m)

- gip
.

n) Top

= (eip
.n (eiP-1) Fo

Skin :=(Pn+ - bu)

=[ Sp 2
i(p+ g) . n

& [(e- 1)(eign- 1)
MG M
W num

# · Ep Eg
(p+ G)



-( -
= 2 - 2 os Pu
= 4 sin

-I

= (pt4sinp -p

S = (4 sin + r) Top p + Sint

Sint = (p
, ...,p

+ P+ Ps+ Px) Ep , Yp Ep. App

Some simplification
We simplify the theory without changing long range behavior.

1.sin = P for small
~ large wave length

# (p=
1pk1

=>

#I · E(p) = (2π(
* 84(p)



Gaussian model
Consider Sint = O case

S = (pt(p+r)Ep , (p :=
|P1 < /

I = (D exp)- S(F)

·X
*

= EpD= & dopd-p := (dReTpdImp)
↓ Coase graining

= Integrate out Ep , t = /PK 1

D& =d . D
=> DF = D DEC

Sc =(pk(p+ r) Epp

S = (pk1(p+v) *p *-P

S = S + S

(E . P decouple



2 = (D< (PE expl- Sc() - Sc()

= const (D< expl-Sc(* )

Sconst
= (DG expl - S ,())-> Ignore

= (DE) exp) - Sc()

② Scaling/
Dof Ep Ipk[
P = = 24 => Ipk > 1

Sc =)
= (p2**P+ r)Ep P-p

=> 2-2(42 + 2)T

(Ep := 2
-*
p ,

r' =2)

= (p (p+ ) Ep = S'(P)



DF) = Do = const
↑ Ignore

I = (DF'e
- S'()

= (De
-S'(b)

,

S'() = (t(p+r p

RG transformation

S +S'(r + r = 2r)
large 3= - small 3

+--
& >
O -

rc

UX i r
*

= 2 r* = r* = 0
,

x

3
*

=x3
*

= j

v = rc : "Gaussian fixed point"

Sc : = ) zpEp

Critical exponent

3-Tr k ? r ?

Change of the parameter r = f(k)
assume it is analytic



r = f(kc)

r - r = f(kc) - f(k)
= f(kc)(kc - k) + ...

assume O

=> 3- =(f((k)()

V is the critical exponent
Vi = 0

3-t
RG

31 = 53
,

r = 2 r

# = + = u = E

Continuum limit

Original cutoff theory
to = 30

Introduce dimensionful lattice spacing do

do + 0 with appropreate dependence-

ro(ar) "renormalization"



Go3o is finite (dimensionful "physical"
correlation length)

a o3~-
m : indep of

Go
= To = m as

-
↓

> r

X r = & is "universal"

If you start with a theory with 22 symmetry.
with a parameter K

You somehow know that startingK = K ,
** Gaussian

fixedpt

8
& > V Gaussian

NKomiface"i
critical surface 3 =*



=

3 -V = I
↳

Ko(ao) = Kc - Mra? (Maiaindet
ao + 0 = RFT

·* Eg. d) 4 Ising model , b4-theory
are known to be this type . "Triviality"

&FT obtained here is a free field theory
lim 903 =
Co+ D mphys & mass of a particle,A physical mass...

This relation is not pole mass, .

only for free theory.



↓
4 model

S(E) = (p(ph+r)P Sp :=Ship
--

So

*pp. +- + P4)Ep.... Top
Sint

I = (De
- S()

divide (P1 and 14K
um

Integrate out

p = Cp + Xp
Cp = 50 IP
Xp = S1pkD = DPDX (p13

I = (Dee-set e
, X do not decoupleIntegrate

= (Dee
- 5(e)

a
- 5(e)

= (axe
S(+x)

P : = 3CIP S'(F) = 5(39)

(1p) <1) determined later



z = (De
- S'(b)

RG transformation S - S'

Calculation

e
- 5(e)

= (bxe
- S(+x)

Exact calculation is difficult.

Try perturbation.

Free part

Sole + X) = (p * (p+ r)((p +Xp)(t- p + X-p)

= (pt(p+r)9pf-p

+ (pt(p7 r)XpX- p

= So(l) + So(X)



Interaction part

Sin+ (e+X) = (p
, ...,Pup +... + Px)(ep .

+ Xp ,)

... (fpx + Xpp)

=Sint
,p(e) + Sint

,
3(f ,
X)+ Sint

, a
(e

,
X) +Sint (t ,X) +Sint,o(X)

04 eX exexX Y

Sint
, 4 (e) = (p

, ...,4 p ,
+ + Px)9p... epy

Sint, 3 ((f ,X) = (p
, ..,Pop ,

+ + Px)tp , epcfpo XP4

Sint
,
z(9

, x) = (p
...,> ,

+... + P4)9p, ep2XPsXPy

Sint
,
1(e

,
X) = (p

, ...,py) ... (9p , XpXp, Xp4

Sint
,
o(f ,X) = (p

, ....Put) ... (Xp .... Xp4



e
- 5(e)

= (Dx e
-Sole-Solx) - Sin+ (e ,X)

= e-Soll) (bx e
- Solx)-Sint(e ,X)

Propagator of X T :
<Pk/

External line of f
-

-
= = (

19k
Vertex
In =- , =-, = -u

,.

e
- 5(e)

= e
- Sole

2 Di
all diagrams

=> - 5(e) = - Sole) + I CI
all connected
diagrams



- 5(x) = - 52(9) - Syle) - Jole) ...

( I (
e eT eb

- Sale) = - Solf) +... -- .

- S(l) = - Sole) +... +

... = (DXe-Solly Sint, 2(x ,e)

= -
p, ..., px
** (P,

+.. + P4)(p, [p[Xp, Xpx)o
P =P4)



= -(p
, R

,P
Yep. ep. (p+ P2)xr

P, = =P= P2
Py =: k

=
- (p +2pfpz)

[4(kk/

define(cry :=(
[Ikk/

(Cri

↑
= -) (r)(2-4
-r

52(9) = (pt(p+ r + kuc(r) 9pfp
Ipk[

+ O(ut)



p : = 2-
*

CEP

5

( (e) = (pt(p+ ri) pap =: Soc

r = 4(r + &Cr)

- 5)=+ + 0(3)

i = - Sint
, 4(9)

= [ tSint, ,x))")

S= (u(p
.. 44 8 .. Ep

x(p, +...
+ Px)(f ,

+... + G4)
x Cp , (p9g , 9g[Xp

, Xp4X8, X8n
2 ways of contraction to get:



S= () x2u(p
: 44 8 .. Ep

x(p, +...
+ Px)(f ,

+... + G4)
↑ Op ,

(p 98
,98 Elp +83) (P4 + 84)

Integrate out Es ,
84

, Pp using
8 = - 43

, 84 = - Px = P.
+ R + Ps

= (p
.. P ,

8 .

82 (Pi + Pu+ E+ ) Vi
,

e
(P

, B ,
8

, En)

x Cp, 9p9g , 98

Y =3)per
[<k)4)
< (k + P,

+ P) < 1

=3xtu) +

Oguare< (k)
Justified in some cases

cry :=( (in = - 2cr>E-c)
/k



V4
,

1
= 3u2 ( ((r)) + O(P2)

54(e)=& (P ,
+ + Px)(u+ 42((r) + 0(4)

x Cp... (py + 0(u3)

(scaling (

& (p1++Px)(u'+ O(p") Ep, -.. Epi= (p
, .... 44

IP :/I

= Sict)

u = 24
-d(u +342((r)

RG transformation at 1-loop

r = 4(r + &Cr)

u = 24
-d(u +342((r)



X In general , infinitely many terms appears.

Here ,
we focus on r ,

U.

This is justified when 4-d :=21

We can also gain a qualitative understanding.
X Due to the symmetry --E , only even power

appears.

Fixed points

v = 0
,
U= 0 is a fixed point.

"Gaussian fixed point
"

Other fixed points ?

d > 4 small U

u = 24
-du -> 11 decreasing

=> go to Gaussian fixed
point.

·Ene
- 2

d =4u = u + Eu((V) => decreasing
o

d <4 U = 24 - *
U = increasing .

possible another fixed point



Assume R
.
UX small = C(r) = A-Br

A ,
B 30 constant

(x = 4(k + &(A - Br))

ux= 24
- d(ux- u2B) 4 - d : = E

E
(Ux +0)

1 = y5(l - 3UxB)

2
- 2

= 1 - Ex B E small -> UX small

Ux= (1 - 2
-

3) perturbation is valid

"3-expansion"
U= Elog2 + 0(92)

rx = - -Au
*

+ 0(2)

=- Elog2 + 0(5)

"Wilson-Fisher
fixed point

"



Our class of theory : 1 scalar field
,
22 symmetry

(Including Ising model (

d = 4
r

< Canonical surface
↓

Original cutoff action is given· (Ising model (

critical phenomena
Clong range physics
around ( - (c)

is governed by the Gaussian
fixed point .

< 4
Lat least d= 4-E

,
<1)

r canonicaM

critical phenomena
is governed by the WFI fixed point

,

=> Need to know the flow

around WF.



Linearized flow equation
d = 4 - 3

, (Ex))

r = 4(r + E(A -Br)

u = 25(u - Eu-B)
dr = r - Ex, n = -ux or ,

On

=> approximated by
↓ the linearized equation.

or = 4(0r + (4x)B)dr + EGu(A -Br)

= (4-2BUx)8r +2
Al

= (4- EElog2) Gr + 2Adu Bux = = Elog2

gu' = 25(1 - 34x B) OU

= (l + Elog2) (1-2[log2)84
= (l-Elog2) OU

Hv

(i) = M() M = (4-531092g)9

=> It is useful to diagonalize M



Eigenvalue x = 4 - Elog2 xz = 1 -Elog]
( > 1) (1)

Eigenvector

G

u = (b) u = (

& Env
g != X , 9 , (x , >1) growing

"relevant" coupling
deformation

82 = x292 (x2<1) decreasing
"irrelevant" coupling

deformation
·X. If X = 1

,
(eg .

d= 4 coupling n) ,

"maginal" coupling or deformation
look at higher order D this eg.

decreasing "marginally irrelevant
growing "marginally relevant

"

do not flow "exactly marginal"



·* Such classification depends on the fixed point.
For generic point, we cannot say a coupling

is relevant or irrelevant

Critical exponent

9. : ! = X , g,

x, = 4- log2
K(91

, 92) analytic
1- kc=0

,01

3~~Ea
RG transf

3 =13
,
% = x

, 9 ,

=it
=> = x,

- logz = -Vlog X,

v=



logx ,
= log(4(1 - 5310gz)
= 2log2 + log(l- Elog2)
=(log2)(2 - (2)

U=



Structure of the space of theories

T : set of cutoff theories (with certain symmetry)
Local interaction

(exponential decay is allowed

Eg. S-(didye
-e(x- y)

Pk) P(y)

-> possible terms &-O()

RG : T iT

- T
T

Ti
->

-
ImRG =: TICT => Im(RG)"= : Th

TibTY ...

Eg.&4
,
d = 4-E

Tro : = 1 Th
N To

Se Tro

=> arbitrary small cutoff,
=
So whose long range physics "
is the same as S

~ continuous &FT



To 7 (fixed points)

Sx = Sk T
⑳

3 = 0 or >

a finite dimensions of relevant directions -> To

others are irrelevant (? )

For VS e Tro

⑳+
*

fixe P, in the upstream

P2 in the downstream (generic
(often "empty" (

3 = 0

ormalized trajectory
"

·

P ,

claim

continuous &FT
> renormalized trajectory(with scale (

Eg. 64 theory in d = 4-E
r p

· at r= M · at V= X

1I ↑ > Uin
our



Continuum limit

T .
To

,

action includes & of terms
,
in general .

Can we get continuous &FT from simple action ?

"Canonical surface" (CT

simple cut off action is given.
E. Ising model,

$4 theory, .
Eg. Ising ,

d = 4-E dimensions (d = 3 is the

sameRT qualitatively

# C
Go : dimensionful

⑳
lattice spacing

#inatse
L

K

Renormalization
So C ,

no cutoff theory
(k)
correlation length 30(k)

# -> Kc
,
90t0 with 30(K)90 fixed



Eg. d = 4-E
,
b4 theory , using Gaussian fixed point

(d= 3) nothers ( *)
3 =x

#pr
&

--
&

-

- Iu
-> : Lothers =0

So - C (ro , Mo)
others

I-
2 relevant couplings

=> In addition to 3000
,
there is another

parameter . E tuneTo
, No



Effective theory
& FT defined in the limit is called "WV complete

&FT"

What we call
"

&FT" is not limited to

UV complete &FT

A UV complete &FT (or something beyond &FT)
· P2

L98 RT
· Pi

Theory stay here long (not 3) time.

=> Low energy physics (below an energy scale 1)
(Larger length scale than

l ==)
is approximately governed by fixed point Ps,

without knowing much about P , Cor something beyond
aFT)



Around &3
relevant couplings) finite number(marginal (

irrelevant couplings = > small in low energy
but not zero

Eg. Real world (?(

mass crelevant
Ultimate theory ·--... Standardis S

I
RED (marginal)

?
-

Four-Fermi Cirrelevant)
& CD (marginally

relevant)



7

. Symmetry
Current and charge in RFT

Euclidean action

SE(b) = (ddCEK)
Consider infinitesimal transf.

p(x) -> b(k) = p(x) +5pk)

84b = EOPK)
,

E : constant
,
infinitesimal

parameter
If
ICE = EOnKM . EYM

E This transf . is called a "symmetry . "

(We do NOT assume SE(d) is invariant)

↓

current
, charge , Ward-Takahashi identity

(WT)



Eg. Complex scalar PP)

CE = And
*

&mp + V(lb1)

8pp1 = 19(1) = &**p = - :E &*(
(ΔP() = iP(H) ( ***(1 = - iP*(1)

= GCE = 0

Current

Consider a position dependent parameter EK)
Choose E(x) = 0 outside of a finite region

E =0

=> You can ignore a surface term,

when partial integral.to,
db) = E()(d()

= Selb) = (CE
"Symmetry"

&LE = EK)OKM + (OnE) a + On

=
- GuEk) JMp + Om D

EJMp) : "(Noether) current"



SE = - (de(duEP)5Mb
SE = (d) EP1 OuJMk ... ()

Eg. complex scalar

SE = (d) (@nd
* Onb + V((PR)

~ It= (b* b) = *** b + b* 4
== iE( ** p + d* iEx)p = 0

& V((d() = 0

LE = Onld
*

)OnP +&
*
Gud

=

= iCu(5(
*
)OnP + i@n

*

On(b)
= (2))- ib*&b + iPamb

* )

jM = id
*

&Mp - id &b
*



WT id

Expectation value

(x) : = z(D + X2
- SE(b)

-O
Y

X

X : arbitrary operator -

= -(pd'X' e
- Se(b)

change the character of(the integration variables

(p= p +b ,

assume Dd = DP &

= E(DP(X+X)e
- SE(b) - ESE(b)

= (X) +(X) - [SE(d) X

=> (SEID) X7 = <X]



(X )

= (d)()(@mTM(X) = (*X]
-- ()

Consider various choice of EC)

(1) Ex) = 0 in neighborhood of the locus of X

= X = 0 T
= 0

·
= (d(()(GuTMGX) = 0

EP1) is arbitrary besides the conditions
stated .

=

(OnTMX)
= 0

if < does not coincide with a locus of X

I
his is often abbreviated as

CnJM(x) = 0



x arbitrary(2) IfX = 0 , (4) Y
↑
a local operator

Ex) : constant in nbhd of,

o in ubhd of the locus of Y
for constant E

80 , (4) = EX0 , (4)

=> 80 , (h) = E( , ) DP , Ph)

=> X = 80
,
b)Y = E()40 , (4)

# = (d)(x)(@JM(0 ,P1Y7

= Eb) (20 , bh)Y]
= (d(x)8(-x , )(00 , 64)Y7

=> (OnT
0, PhlY = 5- )(00 ,44)

if < does not coincide with loc . Y

abler
.

&
n
JM()0,b) = 8 ( - x)00 , (4) .... A

"WT id "



X WTid holds even if the symmetry is

spontaneously broken .

Charge

I : codimension 1
,
oriented surface
in spacetime

& (2) : = - i)dIm JMx
(surface integral you learned

in electromagnetism .)

D : a region including <, X

does not include loc of
Y

. ( X

I = OD X

Y
Y

(d(h)
rhs = 40 , (4)

Ins = (pds OnJMb 0 ,
(4)

= (dEmTMp 0 ,
(4) = iQ(I)0 , (4)

Gauss's thm.



i & (2) 0 , Phil = 00 , Phil

: D =

"O
,

WT id

&

If 0. = 1 (or integrate OuJN = 0 in D (

D = 0

2

Back to operator formalism
- : Euclidean time
1

[1 . P
↑ Iti 2

[2...
↑ -> X

Itc
No other op, is inserted

between T, and T2
z = [t

,
V)- [tz)

Q(2t
,
) = - i(dznj = - id JT(t

,
5)(

in It
,

& (T , )

Including integral over infinite region= > may be
subtle.

(cf SSB (



Assume&(ti) is well-defined.

0 = R(I) = 2(t) - 2(tz)

↓ operator formalism arbitrary
X ↓

0 = (0) .... ((ti) - &(tu) ... 10)
Euclidean time ordering

& (T1)- (tu) = 0 as an operator

& (Ti)=(T2) (I independent (

= (Noether) charge )

& is conserved

i =o
I

1

,ki
· 2(z) = 2(t,)- (tz)

T= 0 - X

T130
, [2 <O



Operator formalism

Col ... (i&(ti) , (i) - ,pili)) ... 10
um &
I

= (0) ... 08 , (i) ... 10)

=> iT@ ,
Gbil] = DGbi)

& is the generator of the symmetry !


