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O. Introduction
¥ Quantum Field Theor)/ (QFT)

o A \<|'nox 07L Quaritum M@%amCS (QM)

degrees of {reedom ot each point on he Spate
— qu‘ela[
o Descvi}pe the p)v/ﬁ’(s mt e)em@nrap/ par'hz/es_

%% PFormulation o+ QM

O Operator ftormalism
Hilbert space | Hami}nman

@ Path infégm) formalism
~ Vevy large climensinal MTPgVa}

(infinite )

o Both of thean are useful

D is useful as you know/

]

@ is a)SD usm(u) as I will exP}m'n in Hhis lecture



You s})omu )Earn bm‘% 01( 7‘)4€m mnc] re)aTioV)
between them, and ufilize thew.

¥ Is path integral usedul
In Pod% im‘egm)

o _Tiw\e omc‘ Space ave eqwa))/ TYEaTéO’.

% In 0Peroa“or jtorma)ism y +his (s not T)4€ cuse

(o) Eotsy 1% alerive Fe;mmm mle.
In Parﬁcular, when inc]uo’ing devivetive /hTeVaCTibnS/

cuch s non~obelion gauge theary .

o [ uclidean peth inTégroJ 7C0Vma)fsm

- Remvma)izmioy\ group

_ Saddle point appiroximection
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VEY)/ ng J
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quartum mechanics, -
. Be patient,

Be oaware where you afe .




RBerW 0‘[’ Quantum Mecham'cs

* S‘ra‘fes and obse\rVab\QS

o Hilbert space 4 = Complex vector spuce
with Hermitian inner product

{ inite or | m(miTe ch'naewsiong

0 Stae 1> € M\ $03
Ce C\fo3 Wy ~Cl¥

"same state”

A

o Observable A : Hermitian Op. on Lal

Ex Pecmﬁon va lne

</2\\ >q/ A D

LD
A s aliagonaliza)o)e ‘/maybe inteqrz.
Alo>=al> > joxcal =1
(0elR )

S (o><al a = A
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* Time evolution
N\

o Hamilonian H = (an obsevable )
(Enevg\/>

O |Wt)> : stute at time T

Saﬁsac)/ 0‘ A
e W0 = H v
“Schradinger equation”
W hen P‘\ IS indepew_den/t\ 0+ ZL , aff-owwa] Solution
> = p I
=: |¥>
o ExpechTiah value ot fime +
<A\> (1) = <‘{/Lt))?\\N/H))
¢ {H1e>

! Schyo alimgek PiCTwe !

. STaTes o[epem\ on time

Obsevs/ab\es do hot implic(ﬂy olepenals on Time

(Con depend explicitly ine )



%% Heisenberg picture

AS () = L] Ay
A2 YYD

CHIAR) 4>
YIS

it H A\ e—itH

" Heisen bevg operator !

SaﬁS‘F}/A ) o
L A= [H, Ab ]

" Hei Sehberg equm‘mn !

Al =@

+ Stite is independent ot ime.
o Observable clepends on ime .

X In the 0 pevaitpy formalism of QF T,
Heisehberﬁ }n‘cmre B byw(mr more mffem usea}

Than Sc%réolfnger picture



) '¢ ExamPleS

M=(° " single pin '
¥ = (m , botel

A
H : 2x2 Hermitian medvix
Fo- 4 1 1 [0 |
s H=-2¢0 0= (l D>
Two spihs
P 50, 6 2
A
[ 2

Combine twp systems = Total Hilbert space is
the tensov product

H=-H O,

Observables

D]L -0'e | 0" acting on B,
YR : o,

B [f-J0 g



SPin chain PUT & spin on each site
1 2 . N

}Q‘Nq@Nz@ @HN }e -@2
Obseryable " ”

0, = 1®-9ls 0*10-®] 0! acting on sife N
Houmilonian

‘! i i l

H = f‘ZLZ,B %l JL G'm O\'m‘l-l

Nortrivie.|

% You woy obtin QFT by oppropes_confinuum linit
(olot ot ach pt in Space >C\/}A‘I“h¢g Speciing _3)

C

ot s?fn cL\ouh

M - L (R (QM of m)wtn'c)e on o ):he}

L*(R) = {)C‘- R~C l @i[{m)z&% f /fv
{~ 0 g_ﬂi {gg\jcl@-?(%))l =D
0= - L) + Vi)

N potential



H, = L'(R)
R_ coordinste  §,

X \(DM wwy a)S‘o obTaim @FT ‘)Cmm T}M‘S w»acfe/
by mk‘ry appropreafe contrmaum )»‘mh‘

¥¢ Density matrix
E—g—' Q SPH’\ ’ M _ (EZ
0>=(,) |1>=[<,>)

Consider o State preparecl b)/ classical pm}oﬂ}n/@,
(Eg. dice, coin toss)
" W\\‘Xz?&) STP(‘['GH (@ "Pure STATe")




A Py By =
prob. Py — 1) 5P 5D

Expec‘(m‘rebn vojue

(RS = P <olA o> +p, A1

-7 (0 A)
{Q\ = Pp l0><o] + P, 11><1) ' a’énsf"r/ madix "

In genem\,
5 . Homitian, ll elenvabes 0, T P =1

Can represent a (mixed or puve ) Staite
Expectoition Ve £

{AYp =THPA )

Exmnp)eg
A 242
o pur stte [¥> = By = Xy

o Cononical ensemble Werma ensemble )

P @ ﬁH Z""" Q 6 pavﬂhpm ﬁmcz‘w

B>p inerse tewperture.
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ComPonEﬂTS ot Q~6H includes useful nformarion
Iy s busis , Im> - Evergy basis }:\-Hfr\>=E,n)M>
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). . From Operutor to
Path Integral

SkeTcl'\
. NoOW
OPemTov WCormza]tsm J N hith ;mggyp,J Lyrmalism
H }:\l - luter Classical statistical
equ{\/alence Mechgm(cs
-Z ~ % e E 43)
ol conf.

¥ Generic STYa’l’egy

$ € /\ fabe] mﬁ bosis
>+ busis of H Eﬁ/\fU?

Sor Su’)
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COY\ sfaler A

A=chl € sy dn e
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—Seal
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Problem - S 5 (@) 15 hot Slmpe enovgh
for given simple A

\!/
Find simple  Sg 0 (9)  such that

SEa®) R SEald)  for smll o

~Skal(t)
L= D E,
As % ¢
A = ))L'_VB”O Aa

){MHQ oo Cu’(mLWL f%eov
regulanzeA —tJr\eory

Eg. Spin deftl, ~1]

o Lgg = { ’ o
,_Qag(ai) ISCES:

= T ]a““j’/‘l’)
Jo= =2 Aoy (08) >0 For small o
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N -

Se 5 (4) = m{He=

N=0

_Sg (9
AOt = gD(F P % )
(l{)o“lgr
<4>u=4’;= >
Naive |imit

Above exmmple
Tntroduce (F(t) DLT &

’ —e—
\__./

ST ‘#(Wﬂ: ‘#m
%H;% A f%(t am)



I+ o is very small
g :
Sg () := Soal'[ (—2‘;M>2+ V(é) >
SEIQ(CM’«Y Se(d) 'gpr given $[t)

Tn the litoroture , we usua“y wrife SE(QS)
nstead of Sea($).

Regu[arfzom‘m IS imp)icif.

%" fim Sea®) = Se@) 7 ke snse 2

-0
(N=)

How you (AN Ompare
Sealb b ) o

Sg,n lRN " IP with different domain
of definition 72

‘ = k
Dltina Ay = A make sense

YOM Wl\/@ 1o tuke D=0 Lt AFTER EVAIMATI'rﬂ

-r%e in—regml .



Typiax) comﬁfgu\aﬂ'py)

N-I
SE,D((¢) = Z (% % H)!nf\_ci)m)z + 1 \/(7544) )

=D

V.S- .
Se @) = go}t(—%w"ﬁl+ \/ch))
One may sa)/

66 Dy 1o this tem, the prvbaloi}ﬁ)/ of ((on‘[igmlaﬁon

wifh (!Mye +M+‘Ozcb”f > 'S exppnenﬁch/ SW:”.

U 99

Smopth com[fgu[m‘z‘om dominate 4o small o

Is #+ tme 1

Typical configuration

1.0 -
——— N =100 (a=0.01)
—— N =500 (a=0.002)
——— N = 1000 (a=0.001)
05 | [~ N=5000(a=0.0002)

0.0 - f¥

-0.5 +

®(t) (position)

-1.0 +

~1.5

| | 1 1
0.00 0.25 0.50 0.75 1.00



Why 2

Ahlnw}) pro\oa)oi‘iw ot ench comtigwmﬁbn is small,

hv«mbermtsuc% comcigm‘n'm B buge Com}mreo) )
<mooth Corn(igum‘:‘oh,

¥ Kestore g7

Use oll'vmens(‘ona, am}}/sz's,
din ot F = dim of S

~ Sel$ — LS4
Q E) - Q ’hE>

small =~ Sadd le point  appratimation.

QYOMM[ 'I‘L\e minimum 04 SE(CF)

X This is Just o« nice Wty of approxf'mm‘fan.
No physical meaning. (Tis NOT the tine )



¥¢ Lorentzion path integral

T : time interval

A =<¢F\€~[THH>I> (aN=T>

2 T 10 AD

(¢} M0
. JoLdy
o 1o gy = @ 4’
A N-I
S"‘H)) c412001 Liﬁ’hﬂ?}‘l
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Sa($)
Sk
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Eg. - :Eli‘nfg2+\/($)
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for =12 J

C,@) = ( @’"“ 43’”) V(#’m))

) ngc’] Qi&@b)
“ @0:@,%:%
For small @ T
Sald) ~ S) = S EXZIRVOY
Action

Regu[mnzﬂloh I3 !W\P]lCIT

Kestore T Jﬁ SaH’)
Ay = \pge™®

%%Ol%ﬁ
Stohonar Com[igwm‘[on 0 Sﬁ@
/ D Po

" dominate [ussm) ﬂvoyedory

her  configurtions cancell 1 neibow@ ones .



* Q F T (o[elft'néo[ )
QF T ¢ QM with dof. at lattice sites

continuum
Jimit on the space

(subtle )

¢ - C /< /N /N
A & o h o
& —_ S‘PQCZ

poﬁrl'l nfegra

A - SD<)> Q—sa@)
Ceut ofF H»eory)

We have to 1’&«)@ SMbT)€ “(Dn‘rinuum ]im:’T /
in ony (ase .

——9o——9—0—0—+¢

——¢ ¢ —¢ ¢ oo T/?l‘(lnl/”zw"xﬂd-l)

¢
+—9¢—9—90 ¢ 990 517[
im oT Spate
\0‘ Spa
—o—o0—0—9p 0 ¢ 0
~ 7
a

é"—"’/no
In’regm”n'oh ( sumwoction ) vmria)))e ot eaclf\ site
on the Fuclidean space fime #) 5
No ,MN

gD()) - S/ﬂﬂ ACFMO,M’

As = gD‘f Q—SM) N dl - dim qlass(m] STaT{STim)
mechanics.



Eg- (+1 dim scalar 'F(e’o‘

}Q'—‘B‘&@D‘t@ @B‘QN'I
Hon, = L°(R) D=0t d)

Fen‘o dic boundary Co ndiﬂ'oh
O 5170 = C’JN, ]Lor Simy’f(ﬁ}/
124 2 N

Complete basis 197 = |4, 9, -, $n,>
B 14> = 3, 16

%TM%, 6><d) = |

Prepare  many lobels o} conplete busis

\43’}’!o> - )C))/no;1 / (1)4'10,2/ o (}54'10, /\/1>
<]>,ﬂ,l o = <}>’”o,ma | P>

%P A%om, | by <y, | = 1



A- bl ey (B-ror)

No- No-l —
.:—.S :n[;[" _gl 01<,>n,,,f)1, ,},—l;[o <+/n+|] P WM >

@1y (Bercise )

=( _217(' )N ! QXP<_~ Z‘,QE a@%:jﬁ, )1 " %a@”&! "%,Y
4 \/(%() } )
- SE/O( (43)

An = qu(: e
. NoN
ob = {17, T dbu, ()
2
SE,D\ =/}%% &2(_2}_(}0"00:\/141—4%,@)
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(
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Naive continuum imit

C,(Da,'l) : C‘><OW10,WV1() = E(L/yw,f)’ll

p N >
Se(@) = gﬁ gJi H‘@t‘b) +lz‘<aa(¢)
+V($) |

X ’)f(%o :@l ave TVeaTé’zJ eq(,ta”/k/i
both of them are labels of the inteyfoition
variables.

X Tn Lorertzian Pmﬂ\ imegm), U.2A are

eqm”}/ tremtea.
S4) = golfgalx (dou7-L(0utT-V$ )

X: Here, we evmp’oy cp-called " lattice regu[aw'zmnbn !
Some ther regulayiszm, such as

Faui-Vi e Y@gu]aﬂ'm’n‘on ; dimensional Yf’gu[an'za‘nbn/
| . ar also used in text books.
DA Regalarizaﬁon IS alwags yxeedeol, ﬂyaug% H)B/ aré

olten imp]icif.



Eﬁ_. | d quantum Isinf, with transverse field.

&Q=MQ®M2®"'®NN,
M«n‘:(ﬁl (spin )
5= (), 1-1>=(?)

Clov=alo> (L)

‘:\: "'Zb' Qﬁoz.ﬂ GW?, + K Oﬁ(yz‘ )

n,

/
(T \@ ol E@e;;(/ea)\‘ozv
Ay A3 A3 9Ty
o~ G,) e‘)‘&% KGM. Q—\—O‘M j@m,ﬂ@m ,O__>
= (q'| 0+ KSn, T @ AN AV
7_, My copies of -

= oxp [ %'.(D T, O, + ) Ty G’m,)l
(T indepardent terms are 19 nored )



@1 0~ ms

= C'O\SSI\M, 2.4 lSl‘nﬁ W)oaje)

j/_—_ ’j’/ = SPaCQ anc[ Euc]ia’ean time are T1’€01T(é{
move ezluaﬂ)/.

X Loyent2ion PD\T% in‘regm| IS Sl.ml‘)h'{y o)ominea}_



3. Corvelation
Functions

OPEYMDY 1(0 Ymaligw) PaJrh integ e |

c/assi cal sThT\‘sTfm/
A mechanics
<D”‘} ” Q L (pp 4 07>
an OPRIATDY CAD = =



¥ o0 inferval

So far <4107 I = Gpg €
|2

gE@){eax L
2 (T s shifed )

—Se(#)

Regulariszon IS imP)ifi'r,

T<—
SR
B—0w

el 07 14

>« Energy eigensiates
- 2Kl <n] € gy Asume ground sete

C"vacuum' )
-BEn s e.
=2 0 (elman I i
B o

Acsume <$:10D, 0> %0



Wont 1o consider expectution .

R L WAt L T

_&h . Ef
—Z <c1>r)mF><an)@ 2 AQ e > Ml ¢
_fE, L,
=z é (b )M LN AN N> T %)

NF, Ny
B o0 Orly Nz=Ng=0 Survive

_BEs

> 5 077 G o>\ A 10> oldry

Covnbir\ec\ Wtfl’\ (X
s Gle A 0 My
F T A
GRS Lol
Veccuum QXPQCTaﬂM Value (VEV)

of A

X Ino(epem{emf of & e as far &g
<‘\>F\0>/ <0H31> * 0
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-2 22 ,
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Y IR

SE,+(¢)=Z=0& Lapdn 4, =)
~

SE,— (é’):Z O )_%H% ’ 4,0.__430

When )
‘#,, @ Component , O Iube[ mc sife wm 'tJie s;we)

<C‘>o |C‘> HSD>";70 l, %‘P/‘b
1
) =2 %,t € S£a®) = < c}:(o) P )

(Rewlon ri2ectio

= <<I> ;%:—”H’ '"/N""'l >
C@ L ’ 2 IS me)i'LiT )



AN

For genem) A
) IS written oS §D4> A €

-0

e ~oH) A%,%

o re ‘L
V———o o ——@—09—0—<—0—oc—w—"9—o9
N /

£} 00 -5

— Se¢)

_}(‘b TA

Sometimes Cmueal O “016’1(561‘”

Take @——9 00 ]tvnrt’
S ou an bt e 9 boundery aonditn
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Y¢  Corvelation function

An Emclia‘ear\ am’ogue 0‘# +he H@fsem b€r9 OPPVQTO[/\

Awy= 0" A ™" t o
% Awt - Aeth (A7)

N
- Ao
T (s not intuitive in Euclidean 1Corma’[£n/).
Back 10 operator formalism it you went o

consider +

—El, T Tk s‘t %>Tl>>zl<>""g

consider LA, A _8)
<4>F3Q /‘\1(1'() AF(IK) 4 ’ l¢I>
"(_2'—1:‘)}:\,/\ —(C, -0 -
S le i A e,
p n
—(Get3 )H
A0 L_'ifJ,J S

)

ll



Al - Ak
——t— —t—t—t—— o —————t——| < C/' Stat lﬂepé

We a)ﬂ?mo‘y knew how to manipu/m W)wm =0.

Geneyic T 1s S/'m//ar .

— Sg(¢
] SD‘I’ At - Ag (tx) € "
B

FDY QQHEWC Orﬂlfr mﬁ Ty

= (Euc zdem) time 0ra/eru/\9
TR @ Aebray y= Ai, @) - Ailti,)

st T >Ti, > - T,

cl\oo\se ﬁ>0 [mfgg t?rmuﬂ) $o Tl'iaf'
E>tiv- g

_f;_ ) ﬁ“
(9| O T (Ao - Ak ) )P

- gpc}a A ) - Ake) @—Sf(sﬁ)
B.C.
posw o
TR VA
gb‘# A - Aelt) @™ O (%)

- W e_ssm



ﬁ Lorentzian 'formu'a'h'ah

I presc Y P‘rion

@ ¢>0 , small
T20 . large _, TU=1¢2) H
consider <4>Fl P Hl br >
1T
= <¢F) é HI
" Heisenberg operatr” with 15 ¢ ’
T (1-1 A ~1t(-18
/L/\\{i(t) . etf(l ¢yH Ao t ()
\U%ame way 4 Fuclidean ¢ase
@ T > o0
—1 T~ i)H
el T dey

. e-{T(l—-i?_)Eo 010> LPpelo> <ol >

\



<o)T(Af g (o) A: ¢ (t2) "‘/\K,ia&K)BJ@

(o Al - Aisth) €
l Sf
L SDC{’&% Q' J(#)

@ ¢ =0 Her‘sen)oe[g operators
Ol T(A ) -~ Aelte) Yoy =lim  (3)

220

% Tn QFT tect books, almost all Loventzian Pa‘f/ﬂ !‘WT«?ﬁm}s
are +hose with 1% prescription, However, 1% s
otten imp)icff, 0. rhs s siva’)’ writlen ag

gD# A8 - A te) el o)

§D+ @iSm




4-. From Fath InTegraI

To Opem‘l'or Formelism

OpeYaTor ‘FOVma){sm foidel Paﬂ'\ integre J
Hi\ber T Space {niShea. ¢]. stat mech.
N g > gD b Q—§E(¢)
Hoymi \T\Dv\ian m/
H

Key worol - “TranS)Ler ma T Vix !

* I dim Ising mode|

X .
r\(D‘\/D\‘ - 16{ IanlCe,

Per:’oolic bounclay [ona//'f/an

o - Oy

S (for SI‘WIPIIZ'/.TY)
= ox K 2 Oms 67)'\
z %3 P ( mo >

=%} QAP(KD'N On-i ) QXP(KG'N_( On-> )
- exp(K 0207 ) ep(K 0y Ok )



A ; OPemTDr on N =Cla=1>® CIo=- 17
<<HT \¢> Tg‘(y
=N “transter matrix'
- T )

Hi)berf space N
Hamilopan @27 A T

> Quantum wreclwic S

(with citotf )
¥ Generic argumenf

d - dim lattice PerioA:‘c )oovmclar)/ condrtion

@ Choose Eucltb,eah time olirecﬁan

<;> olmc on o omstant T

A
T JM_/ shce




’a_e S )fneonr com})incmbn ' 07[ HT)

T 0 om oPemTor oh N
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Eq. 2 dim Ising mode (},’Pb

q{nb[nz =1 1

’)’IF 1/"'/Nl. "7/141
P@”DL{llC bDW’)JQY/ (DVIAI.'“,V/)

7 1K Z, (G G, + B G

Léf us c}wse Y, as the £ u&l:b(ean‘h'me a[n'(rec’l‘;'ar)

= §=(U—lr()\l,"'/0‘/:/,>

15 . N




% bemuse Lo’r‘m horizath/ /ih/<S of 0 ond T,

> 7= Tr[_?Nz )



5. Perturbation
Y Problem

et im’égm) of regulavized QF T
QD@P e~ge(4>> A S -

(D¢ o= 1

How 4o evaluate ¢

==

&
2n Se 1RN‘—90:

° SE(‘M (S quac{ra"h'c . Qxacﬂy” va}lAa?”CC}
as Guussiah integra)

o Se@) is close to quadmati

= PerTurbaﬂbn

The most imparTart Jrecl/quue

n QF]T

i
Feyn mon ol{agmvn !
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00 { 2
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